Partial-order verification in SPIN can be more efficientHans van der SchootDepartment of Computer ScienceUniversity of OttawaOttawa, Ontario K1N 6N5, Canadavdschoot@csi.uottawa.caAbstractPartial-order reduction methods form a collection of state exploration techniques set to relieve the state-explosion problem in concurrent program verification. One such method is implemented in the verificationtool SPIN. Its use often reduces significantly the memory and time needed for verifying local and termina-tion properties of concurrent programs and, moreover, for verifying that concurrent programs satisfy theirlinear temporal logic specifications (i.e. for LTL model-checking). This paper builds on SPIN�s partial-orderreduction method to yield an approach which enables further reductions in space and time for verifyingconcurrent programs.KeywordsConcurrency, program correctness, model-checking, partial-order reduction, temporal logic1IntroductionPartial-order reduction methods [2-4, 7, 10, 19, 20, 24-26] form a collection of state explorationtechniques set to relieve the state-explosion problem in concurrent program verification. The mainobservation underlying these methods is that in many cases the properties verified are insensitive tothe interleaving order of concurrent program operations. Therefore, following just an arbitraryorder among concurrent operations, by exploring from each generated state only a subset of thesuccessor states instead of all of them, provides a means for reducing the size of the state space thatneeds to be analyzed.Partial-order reduction methods have proved adequate for verifying local and termination prop-erties of concurrent programs [2, 3, 10, 24] and, moreover, for verifying linear-time temporallogic (LTL) properties [4, 7, 19, 20, 25]. The latter is usually referred to as LTL model-checkingand captures arbitrary safety and liveness properties of concurrent programs [27]. Experimentshave indicated that in many cases partial-order methods can substantially reduce the space and timeneeded for verification. Also, these methods have been shown to combine well with verificationon-the-fly [4, 20, 25] and with verification under certain fairness conditions [19, 20].Notwithstanding these results, this paper proposes an enhancement of partial-order reductionmethods, in particular of the method described in [20, 7]. An approach is presented which buildson the concepts of [20, 7] to enable a further reduction in space and time for verifying local andtermination properties, and for (on-the-fly) LTL model-checking. The idea behind the additional

2reduction is surprisingly simple: rather than fixing an arbitrary interleaving order among concurrentprogram operations, as do partial-order reduction methods, one can abstain from any order alto-gether by executing them collectively as sets. This then mimics a truly concurrent execution ofthese operations. There are several reasons for taking up the partial-order reduction method in [20,7]. First, it is implemented as an extension to the model-checker SPIN [7]. SPIN is a verificationtool for programs specified in the language Promela [6] and is increasingly being used for teachingand for industrial applications. In addition, this partial-order reduction method is advocated as themost advanced in terms of the properties that can be checked, the way fairness is treated, and thelow overhead and high overall performance of its implementation [7, 20].The idea of executing sets of concurrent operations was first introduced by Rubin and West[21] for a protocol model, known as the CFSM model, in which processes communicateasynchronously over FIFO queues. They proposed a reduced reachability analysis technique forverifying the absence of deadlocks and unspecified receptions in protocols with two processes.This technique has evolved under the name fair reachability analysis for the verification of twoadditional properties, viz. the absence of non-executable transitions and unbounded communication[5, 13], and for protocols with more processes in a restricted communication topology [13, 14].Itoh and Ichikawa [9] similarly employed the execution of sets of concurrent operations in the samemodel to verify protocols with an arbitrary number of processes and arbitrary communicationtopology, but with restricted process structures. The idea was ultimately generalized by �zdemirand Ural [17, 18] to protocols in the CFSM model with no structural constraints at all. Theproposed reduction technique is called simultaneous reachability analysis and can be used to verifythe absence of deadlocks, non-executable transitions, unspecified receptions and buffer overflows.An improvement of this technique has already followed as well to further reduce the space and timerequirements for verifying the same four properties [22, 23]. �zdemir [16] also adapted simul-taneous reachability analysis for verifying (on-the-fly) arbitrary safety properties of concurrentprograms in which processes synchronize on common actions (i.e. operations with the samelabel). The relation between his approach and the one proposed here is discussed at the end of thispaper.The paper is organized as follows. Section 2 gives preliminary concepts and notations, most ofwhich are adopted directly from [20] for ease of presentation. Section 3 outlines the partial-ordermodel-checking method as described in [20]. Section 4 explains the proposed enhancement andstates the main theoretical results. The proofs of the corresponding lemmas and theorems are givenin the Appendix. Section 5 reports on the experimental results of a comparative study. Finally,Section 6 summarizes our contribution and advocates additional characteristics of our approachincluding its pertinence to partial-order reduction methods in general.2PreliminariesA finite-state program P is a triple ÆT, Q, iæ, where T is a finite set of operations, Q is a finite set ofstates and i ˛Q is the initial state of P. The enabling condition ena ˝ Q of an operation a ˛T is theset of states at which a can be executed; a is said to be enabled at a state x ˛ena. The set of alloperations enabled at x is denoted by en(x) and the set of operations enabled at x of a distinguished

