Euro-Par �99

TUTORIAL ON LINEAR ALGEGRA ALGORITHMS AND SOFTWARE FOR LARGE SCIENTIFIC PROBLEMS

Sparse Direct methods and software for systems of equations

Iain S Duff Rutherford Appleton Laboratory CERFACS Strathclyde University http://www.cse.clrc.ac.uk/Person/I.S.Duff

Wish to solve

Ax = b

A is

LARGE

and

S P A R S E

APPLICATION AREAS

Physics CFD

Lattice gauge

Atomic spectra

Chemistry Quantum chemistry

Chemical engineering

Civil Engineering Structural analysis

Electrical Engineering Power systems

Circuit simulation

Device simulation

Geography Geodesy

Demography Migration

Economics Economic modelling

Behavioural sciences Industrial relations

Politics Trading

Psychology Social dominance

Business administration Bureaucracy

Operations research Linear Programming

THERE FOLLOWS PICTURES OF

SPARSE MATRICES FROM

VARIOUS APPLICATIONS

This is done to illustrate different structures for sparse matrices

3

4

5

STANDARD SETS OF SPARSE MATRICES

Original set

Harwell-Boeing Sparse Matrix Collection

Available by anonymous ftp from:

ftp.numerical.rl.ac.uk or from the Web page:

http://www.cse.clrc.ac.uk/Activity/SparseMatrices

Extended set of test matrices available from:

Tim Davis ftp.cise.ufl.edu cd pub/faculty/davis/matrices

RUTHERFORD-BOEING SPARSE MATRIX TEST COLLECTION �Unassembled finite-element matrices �Least-squares problems �Unsymmetric eigenproblems �Large unsymmetric matrices �Very large symmetric matrices �Singular Systems See Report: The Rutherford-Boeing Sparse Matrix Collection Iain S Duff, Roger G Grimes and John G Lewis Report RAL-TR-97-031, Rutherford Appleton Laboratory http://www.numerical.rl.ac.uk/reports/reports To be distributed via matrix market http://math.nist.gov/MatrixMarket

DIRECT METHODS Gaussian Elimination PAQ LU Permutations P and Q chosen to preserve sparsity and maintain stability

L : Lower triangular (sparse) U : Upper triangular (sparse) SOLVE:

Ax = b by Ly = Pb then

Uqx = y

PHASES OF SPARSE DIRECT SOLUTION

Although the exact subdivision of tasks for sparse direct solution will depend on the algorithm and software being used, a common subdivision is given by: ANALYSE An analysis phase where the matrix is analysed to produce a suitable ordering and data structures for efficient factorization.

FACTORIZE A factorization phase where the numerical factorization is performed.

SOLVE A solve phase where the factors are used to solve the system using forward and backward substitution.

We note the following:

� ANALYSE is sometimes preceded by a preordering phase to exploit structure.

� For general unsymmetric systems, the ANALYSE and FACTORIZE phases are sometimes combined to ensure the ordering does not compromise stability.

� Note that the concept of a separate FACTORIZE phase is not present for dense systems.

STEPS MATCH SOLUTION

REQUIREMENTS

1. One-off solution

Ax = b A/F/S

2. Sequence of solutions

[Matrix changes but structure is invarient]

A^1x^1 = b^1

A^2x^2 = b^2 A/F/S/F/S/F/S

A^3x^3 = b^3

3. Sequence of solutions

[Same matrix]

Ax^1 = b^1

Ax^2 = b^2 A/F/S/S/S

Ax^3 = b^3

For example � .

2. Solution of nonlinear system

A is Jacobian

3. Inverse iteration

FOR EFFICIENT SOLUTION OF

SPARSE EQUATIONS WE MUST

� Only store nonzeros (or exceptionally a few zeros also)

� Only perform arithmetic with nonzeros

� Preserve sparsity during computation

Ordering for sparsity � unsymmetric matrices

* x x x v v x v v x v v

r_i = 3, c_j = 4

Minimize (r_i - 1) _* (c_j - 1)

MARKOWITZ ORDERING (Markowitz 1957)

Choose nonzero satisfying numerical criterion with best Markowitz count

Benefits of Sparsity on Matrix of Order

2021 with 7353 entries

Total Storage Flops Time (secs)

Procedure (Kwords) (10_6) CRAY J90

Treating system as dense 4084 5503 34.5

Storing and operating 71 1073 3.4 only on nonzero entries

Using sparsity pivoting 14 42 0.9

HARWELL SUBROUTINE LIBRARY

� Started at Harwell in 1963 � Most routines from research work of group � Particular strengths in:

- Sparse Matrices - Optimization - Large-Scale system solution � Since 1990 Collaboration between RAL and Harwell

RELEASE 12 � January 1996

URL: http://www.cse.clrc.ac.uk/Activity/HSL

Wide Range of Sparse Direct Software

� Markowitz + Threshold MA48

� Band - Variable Band (Skyline) MA55 � Frontal

- Symmetric MA62

- Unsymmetric MA42

� Multifrontal

- Symmetric MA27 and MA47

- Unsymmetric MA41 - Very Unsymmetric MA38 - Unsymmetric element MA46

� Supernodal SUPERLU

Features of MA48

� Uses Markowitz with threshold privoting

� Factorizes rectangular and singular systems

� Block Triangularization

- Done at �higher� level

- Internal routines work only on single block

� Switch to full code at all phases of solution

� Three factorize entries

- Only pivot order is input

- Fast factorize .. Uses structures generated in first factorize

- Only factorizes later columns of matrix

� Iterative refinement and error estimator in

Solve phase

� Can employ drop tolerance

15

WHY LOOK AT OTHER CODES??

� MA48 does not naturally vectorize or parallelize

- short vector lengths

� There is heavy use of indirect addressing in

MA48 (viz, reference of form W(IND(I))

- Even with h/ware indirect addressing is 2-4 times slower

- more memory traffic

- non-localization of data

� MA48 can perform poorly when there is significant fill-in

� We would like to take more advantage of the

Level 3 BLAS

PARALLELIZATION of

MARKOWITZ/THRESHOLD CODE

Factorization times (secs) for code of Van der Stappen, Bisseling and Van de Vorst

(1993) on a PARSYTEC SuperCluster FT- 400 Matrix Order Entries Number of processors

1 16 100 400

SHERMAN 2 1080 23094 1592 108 32.7 15.6

LNS 3937 3937 25407 2111 168 37.9 23.7

TECHNIQUES FOR USING FULL BLAS IN SPARSE SOLUTION

There are three main approaches � Frontal methods � Multifrontal methods � Supernodal methods

18

20