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SUMMary

In this paper we look at a nurnber of approaches teing
i-"l'h'EE-".ingﬂ in tha Center [or Rasearch an Parallal
Computation {CRPC) 1o develop linear algebra soft
wane for high-parformance computers. Thesa ap-
praaches are exemplified by the LARPACE, tamplates,
and ARPACK projects, LAPACK is a softeare library for
|JBI'[Dr'I"I'Iir'I!Z| danse and bandad linagr BlgEer campula-
tions, and was designesd to run efficienthy on high-per-
formance computers, We focus on the design of the
digtributad-meamaory version of LAPACE, and on an ab-
ject-ariented interface to LAPACEK,
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1. Introduction

Linear alpebra Lies an the heart of the research program
of the Center for Research on Parallel Computation
(CEPC). I prosades ertical underpinming for much of
the work on higher-level optimization algorithms and
the numerical zolution of partal differental equations

It has proved o be a rich sowrce of basic problems for
wiork on compder management of memory hierarchies
and compiling for distributed-memory machines. Fi-
nallv, ir is serving az o estbed for our kleas on design

ing, building, and distributing libraries of scalable
mathemantical saltware.

In this paper we present & survey of our research
inte the design, development. and use of software [
brarics for performing lincar algebra compurations on
distributed-memory concurrent computers, This re-
search is being conducted under CRPC auspices by col-
laborating groups at Bice University, the University of
Tennessee at Enoxville, and Oak Fidge National
Laboratory,

In Section 2, we begin by looking at our framework
for lileary design, The rest of the paper [ocuses on
three main topics: LAPACK, templates, and ARPACK.
Section 3 presents key ideas in the design of LATACK,
a widely used software library for performing dense
and banded matrix computatons on bigh-performance
computers. The design and pertormance of a
diztributed-memory version of the LAPACE software
library are discussed. and an object-oriented interface
e this package is dezepbed, In Section 4, we present an
approach to the solution of sparse lincar algebra prob-
lemz with rensable zoftware “lemplates” or code that
describes the essental featres of an algorithim and thar
can also be customiced by users for particular applica-
tions. The ARPACK software package for performing
large-scale eigenanalvsis is described in Secton b ancd 55
based on a new variant of the Arnoldi process. Con-
cluding remarks and directions For Future work close
the anticle proper. An appendix explains how o obain
the software described in s paper wsing el and
xmetlib.



“Lingar algebra provides critical un-
derpinning for work on higher-lfevel
opfimization algorithms ard the mo-
merical solution of partial differen-
Hal equations, It kas proved to be 8
rich source of basic problems fer
wirk on compiler management of
memary hierarchies and conmpiling
for distribirted-menmary machines.”

2. Framework for Library
Development on
Advanced Architectures

The design and implementation of a library of scalable
mathematical software is critical o the success of our
efforts 1o make parallel computers truly useful 1o sci-
entists and engineers. We are building a prototype Ii-
brary of scalable methods for solving problems in nu-
mierical near algebr,

We are investigating three approaches in the design
of such a library

I. The first approach is 1o take existing well-tested
software, i this case LAPACI, and introduce
small modificarions in order o develop distributed
memory implementations. In this way, we can
quickly develop a core set o ToULnes, ]\'_"-'\'_']'il.!._’,il:]f_{
existing software as much as possible, This
approach is described in Section 3.

2. The second approach is a long-term algorvithmic
resezarch project aimed @ developing optimal
straregics tailored to vanous parallel architectures.
Thas will include both SIMD and MIMID machines,
This may require abandoning our existing
algorithm and softwiare base and the development
ol completely new approaches. The research inio
software templates and ARPACK, described in
Sections 4 and 5 respectively, are examples of this
type of research project.

4. The third approach 1s wo take High Performance
Fortran (HPF) 22 2 baze language and li'l.l.":'l-'l.":l.l!:l]:l a
library that relics on the compiler o pertorm
much of the machine mapping. Here, the design
goal is 1o construct algorithms that are blockable
and distributable across a variery of architectures
and o encode enough information inte the HPF
specification 1o allow ranslation into efficient code,

By pursuing all three approaches, we sxpect o gain
a deep understanding of the issues involved in design-
ing and building libraries of scalable mathematical sofi-
ware, while exercising the HPF technology developed
within CRPC. As & goal, we hope to produce libraries
that provide a clean. architecture-independent inter-
fce 1o the end user.



This paper will only be concerned with the first two
of these approaches. We arve currently considering the
development of an HPF version of LAPACE that will
make wuse of the compiler’s knowledge of data discribe-
tion, and thereby relieve the user of the nesd woex.
plicidy pass dara disrribution information into cach
LAPACK routne. This work is ongoing, and will be
descrbed elsewhere in the fumre,

3. LAPACK on
Concurrent Supercomputers

The LAPACK project started in 1987 in an e¢ffon o
design a linear algebra library Tor conventonal super-
computers and high-performance workstations, Sca-
LAPACE waz a follow-on project whose orviginal aim
was to provide for users of MIMD distributed-memory
concurrent computers the same Tuncionality as tha
provided by LAPACK for shared-memory architec-
tures, We now believe thar it is possible o make Sca-
LAPACK fully compatible with LAPACK, so that the
calling svotax of both librarvies is identeal, thereby al-
lowing transparent migraton of applications between
shiared-memory and disimbuted-memary architeciures.
Thus, the distinction between Scal APACK and LA-
PACK iz ezsentally bistocical, with the former origially
developed for disrributed-memory machines, and the
later For shavedanemaory machines, When it is neces-
sary to distinguish berween the shared-memory and dis-
tributed-memory versions we zhall wse the erms LA-
PACK-5M and LAPACK-DM, respectively; otherwise,
we shall use LAPACK w vefer generically wo hoth ver-
b,

The development of sparse matrix algorithms is an
area of intense research activity, largely because of their
importance in the numerical solution of partial differ-
ential equartions. Dense matrix computations are less
peervasive, but alse have important applications, as dis-
cussed in a recent survey by Edelman (19835) A major

source of large dense linear systems is the solution of

problems by the boundary-clement method. In this

method integral equations defined on the boundary of

a region ol interest are used 0 compute some final
desired quantity in three-dimensional space, The dense
near svatems that are generated are commonly solved

using LU factorization. Eleciromagnetic scattering
spuclies make use of the boundarv-element methad,
which is vsually referved 1o as the metiod of mesenis in
this context {Harrington, 1990; Wang, 1991). This ap-
proach s used in the design ol aivcraft with small vadar
crosa-seciions and in the design of satellite antennae.
Boundary-element methods are also used in the sody
of Muid Hows, and here the variant of the boundary-
element method vsed iz called the fameet setiod [Hess,
1990 Hess and Smich, 1867