3process Pi in the program is denoted by eni(x). Each operation a ˛T is viewed as a partial trans-formation a : Q

a

Q which must be defined at least for each x ˛ena.Acomputation of a program is a finite or infinite sequence of operations v = a1 a 2 � of length|v| (w when visinfinite)thatgeneratesthesequenceof statesx = x0 x 1 x 2 � fromQ, such that (1)x0 = i, (2) for all 0 £ i < |v|, xi ˛ enai+1 � xi+1 = ai+1(xi), and (3) either x is infinite or itslaststatex|v| satisfies x|v| ˇ

enα α ∈ΤU

. A computation or any segment thereof can thus be seen as a sequenceof executed operations from T or as a sequence of states from Q. For a sequence of operations v,op(v) denotes the set of operations in v and, when v is finite, finv denotesthelaststategeneratedby v.The full state graph of a program P = ÆT, Q, iæ is a directed graph G = ÆV, E æ , withV = Q andE a finite set of edges labeled by operations from T, such that x

α →

x¢ ˛E iff x ˛ena andx¢ =a(x). The full state graph represents the computations of P. It generates a sequence of operationsa1 a 2 � (or thecorresponding sequenceof states)ifthereexists a(finiteor infinite)pathstartingwithi whose edges are labeled a1a2�.Astandardalgorithmforcomputingthefullstategraph ofaprogramimplementsadepth-firstsearch(DFS).Itrecursivelyexpands all successor states of allstates encountered during the search, starting at the initial state of the program, by executing allenabled operations at these states.A dependency relation of a program is a reflexive and symmetric relation D ˝ T · T such thatfor each pair of operations (a, b) ˇD (i.e. a and b are independent) it holds that for all x ˛Q: (1) ifx ˛ena , thenx ˛enb iffa(x) ˛enb , and(2) ifx ˛ena ˙ enb , thena(b(x)) = b(a( x )). Thedependency relation D induces an equivalence relation among sequences of operations. First, forfinite sequences v and v¢, v is equivalent to v¢, denoted by v ”D v¢ , iff v can be obtained from v¢by repeatedly permuting adjacent independent operations [15]. The relation �”D�isthenextendedtoinfinite sequences as follows [20]. Let Pref(w) be the set of finite prefixes of a (finite or infinite)sequence w, and define v

p D

v¢ iff"u ˛Pref(v) $w ˛Pref(v¢) $z ˛T * (w ”D z � u ˛Pref(z )).For infinite sequences v and v¢, v ”D v¢ iff v

p D

v¢ andv¢

v. Equivalence classes resultingfrom �”D�arecalledtraces.Atraces is denoted by [v]D,wherevisanymemberofs (theindexDis omitted when clear from the context). When v is finite, all sequences of operations equivalent tov yield the same last state and hence finv maybeused alsotodenotefin[v]. Concatenationof afinitetraces = [a1 a 2 � a n ] andafiniteor infinitetraces¢ = [b1b 2� b m �] is defined as ss¢ =[a1a2� anb1b2� bm�]. A trace s is subsumed by atracer, denoted as s

<D

r, if s = [v], r =[v¢] and v

v¢. A run p of a program P with respect to (wrt) a dependency relation D is a tracecontaining computations of P. Thus, a run is finite iff none of its sequences can be extended withanother operation.LTL formulas assert properties of infinite sequences of states. An LTL formula (in the contextof a program P) is constructed from boolean propositions on program states, the boolean operators�, � and �´�, and the temporal operators � � (always), �

� (eventually), �U� (until) and �

�(next-time). Without the operator �

� an LTL formula is called nexttime-free and is then stutteringclosed, meaning that it cannot distinguish between two stuttering equivalent sequences [11]. Twosequences are stuttering equivalent (wrt a formula j) if one sequence can be obtained from theother by replacing in it every finite adjacent number of occurrences of the same (wrt j) programstate with a single occurrence. It has been shown that both safety and liveness properties ofconcurrent programs can be expressed by nexttime-free LTL formulas, and that any such formula

4can be formalized as a nondeterministic B�chi automaton [27]. A B�chi automaton is a tuple B =ÆS, S, D, s0, Fæ with a set of states S, an alphabet S, a transition relation D ˝ S · S · S, an initialstate s0 ˛ S , and aset of acceptancestates F ˝ S. For an LTL formula j wrt a program P, eachtransition in the corresponding B�chi automaton Bj is labeledby abooleanproposition on thestatesof P. Bj accepts aninfinitesequence of states x of P iff there is an infinite path p in Bjstarting from

sφ0

such that (1) for all i ‡ 1, the label of the i-th edge/transition in p holds true in thei-th state of x , and (2) some state of Fjappearsinfinitelyofteninp.Notethatalsofinitesequencescanbeconsidered, viewingeachfinitesequenceas aninfinitesequenceby lettingitslaststaterepeat forever [20, 25]. Accordingly, a (finiteor infinite)computationv satisfies j iff Bj acceptstheinfinitesequenceofstatesgeneratedbyv. A set vis(j) of visible operations is associated withj containing the program operations that can change the truth value of some proposition in j [25].3Partial-order model-checkingIn [20], Peled presents a method that exploits partial-order reductions for nexttime-free LTLmodel-checking. The method comes in four different �modes�, depending on whether model-checking is done off-line or on-the-fly (i.e. after or during the expansion algorithm, respectively),and with or without certain fairness assumptions. In this paper, the focus is primarily on the off-line and on-the-fly versions without fairness assumptions. Incorporating fairness assumptions isbriefly discussed in Section 6, which also addresses alternative methods for partial-order model-checking [4, 25, 26].3.1Model-checking off-linePartial-order model-checking is described in [20] by three constraints on selecting an appropriatesubset of enabled operations to be executed at a given program state. For the off-line versionwithout fairness assumptions, when a state x is expanded and at least one operation is enabled at x,a non-empty subset ample(x) of en(x) is used to generate successors for x such that [20]:C1No operation a ˛T \ ample(x) that is dependent on an operation in ample(x)canbeexecutedafterreachingthestatex and before an operation in ample(x) is executed;C2If ample(x) is a proper subset of en(x), then no operation a ˛ample(x) is such that the statea(x) is on the DFS stack (i.e. executing a at x does not close a cycle);C3If ample(x) is a proper subset of en(x), then no operation in it is visible (wrt the checkedformula j).The algorithm given in [20] for calculating �ample sets� enforces C1 to C3 as follows. Based onthe fact that enabled operations of a single process cannot be independent, it aims at finding someprocess in the program P whose set of operations enabled at the state x satisfy C1 to C3. As soonas such a process Pi is found, e n i(x ) is returnedas ample(x). If no such process exists, the algo-rithm returns the set en(x) of all operations enabled at x for en(x) trivially qualifies as an ample set.Most of the information required for checking C1 and C3 is gathered efficiently by a staticanalysis of the program before state exploration. This is explained in detail in [7]. Condition C2 ischecked during state exploration by inspecting the current contents of the DFS stack.

5Off-line partial-order model-checking in [20, 7] thus proceeds as a modified DFS using theabove algorithm for calculating ample sets to determine for each generated state the subset ofsuccessor states that need be explored. This is proved to yield a reduced state graph G¢ whichgenerates for each sequence of states corresponding to a computation of a program P at least onesequence stuttering equivalent to it. Hence, when a property j is stuttering closed, j holds in allthe sequences generated by G¢ iff it holds for all the computations of P. Algorithms for LTLmodel-checking [12] can then be applied directly to G¢ rather than to the full state graph of P.3.2Model-checking on-the-flyWhen model-checking is performed on-the-fly, a program P is examined during rather than afterthe construction of its state space. This involves in practice computing the synchronous productG˚· B´j of the full state graph G of P and a B�chi automaton B´j formalizing thenegationof thechecked formula j [1, 6, 27]. Each transition of this product is of the form Æx, yæ

〈α ,P〉 →

Æx¢, y¢æ,where x

α →

x¢ is an edge/transition of G and y

P →

y¢ atransitionof B´ j such thatproposition Pis true in program state x. Its initial state is Æi, s0æ and theacceptancestates arethose compositestates whose second components areacceptancestates in B´ j . G · B´ j acceptsexactlythosesequencesof P that satisfy ´j and hence j can be proved by establishing emptiness of thesynchronous product [27]. This entails detecting acceptance cycles, infinite paths from the initialstate Æi, s0æ in which some (composite) acceptancestateis repeatedinfinitelyoften. Amemoryefficient algorithm for on-the-fly detectionof acceptancecycles, implementinganested DFS, wasproposed in [1]. The presence of such acyclesignifies theexistence of asequence satisfying ´ jwhich serves as a counter example to j. A clear advantage of on-the-fly model-checking is that acounter example may be found before completing the synchronous product. Another advantage isthe possible reduction in space and time since the product can be smaller than the program statespace itself (the checked formula acts as a constraint on the program�s behavior through therequired accordance of proposition labels).In [20] Peled combines his partial-order reduction method with on-the-fly model-checking inorder to gain from both. That is, for a stuttering-closed property j it is proved to be sufficient tocheck emptiness of the synchronous product of the reduced state graph G¢ and B´ j . This is doneagain by seeking acceptance cycles, but using a slight modification of the nested DFS algorithm in[1]. The modification increases time efficiency and is further needed to ensure compatibility withpartial-order reduction methods [11], i.e. to guarantee that the algorithm indeed finds an acceptancecycle if there exists one in G¢ · B´ j (thiswas notyetrecognizedin[7, 20], buttheauthorsproposedthecorrectionin[11]).ItalsoincreasesThecalculationofamplesetsitselfalsoundergoesaminorchangeso thatitappliestocompositestatesof theproductG¢ · B´ j insteadof singleprogramstates. Precisely, when expandingacompositestateÆx, yæ of G¢ · B´ j , a non-emptysubset ample(x, y) of en(x) is used to generate successors for Æx, yæ satisfying the earlierconditions C1 and C3 and the new condition C2¢ [20]:C2¢If ample(x, y) is a proper subset of en(x), then no operation a ˛ample(x, y) is such that thestate Æa(x), yæ of G¢ · B´j is on the DFS stack.