3.1 LAPACK ON MUMA MACHINES

Modern supercomputers may be classified as nonuni-
form memory access (NUMA) machines. That is, they
possess hierarchical memories in which different levels
in the hierarchy are characterized by different access
times. Registers are the upper level of memory, and
herve access tme iz least, Caches are an imermediate
level in the memory hierarchy. In shared-memory ma-
chines the lowest level in the memory hierarchy s the
shared memory. In distributed-memory machines each
processor has s own local memory, so the apgregate
off-processor memory of all other processors torms the
lowest level of the memory higrarchy, LATPACK attains
high performance on NUMA machines by maximizing
the rewse of dawy in the upper levels of memary, so tha
time-consuming accesses to lower levels are minimized.
This 15 dlone wsing a vwo-fold appeeach. Fiest, the fre-
guency of data movement between the lower and inter-
mediate levels of memory s contralled by recasting the
numerical algorithms in block-partitioned form. Uhis
approach ensurez that memory accesses are localied
Clocaliey of reterence™) and can be deferred so thar dana
are moved between the lower and intermediane levels in
blocks. On sharcd-memory machines the use of block-
partiiened alpovithms minimizes the fregquency of data
movement between shared memaory and cache, while
on distributed-memory machines i redoces the fre-
guency of communication between processors. Second.
the moverment of data between the intermediane and
upper levels of the memery higrarchy is controlled by
means of optimized assembly code for the most heavily
used, compae-intensive parts of an algorithm. Forou-
nately, in the block-partitioned algorithms used in




LAPACK these correspond to Level 3 BLAS routines,
oprimized assembly code versions of which exist Bor the
processors comprising most modern supercomputers,
Maximizing dara revuse in the upper levels of mem-
ory through the use of block-partittoned algorithms is

the cornevsione ol the successlul implementation of

LAPACK on shared-memory and distributed-memaory
supercompiiers. Opimized, concurrent Level 2 and
Level 3 BLAS routines are used as building blocks for
the LAPACK routings. The approach taken wo parallel-
tzing concurrent BLAS routines differs for shared-
memaory and distributed-memory machines. On
shared-memory machines, the assignment of work 1o
processors B determined by the compiler, typically by
parallelizing the outermost loopis) over blocks, The in-
nermost loops are written in assembly code. One of the
aims of High Performance Fortran (HPF) is 1o provide
a similar level of compiler support for distributed-
memory machines, However, in developing distrib-
uted-memory versions of the Level 2 and Level 3 BLAS
we seek 1o optimize performance by manually paraliel-
izing the approprize loops. [n addition, the data disori-
bution is specfied through subroutine calls, rather than
by data distribation divecrives, as in HPFE.

3.2 DISTRIBUTED MATRICES

In many linear algebra algorithms the distobution of

work mav become uneven as the algovithm progresses,
for example as in LU factorization, in which rows and
columns are successively elinanated From the computa-
v, LAPACK-1M, cherefore, makes use of the block-
cyclic data distrbution in wlhich matrix blocks separated
by a fixed stride in the row and column directions are
assigned o the zame processor, A number of researche-
ers have made use of the block-cvelic data distribution
i parcallel dense linear alpebra algocithms (Ched e al,,
1992; Choi, Dongarra, and Walker, 1993a: Dongarra
and Carouchoy, 1990 Dongarea, van de Geijn, and
Walker, 1992; Lichtenstein and [ohnsson, 1993). A
block-cyclic data distribution s parameterized by the
four numbers P, (), r, and ¢, where £ % (1 15 the pro-
cezsor template and r = oo the block siee, All LAPACE-
DM rounnes work for arbitrary values of these param-
erers, subject ta certain “compatibility. conditons,”
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Thus, for example, in the LU factorization routine we
require that the blocks be square, since nonsguare
blocks would lead to additional software complexity and
cormmunication sverhiead. When multuplving vwo mia-
wrices. {0 = Af, we require that all three matrices are
distributed over the same P % 0 process template; rect-
angular blocks are permited. but we require that if the
blocks of matrix A are ¢ = ¢ those of B add © must be
¢ ¥ cand r ¥ ¢, respectively. to enable us to multiply
individual blacks of A and B 1o form Bblocks
of .

[ the block-cyclic daa distributon mapping of a
global index, s, can be expressed as m — g1, where
foiz the logical process number, b s the block number in
process f, and ¢ is the index within block & tw which m is
mapped, Thos, if the number of data olyecs ina block
is r. the block-cyelic data distnbution may be written

T mod T |
it == [f Y T—_:_mm-::-l:lr (0}

where T = #F and P 15 the number of processes, The
distriburion of a block-partitoned marrix can be re-
garded as the tensor product of two such mappings.
ang thar distribures the rows of the matrix over P pro-
cesses, and another that distributes the columns over ¢
processes. 1o showlbd e noted that Eg. (1} reverns o the
cyclic distribution when v = L. with local index = 0 for
all Mocks, A block distribution is recovered when » =
[MIP], in which case there is a single block in each pro-
cess with block number & = (L Thus, we have

m = (e omod P, lwdP] m {23

fior a cyclic data disiribution, and

we r (/L L 0, o mod L), {3

for a hlock distribation, where {2 = [.HJ'P]. A subtle dis-
tinction between the block distribution given by Eq. (3)
and that often used elsewhere (see, for example, Fox et
al., 1988; Van de Velde, 1990) should be noted. Con-
sicler the block disiribauion of six wems over four pro-
cesses, [his 15 commonly distnbuted as (2.2,1,1), L.,
rwo items in pwo ol the processes and one wem i the
other two processes, The block distribution given by Eq.
(30 resulis inothe distribation {2,220}, 50 that one of the



processes contains no data items. Clearly, since the load
imbalance is measured by the difference between the
maximum and the average loads, both distribution
schemes have the same degree of load imbalance. We
prefer the block distribution given by Eq. (3) because
the arithmetic needed o convert berween global and
local indices 15 simpler, and because of the symmetry
between the equarions for the hlock and cyvelic distrib-
tioms (compare Eqgs, (2) and (3)). There appear to be no
other compelling reasons why one of these forms of
bock distribution should be preferred to the other in all
Cases.,