6Conditions C1 and C3remainunaffectedasthedependencyrelationD and the set vis(j) of visibleprogram operations are irrespective of the state of the B�chi automaton. Checking C2 entailsinspecting the DFS stack and must be adapted in particular because each program state may yieldseveral composite states that differ in the state of the B�chi automaton. That is, in comparison withthe off-line construction of G¢ the on-the-fly construction of G¢ · B´j may postpone the closingofcycles[20]. TheadaptedconditionC2¢ appears sufficient to guarantee that the modified version[11] of the nested DFS algorithm in [1], with the calculation of ample sets to determine successorstates, detects at least one acceptance cycle on-the-fly if one or more such cycles exist in the fullstate graph G.4The proposed enhancementFor many concurrent programs the reduced state graph G¢ can be substantially smaller than the fullstate graph, as witnessed by the experimental results reported in [7, 20]. Yet, it is recognized thateven G¢ may still manifest a notable amount of redundancy that can be eliminated. A simplifiedexample explains this. Consider a program with two processes P1 andP2 , where bothP1 andP2terminate after executing a single operation, say aandb, respectively. Also assume that the opera-tions a and b are independent and invisible (i.e. P1andP2 executeautonomouslyandno particulartemporalpropertyischecked).ObeyingconditionsC1, C2 and (trivially) C3 on ample sets, it iseasy to construct the reduced state graph for this program. It generates only one of the two possibleorderings of a and b, namely ab. This amounts to a reduction of one node and two edges comparedto the full state graph. Yet, even the generation of just this one order appears redundant. The factthat a and b are independent and invisible allows one to avoid an order altogether by mimicking atruly concurrent execution of these operations, i.e. by executing them collectively. A further reduc-tion of the state graph is then achieved since the intermediate state reached after executing a at theinitial state is no longer generated. We employ this idea of executing concurrently multiple enabledoperations at a given program state to enhance the method in [20, 7] in terms of the space and timerequirements (i.e. the number of stored nodes and explored edges, respectively) for LTL model-checking. The initial focus is on off-line model-checking.4.1Leap setsThe key behind the approach proposed here lies in a simple observation: a program state may havemultiple pairwise disjoint ample sets. For any two ample sets, say A1 and A2, of a program state x,it holds that A1 and A2 aredisjointiffA1 andA2 do notbothcontainanoperationfromthesameprocess iff all operations in A1 are independent of all operations in A2. This follows from conditionC1 and the fact that two operations from the same process cannot be independent. In the context of[20], aprogram statex has multiple disjoint ample sets particularly when there is more than oneprocess Pi whose set eni(x) satisfies conditions C1 to C3 (cf. Section 3).To exploit this observation, we adopt an algorithm for calculating ample sets that differs in twoways from the one in [20]. First, it enforces only conditions C1 and C3 on ample sets. The reasonfor omitting C2 will become clear in Section 4.3. Secondly, it returns the set of all sets eni( x )satisfying C1 and C3, or the empty set if no such eni(x ) exists. Thus, onlynontrivialamplesets

7(wrt C1 and C3) are calculated. The algorithm is a straightforward adaptation of the one in [20]for finding just one ample set and does not introduce significant extra overhead, especially sinceC1 and C3 are already checked for the most part statically by a prescan of the processes duringprogram compilation [7, 20].Let q be the number of ample sets returned by the modified algorithm (0 £ q £ the number ofprocesses in the program). When q > 0, each ample set amplej(x) (1 £ j £ q) is a subset of en(x)satisfying C1 and C3, and hence all its operations are invisible and independent of all operationsin the other ample sets. This allows enabled operations from different ample sets to be executedconcurrently at x. Precisely, any collection of enabled operations forming an element of the product

amplej(x) j=1q∏

can be executed concurrently at x. Accordingly, define the set of leap sets in a statex as follows:leap(x)=def

amplej(x) j=1q∏

if q > 0=def { {a } | a ˛en(x) }if q = 0Whenq = 0, all operations enabled at x are thus considered individually, as is the case in [20].These operations appear here in the form of singleton sets.4.2Deadlock detectionAkin to a DFS using ample sets, one can perform a DFS that governs the execution of leap sets todetermine successors for each state generated during the search. Such a reduced search essentiallyleaps through the full state space of a program (hence the name leap set) and is proved to be suffi-cient for detecting all deadlocks (i.e. program states at which no operations are enabled).Define the leap graph of a program P as a directed graph Gl = ÆVl , El æ, with i ˛Vl ˝ V and Ela finite set of edges labeled by sets ofoperationsfromT, i.e. leap sets, such that x

L →

x¢ ˛El iffL˚˛ leap(x ), x ˛ena i for all a i ˛ L , and x¢ = a1(a 2(� a|L |(x )�)) witha1 a 2 � a|L | anypermutationoftheoperationsinL. A leap graph generates a sequence of leap sets L1 L 2 � (or thecorrespond-ingsequenceof states)ifthereexists a(finiteor infinite)pathstartingwithi whose edges arelabeled L1L2�.ApermutationoftheoperationsinaleapsetLiscalledalinearization of L. Sinceall linearizations of L belong to the same finite trace (its operations are mutually independent) andthus lead to the same state, lin(L) is used to denote any such linearization. This notation is extendedto (finite or infinite) sequences of leap sets in a natural way, i.e. a linearization of J = L1 L 2 � isdefined as lin(J) = lin(L1)lin(L2)� .Lemma 1˚˚For every finite run [v][w ] of a program P , with v, w ˛T * and finv = x, there exists aleap set L ˛leap(x) such that [lin(L)]

<D

[w ] . ˚

Theorem 1˚˚For every finite run [v] of a program P, there exists a sequence of leap sets Jgenerated by the leap graph Gl of P such that v ”D lin(J).˚

Theorem 1 directly implies that for every finite computation v of a program P,finv is anodeintheleap graph Gl of P . Gl canthus beused todetectalldeadlocksof P, i.e. all its valid and invalidend-states (in the terminology of SPIN). It should be noted that the detection of deadlocks does not

8require the specification of a temporal formula, meaning that condition C3 on ample sets actuallybecomes void. This often allows the calculation of more disjoint ample sets and thus larger leapsets, which generally favors the size of the leap graph.4.3Off-line LTL model-checkingUnfortunately, the leap graph as defined above does not lend itself for verifying properties morecomplex than deadlock-freedom, such as LTL properties. This is due to a phenomenon alreadyrecognized in [25] as the �ignoring problem�: some operations may be ignored completely by thereduced search as their execution is indefinitely deferred along a cycle. To avoid it, Peled enforcescondition C2 which ensures that no operation in ample(x) closes a cycle on the DFS stack in caseample(x) is a proper subset of en(x) [20] (cf. Section 3.1). We adopt the same principle for leapsets. Let op(leap(x)) denote the set of all operations of all leap sets in state x. If op(leap(x)) is aproper subset of en(x), then for no leap set L ˛leap(x) it should hold that the execution of L at xleads to a state that is already on the stack. Otherwise, leap(x) is augmented by adding for onearbitrary L¢ ˛leap(x) all sets L¢ ¨ {a}, where a ranges over the set of operations enabled at x butnot included in op(leap(x)). Formally, let L¢ ˛leap(x) be any leap set in x and definexleap(x)=def leap(x)if op(leap(x)) = en(x) � $/ L ˛leap(x): x

L →

x¢ and x¢ is on the DFS stack=def leap(x) ¨ {L¢ ¨ {a} | a ˛en(x) \ op(leap(x))}otherwise.It is important to note that we extend leap(x) rather than returning all singleton sets of enabledoperations (which would reflect the calculation of ample sets in [20]). In this way the calculation ofleap(x) is never wasted, not even when it turns out that the execution of some leap set leads back toa state on the DFS stack. It follows readily from the construction and condition C1 that for eachelement of xleap(x) it still holds that all its operations are mutually independent wrt the dependencyrelation D and, in addition, that at most one of these operations is visible.Analogous to the leap graph GlofaprogramP,anextended leap graph

Gl*

of P can be definedbased on the execution of elements from the set xleap(x). Henceforth, the term leap set refers to anelement of xleap(x) instead of leap(x) (for some x) and, as before, lin(J) to any linearization of a(finite or infinite) sequence J of such leap sets. As for computations of a program (cf. Section 2),a sequence of leap sets J from the initial state of the program (i.e. lin(J) is a computation) is saidto satisfy a formula j iff the B�chi automaton Bj acceptsthesequenceof statesextractedfromJ.Since any leap set contains at most one visible operation from vis(j), all such operations in Jappear in the same order in each linearization of J, while the invisible operations correspond tostuttering steps. Therefore, either all or none of the linearizations of J satisfy j and, moreover, Jitself satisfies j iff lin(J) satisfies j.Let D¢ = D ¨ (vis(j) · vis(j)) be the dependency relation D of a program P augmented withdependencies between all the visible operations for the checked formula j. This makes j equiva-lence robust [19, 20]: all sequences equivalent wrt D¢ (i.e. belonging to the same run wrt D¢)

9contain the same visible operations and in the same order, and thus j has the same truth value foreach of them. Surely, all linearizations of a sequence of leap sets are equivalent wrt D¢. The depen-dency relation D¢ is used to show that a DFS governing the execution of leap sets preserves theorder of visible operations in computations of a concurrent program (Lemma 2 and Lemma 3).This in turn is the key to proving the main result (Theorem 2): nexttime-free LTL model-checkingcan be conducted using the extended leap graph

Gl*

of a program P. The proofs (see Appendix) areessentially similar to the proofs of the corresponding claims in [20]. The following concepts andnotations are hence taken directly from [20].For a finite or infinite sequence of operations v, let v(i) denote the i-th operation in v, v(i�j)the i-th through j-th operations, and v(i+1�) the operations in v except the first i. A selectionfunction for v is a function c : {1,�, |v|}

a

{T, F} mapping each operation in v to either T or F.Denote by vc(

vc

) the sequence remaining after removing all operations v(i) with c(i) = F (c(i) =T). Also, denote by c˙m the selection function c shifted to the left m places: (c˙m)(i) = c(i + m).Define v

p DA

wiffthereisaselectionfunctionc for w such that (1) v ”D w c , (2) op(

wc

) ˛A � T,and (3) for all 1 £ m £ |w|, if c(m) = F, then all operations in op(w(m+1�)c˙m) are independent wrtD of w(m). That is, v

w iff a sequence equivalent to v can be obtained from w by removingfrom w some operations in A that are independent of all the non-removed operations of w thatappear after them [20].Lemma 2˚˚Let x be a state removed from the DFS stack during the construction of the extendedleap graph

Gl*

of a program P and let [v][aw] be a run wrt D¢ of P, where a ˛T and finv = x.Then, there exist a sequence x

L1 →

x1

L2 →

�

Lk →

xk

Lk+1 →

x¢ ( k ‡ 0) generated by

, and aselection function c for u = lin(L1L2�Lk(Lk+1 \ {a})), such that(1) a ˛ L k + 1 ,(2) no operation in L1, L 2,�, L k is visible,(3) all operations in L1, L2,�, Lk, Lk+1 \ {a} are independent wrt D ¢ of a,(4) ua ”D¢ a u c

uc

,(5) $w¢: uc w ¢ ”D¢ w (i.e. [u c ]

< ′D

[w ]), and(6)theoperationsin

are independent wrt D¢ of the operations in w¢.˚

Lemma 2 implies that for each operation a that becomes enabled along some computation of aprogram P, the extended leap graph

Gl*

of P also generates a sequence along which a becomesenabled. Thus, aside from our objective,

Gl*

can be used to detect all �dead� operations of P, i.e.operations that are not executed along any computation. Again condition C3 on ample sets canthereby be ignored, as was the case for deadlock detection, and this similarly favors the size of theextended leap graph.Lemma 3˚˚For every run [v]D¢ of aprogramP, there exists a sequence of leap sets J generatedby the extended leap graph

Gl*

of P such that v

p ′DT\ vis(φ )

lin(J).˚

Theorem 2˚˚Let j be a nexttime-free LTL formula. For every run [v]D¢ of aprogramP, thereexists a sequence of leap sets J generated by the extended leap graph