The form of the block-cyclic data distribution given
by Eq. (1) ensures thar the block with global indesx 0 is
placed in process 0, the next block is placed in process 1.
and so on. However, it is somerimes necessary 1o oflser
the processes relative to the global block index so that.
in general, the first block i3 placed in process fy, the
next in process i, + 1, and =0 on. For example, in the
parallel, block LU factorization algorithm described by
Dongarra et al. (1994), a rank-r update is applied to the
unfactored portion ol the matix, E, in exch step by
multiplving & column of blocks, L. by a row of blocks,
Upie, B =FE — LU, Here ris the block size, The
thres matrices involved in this update cach have their
(L block in g dilferemt locaton of the process tem-
plate. We, therefore, generalize the block-cyclic dara
distribution by replacing s on the rght=hand side of
Eq. (I} by m" = m + rpy, to give

5 1 [\[@J . [J:;J Lot ol r}
5 ((IM] ... I,u) mod P,

i \
MJ,—J?DJ . omoamedd r) : {4)

The inverse mapping is given by

(BB > Br 4 i = (p = pr + 8T 4+ i, (3)

where the glabal Block numbser s given by #§ = [ — p
+ bR

The Hock-cyvelic data disteibution s the only daa
distribution supported by the LAPACK-DM routines,

“In many linear algabra algorithms
the distribiction of work may become
ureven as the algorithm pragresses.
LAPACK-OM makes wse of hlock-
cyclic data distribution in which
matrix blecks separated by & fxad
sride in the raw and colimn direc-
Hons are assigned to the same pro-

CESSOT.
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andl in its most general Torm is parameterized by P, (8
t. &, . and qy. where P % is the size of the process
template, v % ¢ s the Bock size, and (fy, 540 15 the loca-
tion in the template of the (0, 0) block of the matrx,
The block-cyclic data distribution can reproduce most
of the dara distributions wsed in lincar algebra compu-
tations, For example, one-dimensional distributions
over rows or columns are obtained by choosing (F or £
e be 1, Simlary, an M = A marrix can be decomposed
into {nonscattered) blocks by choosing v = [MIP] and ¢
= [N, In algerithms, such as LU factorization, in
which the distribution of work becomes uneven, a
larger block size resulis in greater load imbalznce, bt
reduces the frequency of communication between pro-
cessors, [ here s, therelore, o tradeoll berween load
imbalince and communication startup cost, which can
e contralled by varving the block size.

In addition to the load imbalance that arises as dis-
tributed data are elhminated from & compuacton, load
imbalance may also arise due to computational “hot
spots” when cerain proceszes have more work w do
hetween synchronization poings than others, This is the
case in the LU factorzation algorithm, in which partial
piveding is perlormed over rows, and only a single col-
umn of the process template is involved in the pivot
search while the other processes remain idle (Dongarra,
van de Geljn, and Walker, 1994). Similarly, the evalua-
tion of each block row of the {7 marix requires the
solution of a lower triangular system that invalves only
processes inoa single row of the process templae. The
effect of this type of load imbalance can be minimized
through the choice of P and . Another fazcor o be
considered in choosing £ and €} is the performance of
collective communication routings, such as reduction
and broadcast operations, that may be performed over
the rows and coliumns of the process emplate.

3.3 BUILDING BLOCHKS FOR LAPACHK-DM

The LAPACK-DM routings are built our of & small
number ol maodules. The most fundamental of these
are the Basic Linear Algebra Communication Subpro-
grams (BLACS) (Dongarra, 1991 Dongarra and van de
Geijn, 1991), which perform common matrix-oriented

SUPERCOMPUTER APPLICATIONS

communtcation tasks, and the sequential Bazic Linear
Algelra Subprograms (BLAS) (Dongarra et al., 1990;
Dongarra et al.. 1988; Lawson et al., 1979), in partcular
the Level 5 BLAS. LAPACK-DM can be ported with
mimimal code modification to any machine on which
the BLACS and the BLAS are available. The distrib-
uted Level 5 BLAS (Choi. Dongarra, and Walker,
1903k, 19940 and the Parallel Block BLAS (PB-BLAS),
described in more detail below, are inermediate-level
routines based on the BLACS and sequental BLAS.
The BLACS, the sequential BLAS, the distribured
Level 3 BLAS, and the PR-BLAS are the modules from
which the higher-level LAPACE-DM routines are built.
Thus, the entire LAPACK-DM package contains mod-
ules at a number of different levels. For many users the
top-level LATACK-DM routines will be sufficient wo
build applications. However, more expert users may
make wse of the lower-level rowines o build custom-
tzed rounnes that are not provided in LAPACK.

The BLACS package attempis to provide the same
ease of use and portability for MIMD message-passing
linear algebra communication thar the BLAS provide
for linear algebra computation, Therefore, future soli-
ware for dense linear algebra on MIMD platforms
cotild consist of calls to the BLAS for compuiatien and
calls ta the BLACS for communication. Since both
packages will have been optimized for each particular
platform, good perlormance should be achieved with
relatively little effort.

In the LAPACK-DM routines all interprocessor
communication takes place within the distribured BLAS
and the BLACS, so the source code of the top software
layer of LAPACK-DM looks very similar (o that of
LAPACE-5M, The BLACS have becn implemented for
the Intel family of computers, the TMC CM-5, the
CEAY T3D, the IBM 5P-1, and for PV

The PB-BLAS are distributed Level 2 and 3 BLAS
rautines in which at least one of the matrix sizes 15 lim-
ired 1o the block stee. That is, at least one of the marrices
comsists of a single row or column of blocks, and is lo-
cared in & single row or column of the process template.
An example of a PB-BLAS operaton would be the mul-
tiplication of a matrix of M * N blocks by a "vector” of



N blocks. The PB-BLAS make use of calls 1o the ze-
quentizl BLAS for local computations, and calls to the
BLACE for communication. The PR-BLAS are used,
for example, o perform Block-crnented matrixvector
multiplications when reducing & column of blocks in the
parallel Hessenberg reduction algorithm (Chod, Don-
garra. and Walker, 19494a).