Gl*

of P such that v satisfiesj iff J satisfies j.˚

10Theorem 2 thus allows applying (off-line) LTL model-checking algorithms [12] to the extendedleap graph of a program, as opposed to its full state graph or the reduced state graph from [20], forproperties that are nexttime-free.4.4On-the-fly LTL model-checkingWe now turn to the aptness of the extended leap graph

Gl*

for on-the-fly LTL model-checking. Inanalogy with Section 3.2, each transition of the synchronous product

Gl*

· B´ j is of theformÆx,˚yæ

〈L,P〉 →

Æx¢, y¢æ, where x

L →

x ¢ is an edge/transition of

Gl*

and y

P →

y¢ atransitionof B´ jsuch that proposition P is true in program state x. The following theorem (cf. [20]) proves that it isequallysufficienttochecktheemptinessof thisproductinorder toverifyanexttime-freeLTLformula j (i.e. a stuttering-closed property).Theorem 3˚˚Let j be a nexttime-free LTL formula. The synchronous product G · B´ j is emptyiff the synchronous product

Gl*

· B´j is empty.˚ Compared to the off-line construction of

Gl*

, the closing of cycles may be retarded whenconstructing the product

· B´j for the aforementioned reason that a program state canoccurinmultiplecompositestatesdistinguishedby theirsecond components(cf. Section3 . 2 ) . SincethisaffectssolelyconditionC2 and the definition of leap(x) in Section 4.1 does not rely on C2 (theample sets used to construct leap(x) satisfy just C1 and C3), only the definition of xleap(x) inSection 4.2 needs to be adapted. Similar to condition C2¢ in [20], composite states are accountedfor as follows:xleap(x, y)=def leap(x)if op(leap(x)) = en(x) � $/ L ˛leap(x): x

L →

x¢ and Æx¢, yæ is on the DFS stack=def leap(x) ¨ {L¢ ¨ {a} | a ˛en(x) \ op(leap(x))}otherwise.The adaptation of the algorithm for on-the-fly detection of acceptance cycles in the partial-ordercontext [7, 20, 11] now simply consists in using xleap(x, y) instead of ample(x, y) to determinethe subset of (not necessarily immediate) successors of x that need be explored next. Suffice it tosay that this adaptation is indeed adequate for effectively combining the execution of leap sets withon-the-fly model-checking. That is, the adapted algorithm returns true if the verified program doesnot satisfy the checked property, and false otherwise. The proof of correctness is merely identicalto the one for the on-the-fly partial-order reduction algorithm in [20], taking into account also themodification suggested in [11] of the nested DFS algorithm in [1] (cf. Section 3.2). It involves areduction to a nondeterministic variant of the off-line algorithm preserving the validity of Lemma 2and hence of Lemma 3 and Theorem 2 (see [20] for the precise details).It is appropriate here to remark that an alternative definition can be given for xleap(x, y), andlikewise for xleap(x) in Section 4.3, that does not require inspection of the DFS stack. By alwaysextending leap(x) in case op(leap(x)) is a proper subset of en(x), i.e. even if no L ˛leap(x) leads toa state on the stack, all the previous results still hold (in particular, the sequence of leap sets sought

11in Lemma 2 is then guaranteed to be of length one). Although this generally increases the size ofthe extended leap graph

Gl*

of a program, it may reduce the time for constructing this graph (andthe product

Gl*

· B´ j ) especially when it turns out that in many expension steps the number ofelementary leap sets (i.e. those in leap(x)) and the current DFS stack are large. In addition, for on-the-fly cycle detection one can directly use the algorithm in [1] without any modification.5ExperimentsThe off-line versions of the proposed approach, the partial-order reduction method of [7, 20] andthe non-reduced, conventional state exploration algorithm are all implemented in C under UNIX aspart of a reachability analysis tool called RELIEF. This tool takes protocols specified as sets ofprocesses that communicate by exchanging messages over bounded FIFO channels. A fewhundred such protocols were analyzed with RELIEF in order to compare the performance of thethree (off-line) methods in terms of the sizes of the resulting state graphs, i.e. the number of storedstates/nodes and explored transitions/edges. To eliminate potential bias we conducted experimentson randomly generated protocols: 300 protocols were generated with a (non-service oriented)automatic protocol synthesizer [16, 18] included in the reachability analysis tool. The number ofprocesses in these protocols (ranging from two to six), as well as the various attributes of theprocesses themselves (the numbers of process states and the number of send and receive opera-tions) all disperse quite well [16, 18]. The number of global states for each protocol lies between1000 and 300,000 states. All experiments were conducted on a SPARC 10 station with 48 Mbytesof RAM.Table 1: Average percentage of reduction per number of processes and per concurrency level.MethodsNumber of processesConcurrency level

23456[0, 1](1, 2](2, 3]

B vs. AStatesTransitions36.1156.3349.9168.2760.9976.7668.9382.1576.2987.5938.1957.4461.8277.5383.4892.90

C vs. AStatesTransitions54.9263.9764.0373.6370.9280.2975.0184.2182.3589.5853.2263.5672.2781.3689.9494.65

C vs. BStatesTransitions29.4417.4928.1916.8925.4615.1919.5711.5425.5616.0424.3214.3827.3717.0439.1024.65

Table 1 compares the performance of our approach (method C) against both the reduced searchin [7, 20] (method B) and the conventional state exploration (method A). The figures indicate aver-age percentages of reduction, and are arranged by the number of processes in a protocol and by theconcurrency level of a protocol. The latter is defined as the size of a leap set in leap(x) averagedover all states x in the full state graph, which is a conceivable measure for the degree of parallelismin a protocol. Investigating the reductions per concurrency level is motivated by the intuitive expec-tation that method C as well as method B yield better reductions for protocols with increasing

12degrees of parallelism (so-called �loosely-coupled� protocols). The first two rows show averagereductions of these methods over the conventional state exploration, while the third row comparesmethod C directly to method B by normalizing the reductions for the former with respect to thosefor the latter. Overall the results show that the approach described in this paper can yield notableextra reductions over the partial-order reduction method in [7, 20], especially with respect to thespace requirements, and may hence broaden the applicability of state exploration based verificationto more complex concurrent programs and communication protocols.6ConclusionsIn this paper, we have proposed an enhancement of SPIN�s partial-order reduction method [7, 20]to enable a further reduction in space and time for verifying local and termination properties ofconcurrent programs (deadlock-freedom and local state or code reachability), and for model-checking (off-line and on-the-fly) nexttime-free LTL properties including arbitrary safety andliveness properties of concurrent programs. The concept underlying the enhancement is quiteintuitive: rather than fixing an arbitrary interleaving order among concurrent program operations, asdo partial-order reduction methods, we abstain from any order altogether by executing leap setsthat mimic a truly concurrent execution of these operations. Although the partial-order reductionmethod in [7, 20] and the proposed enhancement cannot be strictly compared in the sense that onedoes not subsume the other, the experiments indicate that our approach generally yields significantextra reductions and can therefore widen the applicability of verification by state space explorationto more complex concurrent programs and protocols. We must recall that the experimental resultspertain to the off-line construction of the reduced state spaces. An extension of the reachabilityanalysis tool RELIEF for on-the-fly verification with leap sets and ample sets is anticipated in thenear future. Nevertheless, there is no reason to believe that similar comparative results will then notbe obtained. In order to get an even more comprehensive picture of the performance of our reduc-tion approach with respect to SPIN�s partial-order method, it would of course be beneficial also toadd it to SPIN.The discussion has thus far been confined to (partial-order) model-checking without fairness.When the interleaving semantics of a program involves fairness, the computations of a program arelimited to those satisfying the assumed fairness conditions. It is well-known that checking aproperty j under a fairness condition y can be done by model-checking the implication y � j.Unfortunately, condition C3 on visible operations must then be applied also to y, which oftenintroduces many dependencies (wrt D¢) and may thus yield little or no reduction at all [4, 20].However, by rewriting a temporal formula as a conjunction of sub-formulas and treating each sub-formula individually when adding dependencies, Peled takes notable advantage of a certain class offairness conditions (including process justice and process fairness) that can be made equivalencerobust in this way by adding relatively few or no dependencies among visible operations [19, 20].In effect, these fairness assumptions then emerge as �low-cost filters� on runs, enabling the calcu-lation of ample sets with respect to a smaller set of runs using a slight modification of conditionC3. This may decrease the size of ample sets and result in smaller state graphs. We advocate thatthis advantage applies equally well to our approach. One simply adopts the same adjustment to C3

13and constructs leap sets as before from ample sets that respect the modified condition. We refer to[20] for details, which should convince the interested reader of this claim.Alternative methods exist for partial-order model-checking [4, 25, 26] which vary, amongothers, in the way they select an appropriate subset of the enabled operations at a given programstate to determine successor states [2, 26]. Such a set is called a persistent set in [2] and a stubbornset in [26]. These different methods are amply compared in [20]. The point here is that theproposed enhancement for partial-order model-checking can be based on ample sets, persistent setsor stubborn sets, even when these sets include enabled operations from multiple processes (incontrast to the ample sets considered in Section 3). Leap sets can be constructed as before providedthat the ample sets, persistent sets or stubborn sets employed are pairwise disjoint. As shown inSection 4.1, this is a necessary and sufficient condition to enforce that all operations in eachemployed set are mutually independent of all operations in the other sets.As pointed out earlier, �zdemir [16] already investigated the idea of executing sets of concur-rent operations for verifying (on-the-fly) arbitrary safety properties of concurrent programs in aframework where processes synchronize on common actions. Following the approach in [3], thenegation of the checked safety property is represented by a finite state automaton on finite words(i.e. sequences of program operations) with only one accepting state, and this automaton is viewedas an additional process of the program. A so-called simultaneous product of all these processes isthen defined that preserves the reachability of process (or local) states. Thus, the single acceptingstate of the property automaton is reachable only if it is reachable in the simultaneous product,hence guaranteeing a conclusive verification result. Apart from not handling liveness propertieswhich requires the scrutiny of infinite computations, the approach in [16] differs from ours in theway sets of concurrently executable operations are constructed. The algorithm used in [16]searches for connected components in an undirected graph whose nodes and edges correspond toprogram operations and dependencies between these operations, respectively, similar as in [26]. Incontrast, the generation of ample sets involves only local computations [20] allowing a simpleralgorithm for constructing ample sets and thus leap sets. Other advantages of our approach stemfrom the use of a property automaton over sequences of program states instead of program opera-tions (as in [16, 4, 26]). As Peled argues [20], this is the kind of automaton which is derived froma temporal formula and used by SPIN, and which also eases the expression and manipulation offairness constraints [4, 20].AcknowledgementThis work is supported in part by the Natural Sciences and Engineering Research Council ofCanada under grant number STR0149338, the Ontario Graduate Scholarship Program and the�Fonds pour la formation de chercheurs et l�aide � la recherche (FCAR)�. The author would like tothank Tuong Nguyen for his invaluable effort in implementing the reachability analysis toolRELIEF (v.4.0), and in conducting the experiments.