4.4 PERFORMAMCE OF LAPACHK-DM

The LAPACK-DM routines for performing LU, QR,
and Cholesky factorizations of dense marrices have
been extensively tested and benclmarked, Routines for
reducing matrices to Hessenberg, ridiagonal, and hi-
diagonal form have alse been developed. The main
platform for testing these codes was a 128-node Intel
iIPSCBGU hypercube, although some of them have also
been run on the Intel Delta and Paragon systrems and
the Thinking Machines CM-5. A PVM version of the

LU Factorization code has been run over 2 network of

workstations. Details of the parallel Factorization algo-
rithms are given by Dongarra, van de Geijn, and
Walker, (19584), together with performance results and
madels. A similar paper on the reduction routines is in
preparation (Choi, Dongarea, and Walker, 1994a).
Here we shall just present results from a small sample
of the runs we have done on the Tiel iPSC/860 hyper-
cube 1o demonstrate the efficiency and scalability of the
LAPACK-DM routines. Figure 1 shows isogranulanty
pots for the LU, QR. and Cholesky (LL.7) factorization
routines. These plors show the varation in perfor-
mance as a function of the number of processors, with
the matrix size per processor kept Oxed at 5 Mbytes!
processar, I the Bwtonzation codes were perfectly scal-
able with respect o memory wse these plats would all be
linear. The fact that the curves deviate only mildly from
linearity shows that the algorithms exhibit good scalabil-
ity on the Intel iPSCAGD, especially since less than hall
the memory available for applications is being atilized.
Isogranularity plots for the Hessenberg, widiagonal,
and bidiagonal reduction routines ave shown in Figure
2, again for a granularity of 5 Mbyres'processor. For the
reduction routines the deviation from linearity appears
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a little more pronounced than for the factorization rou-
tnes, but is sull fxicly small.

3.6 AN OBJECT-ORIENTED

INTERFACE TO LAPACK

Our research activities in object-oriented extensions of
LAPACK stems from two drving forces, ane pulling,
the ather pushing. The pull comes from an increasing
demand from the scientific computing community Tor
C and C+ -+ interfaces for numerical linear algebra
libraries, A recent LAPACK survey veveazled this 1o he
one of the most common features users would hike w
see i future versions of LAPACE, The push srems
from the ability of objec-oricnted software designs
written in C+ + to encapsulate naturally the complex
data structures describing distrbuted matrices, These
same mechanisms also help solve the “data distribuon
compatibility” prohlem often encountered when inte-
grating distributed-memory libraries. LAPACK-
DM + + solves this by exploitng the inhentance and
dynamic-binding capabilities of C+ +. The result is
that only ane version of a library algorithm, such as the
right-looking block LU factorization, need he main-
rained. This library code will work correctly with any
matrix data distiibution scheme.

Decoupling the marrix operations from the details
af the data distrbution provides two imporiant bene-
firs. First, it simplifies the description of a high-level
algorithm and, secomd, it allows [or posiponement of
clara distribution unol runtime. This is crocial it we wish
to provide truly integrable numerical libraries since the
appropriate marix da distribution is strongly depen-
dent on the way the data arve uilized in cther secricns of
the driving application.

In Figure 3 we illustrate the design hierarchy of
LAPACK-DM+ +. A parallel SPMD application will
utilize LAPACK-DM+ + kernels o perform distrib-
uted linear algebra operations. Kach node of a mult-
computer runs a similar G+ + program with calls to the
LAPACK-DM + + interface. At this level distributed
matrices are seen as a single object. The LAPACEK-
DM+ + kernel, in mrn, 15 built upon two important
constituents: the basic algorithms of LAPACK + +, and
a parallel implementation of lower-level computational



kernels (BLAS). Since the code parallelism is embedded
in the low-level BLAS kernels, the driving rowines thiat
employ Mock marrix operations will look the same.
Thus, the essential differences between LAPACK-
M+ + and LAPACE-DM + 4 codes are simply o the
dedarations of the matrix objects that are supported.

The cverbead introcduced by the 4 + interbace is
minimal because there is no extra data copying, nor is
the funcion-call overhead significant, particularly
when compared to the granularity of communication
roulines in mesage-pazsing architeciures. For single-
node performance, we have tested various prototype
LAPACK + + (Dongarra, Poro, and Walker, 1993)
maodules on several architecoures and found that they
achieve competitive performance with similar opmi-
mized Fortran LAPACK routines. Figure 4, for exam-
ple, illustrates the perfermance of the LU faoovizaion
routine on an 1BM RSG0 Model 550 workstation.
Three versions are compared: the native Fortran code
with optimized BLAS, a C+ + shell to this code, and
the LU algorthm nself, which s written in C4 4+ with
optimized BLAS. This implementation used GNU
g+ + version 2.3.1 and the Level 3 BLAS routines
from the natve ESSL library. The performance results
are nearly lentical wath those of optimized Fortran call-
ing the same library.

LAPACK-DM + + mncludes support for the gen-
eral, two-dimensional, block-cyclic matrix data distribu-
tiom described in Section 5.2, However, its major advan-
tage is that the library code for the LU algorithm will
work correctly with any matrix data distribution, All we
need o supply with each nesw matrix dara distribution is
a matching parallel BLAS library that can perform the
basic functions. The kev point here is that describing a
new BLAS bbrary 1s much zmpler than speclying a
new LAPACK library.

In short, the design of LAPACE-DM 4+ 4+ allows
one o describe parallel, dense, linear algebra algo-
rithms in terms of high-level primitves that are inde-
pendent ol the distribution of the matrices over the
physical nodes of a mulicomputer. Decoupling the ma-
trix algorithm From a specilic data distributon provides
three important attributes: (1) it resulis in simpler code
that maore closely matches the underlving mathemaical

Formulation, (2) it allows for one “universal” algorithm,
rather than supporting one version for each data dis-
tribution meeded, and (29 0 allows cne 1o postpone the
dara distribution decision unoil runtime,

4, Templates for Large Sparse
Systems of Linear Equations

A new generation of even more massively parallel com-
puters will soon emerge. Concurrent with the develop-
ment of these more powerful parallel svsiems is a shilt
in the computing practices of many scientists and re-
searchers, Increasingly, the tendency s 1o wse & variety
of disrributed computing resources, with each individ-
ual task assigned o the most appropriate architeciure,
rather than o use a single, monolithic machine, The
pace of these two developments—the emergence of
highly parallel machines, and the move to a more highly
distributed computing envirenment—has been so rapid
that software developers have been unable to keep up.
Fart of the problem has been that supporting sysiem
software has inhibited this development. Consequently,
exploiting the power of these technological advances
has become maore and more difficult. Much of the ex-
isting reusable scientific software, such as that found in
commercial librarics and in public domain packages, is
no longer adequate for the new architectures. 1E the full
power of these new machines is to be realized. scalable
libraries, comparable in scope and quality 1o those that
currently exist, must be developed.

One of our goals as software designers is o com-
municate e the high-perlormance compuiiing Comim-
nity algorithms and methods for the solution of svsiems
of linear equations. In the past we have provided black-
box software in the form of a mathematcal soltware
library, such as LAPACK, LINFACK, NAG. and 1M5L.
These software libraries provide for:

# cosy interface with hidden deils,
® reliabilivy: the code should fail as marely as possable;
® sped,

(n the other hand, the high-performance computing
community, which wantz o solve complex, large-scale
problems as quickly as possible. seems o want

e e sorwanefo
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* speed;

® acoess to internal details 1o tune data structures o
the application;

® algorithms that are fase for the parocolar
apphcation even if ot as reliable as general

methaods.

These differing priortdes make for different ap-
proaches w algovithms and soltware. The rse ser of
pricritits has led us w produce “black boxes” for gen-
eral problem classes. The second set of priorities seems
to lead us to produce “template codes™ or “oolboxes™
where the users can assemble, modify, and mine build-
ing blocks starting from well-documented subparts,
This leads vo software that 1s not going 1o be reliable on
all problems, and requires extensive wser tuning o
make it work. ‘This is just what the black-box users do
oL want.

In scientific high-performance compuring we see
three different computational platforms emerging,
each with a distinet ser of users. The first group of com-
puters contains the traditional supercomputer. Com-
puters in this group exploit vector and modest parallel
computing, They are general-purpose computers that
can accommadare a large cross-section of applications
while providing a high percentage of their peak com-
putng rate. They are the computers typified by the
CRAY Y-MP and C90, IBM ESS00M), and NEC SX-3—
the so-called general-purpose vecor supercompurers.

The second group of computers are the highly par-
allel computers. These machines often conrain hun-
dreds or even thousands of processors, usually RISC in
design. The machines are usually looscly coupled, sup-
plied with a switching network agd having relatively
long communication times compared with compuation
times, These computers are suitable for fne-grain and
coarse-grain parallelism. As a system, the cose is usually
less than the wraditional supercomputer and the pro-
gramming environment is very poor and primitve.
There iz no portaldity since wsers programs depend
heavily on a particular architecoure and on a particular
soltware envirgnment.

The third group of computers are the clusters of
workstations. Each workstation wsually contains a single



very fast RISC processor. Each workstation is connected
through a Local Area Network, or LAN, and so the
communication time is very slow, making this setup not
very suitable for fine-grain parallelism. This group usu-
ally has a rich sofvware envivonment and operating sys-
tem on & workstation node, usually UNIX. This solu-
tion 1% wsually viewed as 2 very cost-effective solution
compared to vector supercomputers and highly parallel
COMPULETS,

Users are, in general. not a monolithic entity, but,
in fact, represent a wide diversity ol needs. Some are
the sophisticated computational scientists who eagerly
move to the newest architecture in search of ever higher
performance. Others only wish to solve their problems
with the least change in their computational approach.

We hope o satisfy the high-performance comput-
ing community’s needs through the introduction of re-
usable software templates. With the emplates we de-
seribe the basic features of the algorvithms, These tem-

plates offer the opportunity for whatever degree of

custoamiztion the wser may desive, and alsa serve a
valuable pedagogical role in weaching parallel program-
ming and instilling a better understanding of the algo-
rithms that are emploved and results that are obtained.
While providing reusable software templates we also
hope o retain the delicate numerical details present in
many algorithms,

We helieve it is important for users to have trust in
the algorithms, and hope this approach conveys the
spirit of the algorithm and provides a clear path for
implementation where the appropriate dag streciures
can be integrated into the implementation. We believe
that such an approach based on the use of templaces will
allow for easy modification o suit various needs. More
specifically, each template should have;

® working software for matrices as general as the
method allows:

* 3 mathemarical descripiion of the flow of the
itcration;

# alporithms described in a Fortran-77 program with
calls to BLAS {Dongarra et al., 1990; Dongarra et
al., 1988; Lawson et al., 197%), and LAPACK
routines (Anderson et al., 19925

® discussion of convergence and stopping criteria;

® suppestions for extending a method to more
specific matriy tvpes (for example, banded
syslemms);

* suggestions for tuning (for example, which
preconditioners are applicable and which are not);

* perlormance: when wouse 3 method and why;

® reliability: for what class of problems the method is
Appropriae;

® aocuracy: suggestions for measuring the acouracy of
the sodution, or the stabilioy of the method.

An area where this will work well is with sparse
matrix computations. Many important practical prab-
lems give rise o large sparse svstems of lincar equa-
tions. Ome reason for the great interest in sparse linear
equations solvers and itcrative methods is the impor-
tance of being able te obtain numerncal solutions o sys-
tems of partial differental equations. Such svstems ap-
pear i studies of electrical nevworks, econommic-syatem
madels, and physical processes, such as diffusion, radi-
atvo, and elastaty, Ierative methods work by contine-
ually refining an iniial approximare solution so thar it
approaches closer and doser o the correct solution
With an irerative method a sequence of approximate
solutions {x™} is constructed that essentially involve the
matrix A only in the context of marrix-vector multipli-
cation, Thus, sparsity can be taken advantage of so tha
each iteration requires (ix) operations.

Many basic methods exist for ieratively solving lin-
ecar systems and finding eigenvalues. The gk s find-
ing the most effective method for the problem at hand.
A method thar works well Tor one problem type may
not work as well for another, Or it may not work at all.
We have written a book on remplates for large sparse
limear svstems (Barrett et al, 1994) to help address the
needs of users ol high-performance computers.

5. Software for
Large-Scale Eigenanalysis

We have been developing mathematical software lor
large-scale eigenvalue problems based upon a new var-

ant of the Amaoldi process, Since this is 2 new algorithm
we g0 inm more algorithmic detail than in the sections




on dense inear algebra, where the basic algorithms are
well known. This new variant of the Arncldi process
employv: an implicit restarting scheme that may he
viewed as a truncation of the standard implicitly shifted
CR-ieration for dense problems. Numcerical difficulies
and stovage problems normally associted with Amaoldi
and Lanczos processes are avoided. The algorithm is
capable of computing a few eigenvalues with user-
specilied Teatures, such as largest real part or largest
magnitude, using a predetermined storage require-
ment that is propoctional o the matcix erder times the
desired number of cigenvalues.

The ARPACK software, which iz bazed vpon an
implementation of this algorithm, has been designed o
ke elficient on a variety of high-pecformance comput-
ers. Parallelism within the scheme is obtained primanly
through the matrix and vector operations that comprise
the majority of the work in the algorithm. The software
iz capable of solving large-scale symmetric, nonsymmet-
ric, and generalized cigenproblems from significant ap-
plication areas.

5.1 LARGE SPARSE EIGENVALLUE SOFTWARE

The most general prablem addressed by thiz soltware is
the generalized eigenproblem

Ax = AMx, (G

where both A and M ave real # = % matvices and M is
symimetric, We assume that the pair (A, M) is a regular
definite pencil il A is alse symmetnc or that W is positive
semi-definite if A is nonsymmetric.

Arncldiz methed = 8 Kevloy subspace projection
method. 1t obtains approximations to cigenvalues and
corresponding eigenvectons of a large matrix A by con-
structing the orthogonal projection of this matrix onto
the Krylov subspace Spenfn, Av,. .., A* "o}, The Ar-
noldi process begins with the specification of a starting

vector o oand in & steps produces the decompaosition ol

an w Mo matrix A oo the form
AV = VH + fa. {7

where 1 is the first eolumn of the mamrix V2 R“’“"’,
VIV = 1, H € RV is upper Hessenberg, (€ R® with
0= V7' [ and &, € RE, the kth coordinate basis vector,

PLICATIONS |

The vector [ s called the residual, This factorizaton
may he advanced one step at the cost of a (sparse) ma-
i vector product invobang A and two dense mainx
vector products invelving VY oand V. The dense prod-
ucts may be accomplished using Level 2 BLAS. The
new column of ¥V owill be v, = fff where B = ||f]|, and
B will become the next subdiagonal element of £,

The columns of V Eorm an orhonormal basis for
the Krylov subspace and {7 is the orthogonal projection
of A onwo this space. The eigenvalues and correspond-
ing eigenvectors of M provide approximate eigenvalues
and eigenvectors for A. If

Hy = 38,

and we put x = Vy, then x, 8 is an approximate eigen-
pair For A with

lAx — xb] = [|f}]eivl.

and this provides a means for estimating the quality of
the approximation. The informauon chimned through
this process is completely determined by the choice of
the starting vector. Eigen-information of interest may
not appear until & gets very large. In this case it becomes
ntractalde womantan numerical orthogenality of the
basis vectors 1, and it will also require extensive storage.
Failure 1o maintain orthogonality leads w0 a namber of
numerical ditticulties. Cuur method provides a meiins of
extracting interesting information from very large Kry-
lov subspaces while avoiding the storage and numerical
difficulies azzooated with the standacd approach, It
does this by continually compressing the integesting in-
formaton mito a fixed-zie dimensional subspace,
T'his is accomplished through the implicitly shifved QR
mechanism, An Amoldi factorizaton of length & + §is
compressed 1o a factorization of length & by applving g
implicit shifts, resulting in

AV o = VE HE  + [yt (8)
where Vi, = Vo 0, B, = Q" H, 0, and O =
lds - - - O with (; the orthogonal matrx asscciated
with the shift . [t may be shown that the first & — 1
entries of the vector rL._,,,Q:u‘I: wera, Equating the Brst &
columns on both sides yields an updated k-step Arnoldi
factorization



AVg = VEHE S fiel, i)
with an updated residual of the form f7 = Vi e, B
+ fiip@. Using this as a starting point it is possible wo
use i additional steps of the Arnoldi process o return 1o
the original form. Each of these applications implicitly
applies a polynomial in A of degree p o the sarting
vector., The roots of this polyoooal ace the shifts used
in the Qft process and these may be selected o filter
unwanted information rom the starting vector and,
hence, from the Arnoldi factorization. Full details mav
be found in an article by Sorensen {1992).
The resulting software ARPACE based upon this
mechanism provides several Features that are not
present in existing (single vector) codes o our
knowledge:
® reverse coammunication interface;
® ahility to return & eigenvalues thar sanisfy &
user-specified crterion, such as largest real part.
largest absolure value, largest algebraic value
(EVITLmeLrie case], et

® A fixed pre-determined sorage reguirement
suffices throughout the computation. Usunally this is
now C2E) 4 (0E"), where & is the number of
eigenvalues to be computed and # is the order of
the marrix. Mo auxiliary siorage or inferaction with
such devices is required during the course of the
COTNALERLIN,

® Figenvectors may be computed on request. The
Arnoldi basis of dimension & is alwavs computed.
The Arncldi basis consists of vectors that are
numerically orthogonal 1o working accuracy.

® Accuracy: The numerical accuracy of the computed
eigenvalues and vecrors is wser specified and mayv
be set to the level of working predsion. At working

precsion, the accuracy of the compured eigenvalues

and vectors is consistent with the accuracy expected
of a dense method such as the implicitly shifted 12
iLeration.

® Multiple eigenvalues offer no theoretical or
computational difficulty ather than the additional
matrix vector products that are required o expose
the muliiple instances. This cost s commensurae
with the cost of a block version of appropriate
loscksize.

“ Parallelism within the scheme is
obtained primarnly throvgh the ma-
frix amd vector aperations that com-
prise the majority of the work fn the
algorithm, The software is capable
of solving large-scale symmedric,
manspmmetric, and gereralized
giganproblems from significant ap-
plication areas”

: LINEAR ALGEBRA SOFTWARE



~One of the mast important classes of
applicalions arses In compulalions!
fuid dyramics. Here the matrices
are obfained through discretization
of the Nawier-Stakes aquations. A
typical application fnvolves Nnear
stability analysiz of steady-state
sofutrons.”

SUPERCOMPUTER APPLICATIONS

5.2 APPLICATIONS OF ARFACK

ARPACK has been used in a varety of challenging ap-
plications, and has proven o be useful both in symmet-
ric and nonmsymmetnc problems. [t is of particular in-
terest when there is no opporiunicy (o factor the matrix
and employ a “shift and invert” form of spectral
rransformation,

As=id = o). (L)

Existing codes often rely upon this transformation
o enhance convergence. Extreme cigenvalues {p} of
the matrix A are found very rapidly with the Arnoldi-
Lanczos process and the corresponding eigenvalues {1
of the original matrix A are recovered from the relaton
ho= lip + o Implementation of this ransformarion
generally requires a matrix factorztion. In many im-
portant applications this is not possible due v storage
requirements and computational costs. The impliar re-
staring technique used in ARPACK is often successful
without this spectral transformation,

One of the most impornant classes of applications
ariges in computational fluid dynamics, Here the matri-
ces are ohtained through discretizaition of the Navier-
Stokes squations. A tvpical application invalves linear
stahility analysis of steadv-state solutions. Here once lin-
earizes the nonlinear squation about a steady state and
stivcdies the stabiliny of this stare through examination of
the spectrum. Usnally this amounts to determining if
the cigenvalues of the discrere operator lic in the lefi
halt-plane, Typically, these are parametncally depen-
cent problems and the analysis consists in determining
phenomena such as simple bifurcation, Hopf bifurca-
tion (an imaginary comples pair of eigenvalues cross
the imaginary axis), turbulence, and vortex shedding as
this parameter iz varied. Cur method iz well suieed 1o
this setting as it 15 able to track a specified set of eigen-
vialues while they vary as [unctions ol the paramerer.
Our software has been used to find the leading eigen-
vialies in a Couwerre-Taylor wavy voriex instabilicy prob-
lem invelving matrices of order 4,000, One interesting
facer of this application is that the marrices are not avail-
able explicitly and are logically dense, The particular
discretizanion provides elficient matrix vector producis
through Fourier transform. Details may be found in the
article by Edwards er al. (1594,



Alvarez-Cohen and MoCarry (19910 sindied a
groundwater remediation problem through a large
nonsymmerric eigenanalvsis using a pore-scale model oo
understand  macroscopic groundwater transport phe-
nomeeng. Convecrion, diffusion, and hiochemical vesc-
tions occur at the pore level, The equations model flow
throuigh a single pore whose lining reacts with the flasw-
ing solute, Boundary conditions are periodic. The
cigenvalues of this boundarv-value problem provide
wseful information about the flow through an aggre-
gate of pore cells. The solution of the eigenprehlem is
discussed by Dykaar (1993). Preliminary computational
stwdies indicate that ARPACK can provide a means of
extracting a number of interesting eigenvalues and
eigenvectors more eflicently than the inverze power
method that is currently employved.

O sofiware has Deen used o stody the sability of
the core of a civil nudear power plant, as modeled by
the two-group neutron diffusion equaton. Vaudescal
(personal communication 1993) reports improved per-
formance using ARPACK over results obtained in Jaf-
fre and Vaudescal (1993) using explicily restaried
Arnaldi,

Very large symmetnic generalieed eigenproblems
arise in structural analvsis. One example that we have
worked with at Cray Besearch through the courtesy of
the Ford Motor Company invelves an automobile en-
gine model constructed from 3D solid elements. Here
the interest is in a ser of modes 1w allow solunon of a
forced frequency-response problem (8 — A M = (i),
where fif) is a cyclic forcing function that is used w
simulate expanding gas loads in the engine cylinder as
well as hearing loads from the piston connecting rods.
The model has over 230,000 degrees of freedom. The
smallest eigenvaliues are of interest and the ARPACE
code appears to be very competitive with the best come-
merciallv available codes on problems of this size (for
details, see Sorensen, Tomasic, and Yu, 1993).

MNonlinear eigenvalue problems also arise in stric-
tural analysis. We are collaborating with researchers at
Stanlord University in this ares. In Smith. Sorensen,
and Singh (1993) we present an imphcitly restarted
Lancros-based eigensolution technique for evaluating
the natural frequencies and modes from frequency-
dependent eigenpreblems in siructural dynamics, The

new solution technigque is used in conjunction with &
mixed finite-clement modeling procedure thar wnilizes
both the polynomial- and frequency-dependent dis-
placement fields in formulating the system matrices,
The method is well suited to the solution of large-scale
prablems. The sclution methodalogy presented in
Smith et al. {1993) is based upon the ability to evaluare
a specilic ser of parameterized nonlinear egenvalue
curves at given values of the parameter using the sym-
metric generalized eigensalvers available in ARPACEK.
Mumerical examples illustrate that the implicidy re-
stareed] Lanczos method with secant interpalaten aceu-
rately evaluates the exact natural frequencies and
mades of the nonlinear eigenproblem. The examples
also verify that the new eigensolution technique, cou-
pled with the mixed fnite-element modeling proce-
dure, is more accurate than conventional finite-clement
madels, In addition, the eigenvalue technigue pre-
sented here 15 shown o be far more computationally
ellicient on large-scale problems than the determinant-
search techniques traditionally employved for solving ex-
act vibration problems. These technigques are being ex-
tended to solve damped problems (which are nonsym-
metric) and interior eigenvalue problems.
Computanonal chemistry provides a rich source of
problems. ARPACK 15 being used in two applications
currcntly and holds promise for a variety of challenging
prolems in this area. We are collaboratng with re-
searchers at Ohio Stare on large-scale, three-dimen-
sional reactive scattering problems. The governing
equation is the Schridinger equation and the compu-
tational technigue for studying the physical phenomena
relies upon repeated eigenanalysis of a Hamiltonian op-
ervalor conssting of a Laplacian operator discretieed in
spherical coordinates plus a surtace potental. The dis-
crete operator has a tensor product structure from the
discrete Laplacian plus a diagonal matrix from the po-
tential, The resulting matrix bas a block structure con-
sisting of m 3w blocks of order & The diagonal blocks
are dense and the off-diagonal blocks are scalar muli-
ples of the idendty matrix of order w. [t is virmally
i passible v frctor this matrix divectly becasse the -
tors are dense in any ordering. We are using a disirib-
uted=-memory parallel version of ARPACK together
with some preconditioning ideas 1o solve these prab-

- LINEAR ALGEBRA SOFTWARE



lems on disribured-memory machines. Encouraging
computational results have been obtained on CERAY
W-ME machines and also on the [nel Deli. The code is
currently being ported to the CM-5 (see Hayes et al.,
L85 Sorensen er al, 1995, for turther derails).

Nonsymmetric problems also aris¢ in guantum
chemisiry. FResearchers ar the Universiny of Washingion
have used the code to investigate the effects of the elec-
tric field on In Az Cealh and CraAs/AL G, _ a5 quantium
wells, ARPACK was used to find highly acourate solu-
tions o these nonsymmetric problems, which research-
ers had been unable two solve by other means (see L and
Fuhn, 1993, for derails).

Another source of problems arses in magnetohy-
drodynamics (MHID) in che spuddy of the interactiion of &
plasma and a magnetic field. The MHD equations de-
seribe the macroscopic behavior of the plasma in the
magnetic field. These equations form a system of cou-
Med nonlinear PINES. Linear stability analvsis of the lin-
earized MHD equations leads 1o a complex eigenvalue
problem. Kesearchers at the Instmee for Plasma Phoys-
ics and Utrecht University in the Netherlands have
modified the codes in ARPACEK 10 work in complex
arithmetic and are wsing the resulting code 1 obtain
very accurale approximations o the cigenvalues Iyving
o the Alfvén curve, The code 5 oo only finding ex-
tremely accwrare solutions, i is doing 5o bar more eHi-
ciently than the existing method of choice, Currently
problems of order 3216 are being solved. The complex
version of ARPACK produced 45 good approximations
of cigenvalues in 27 seconds of CRAY Y-MF cpu time
while the method currently inouse nesded 32 seconds o
find 25 poorly converged approximations (see Kooper
et al, 1993, for details),

There are many other applications. [n additon w
the examples just mentioned, ARPACE has been used
to solve large-scale problems in the optimal design of a
membrane and in the design of dielectric waveguides, Tt
may also be used o compute the singular value decom-
position (SVID) of large matrices, There are many im-
porant applicanons of the 3V 1D, including analysis and
enhancement of digital images, Several applications of
this technology anse in Computational Biology as well
as many other fields, As we gain experence with the

 11a{SUPERCOMPUTER APPLICATIONS

ARIMACK software, we find an increasing number of
new interesting and challenging applications. The dra-
LG Increase in modern computing power, combined
with the new algorithms available in the ARPACK soft-
warg, can provide solutions 1o eigenproblems that were
previously intracrable.

6. Conclusions

Linear Algebra is an important pan of the research of
the CRPC. It impacts almost every part of the effort.
The focus of our work is on issues impacting the design
of scalable libraries for performing dense and sparse
lincar algebra compuratons on multicomputers. The
activities provide critical underpinning for much of the
work on higher-level optimization algorithms and nu-
merical solution of partial differential equations. The
rescarch has proved o be a rich source of basic prob-
lems for work on compiler management o memory
hierarchics and compiling for distributed-memory ma-
chines. Parallelicing compilers shoubd ultimately be able
o restructure loops in sequental codes o reproduce
the lIoops of cur band-cpumized pavallelized codes. Fi-
nally, the work has served as a testhed for our ideas on
biow Lo dlesign, buald, and dizteibane libearies of scalable
mathematical software.

One important fxceor thar bas hindeved our devel-
opment of software for distibuted memory concurrent
computers baz been the lack ol a widely accepred mes-
sage passing standard. This led to our initiation of, and
involvement in, an effort in the parallel computing
community to develop such a standard, called the Mes-
sape Pazsing Interface (MPLL The MPQD standardization
effort invalves aboue 60 people. Most of the major ven-
dorz ol concurrent computers are involved in MPIL
along with researchers from universities, povernment
laborarorvies, and indusiry. The CRPC sponsored the
first workshop leading to the development of the MT'1
dreaft standard in Apeil 1993 (Walker, 152, and & pre-
liminary draft proposal was put forward by Dongarra,
Hempel, Hey, and Walker o foster discussion (Ion-
garra et al., 1993). A standard message passing inter-
lace iz a kev component in building & concurrent com-



puting environment in which applications, software li-
brarics. and tools can be transparently ported between
different machines. MPI provides a number of features
that are useful in the design of parallel software librar-
s, These include support for process groups, applica-
tion wpologics, communication contexts, and general
datatypes for messages. For details the reader s re-
ferred te the draft MPL standard docoment (MPD Fee
rum, 1993a) and related papers (MFP1 Forum. 1993h;
Walker, 19%94). We mtend 1o develop MPI versions off
the BLACS in the near [utwre.

Appendix: Availability of Softvware

A Targe body of numerical software is freely available 24
hours a day via an electronic service called netfih. In
addition o the software discussed here, there are dog-
ens of other libraries. technical repons on various par-
allel computers and soltware, west dara, [aeilites o
automatically translare Fortran programs wo C, bibliog-
raphies, names and addresses of scientiss and mathe-
maticians, and so on. One can communicate with netlib
i ome of twooways, by email or (moch more easilv) via
an X-window interface called snetlif. Using email, one
sends messages of the form, sand subrouting nama from
library_ravmic OF send indos far library_mamo 10 the address
netini@oml.gov Or netibitresearch.atcom, The mes-
sage will be auromarically read and the corresponding
subroutine mailed back, xnetit {(which can be oltained
and installed by sending the message send snetlib.shar
frarmy ®xnatli 1o netlibiomnlgoy] 15 an M-window nier-
face that lets one point at and dick on subroutines,
which are then autamatically transferred back inve the
user’s directory. There are also index search features wo
help Bnd the approprate subroutine.

To get started using netit. send the one-line mes-
sage send index 10 netlibEorml.goy. A description of the
overall library should be sent to you within minutes
{providing all the intervening networks as well as netib
SCTVET aTe up).

Interested parties may obtain the software dis-
cussed in this paper by sending email to netinf@ ol gov
angd inhe email message (vping send indos from scala-
pack. Experience with applications is very important 1o
the auwthorz and we welcome the opporiuniey o work
with researchers who want to use the codes,

" The examples verily thal the mow
eigensolution fechnique, coupled
with the mixed finite-glement mod-
elimg procedurs, is mre accurate
thar convarticnal finite-element
radels, I addition, the eigenvalug
technigque presgnfed here is shown
te be far more computationally effi-
cient on large-scale problems than
the deferminant-search fechnigues
traditionally emplayed for solving
exact wibration problems.”
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