14References[1]C. Courcoubetis, M. Vardi, P. Wolper, M. Yannakakis, �Memory efficient algorithms forthe verification of temporal properties,� Formal Methods in System Design, 1: 275-288,1992.[2]P. Godefroid, �Using partial orders to improve automatic verification methods,� in Proc. 2ndWorkshop on Computer Aided Verification (CAV�90), LNCS 531, 1991, pp. 176-185.[3]P. Godefroid, P. Wolper, �Using partial orders for the efficient verification of deadlockfreedom and safety properties,� Formal Methods in System Design, 2(2): 149-164, 1993.[4]P. Godefroid, P. Wolper, �A partial approach to model checking,� Information andComputation, 110(2): 305-326, 1994.[5]M.G. Gouda, J.Y. Han, �Protocol validation by fair progress state exploration,� ComputerNetworks and ISDN Systems, 9: 353-361, 1985.[6]G. Holzmann, Design and Validation of Computer Protocols, Prentice Hall, 1991.[7]G. Holzmann, D. Peled, �An improvement in formal verification,� in Proc. 7th Conferenceon Formal Description Techniques (FORTE�94), Bern, Switzerland, 1994, pp. 177-191.[8]G. Holzmann, D. Peled, M. Yannakakis, �On nested depth-first search,� in Proc. 2ndWorkshop on the SPIN Verification System (SPIN�96), , New Brunswick, NJ, 1996, pp.81-89.[9]M. Itoh, H. Ichikawa, �Protocol verification using reduced reachability analysis,� Trans. ofthe IECE of Japan, E66(2): 88-93, 1983.[10]S. Katz, D. Peled, �Verification of distributed programs using representative interleavingsequences,� Distributed Computing, 6: 107-120, 1992.[11]L. Lamport, �What good is temporal logic?,� in Proc. 9th IFIP Congress — InformationProcessing �83, pp. 657-668.[12]O. Lichtenstein, A. Pnueli, �Checking that finite state concurrent programs satisfy their linearspecification,� in Proc. 12th ACM Symposium on Principles of Programming Languages,New Orleans, LA, 1985, pp. 97-107.[13]H. Liu, R.E. Miller, �Generalized fair reachability analysis for cyclic protocols,� inIEEE/ACM Trans. on Networking, 4(2): 192-204, 1996.[14]H. Liu, R.E. Miller, H. van der Schoot and H. Ural, �Deadlock detection by fair reachabilityanalysis: from cyclic to multi-cyclic protocols (and beyond?),� in Proc. 16th IEEEConference on Distributed Computing Systems, Hong Kong, 1996, pp. 605-612.[15]A. Mazurkiewicz, �Trace theory,� in Advances in Petri Nets 1986, Part II, LNCS 255,1986, pp. 279-324.[16]K. �zdemir, �Verifying the safety properties of concurrent systems via simultaneousreachability,� Ph.D. Thesis, Department of Computer Science, University of Ottawa, 1995.[17]K. �zdemir, H. Ural, �Deadlock detection in CFSM models via simultaneously executablesets,� in Proc. 6th Conference on Communication and Information, Peterborough, Ontario,Canada, 1994, pp. 673-688.[18]K. �zdemir, H. Ural, �Protocol validation by simultaneous reachability analysis,� TR-95-09,Department of Computer Science, University of Ottawa, 1995 (submitted for publication).

15[19]D. Peled, �All from one, one for all: on model checking using representatives,� in Proc. 5thConference on Computer Aided Verification (CAV�93), LNCS 697, 1993, pp. 409-423.[20]D. Peled, �Combining partial order reductions with on-the-fly model checking,� FormalMethods in System Design, 8: 39-64, 1996.[21]J. Rubin, C.H. West, �An improved protocol validation technique,� Computer Networks andISDN Systems, 6: 65-73, 1982.[22]H. van der Schoot, H. Ural, �On improving simultaneous reachability analysis for theefficient verification of deadlock-freedom,� TR-95-20, Department of Computer Science,University of Ottawa, Ontario, Canada, 1995.[23]H. van der Schoot, H. Ural, �A uniform approach to tackle state explosion in verifyingprogress properties for networks of CFSMs,� TR-96-13, Department of Computer Science,University of Ottawa, Ontario, Canada, 1996.[24]A. Valmari, �Stubborn sets for reduced state space generation,� in Advances in Petri Nets1990, LNCS 483, 1991, pp. 491-515.[25]A. Valmari, �A stubborn attack on state explosion,� Formal Methods in System Design, 1:297-322, 1992.[26]A. Valmari, �On-the-fly verification with stubborn sets,� in Proc. 5th Conference onComputer Aided Verification (CAV�93), LNCS 697, 1993, pp. 397-408.[27]P. Wolper, M.Y. Vardi, A.P. Sistla, �Reasoning about infinite computation paths,� in Proc.24th IEEE Symposium on Foundations of Computer Science, Tucson, AZ, 1983, pp. 185-194.

16Appendix (proofs)Lemma 1˚˚For every finite run [v][w] of a program P, with v, w ˛T * and finv = x, there exists aleap set L ˛leap(x) such that [lin(L)]

<D

[w ].Proof:˚˚If leap(x) = { {a} | a ˛en(x) }, then the appropriate leap set exists trivially, viz. thesingleton set containing the first operation of w. If leap(x) =

amplej(x) j=1q∏

, then from C1 and thefact that [v][w] is a finite run it follows that for each process Pi with eni(x)=amplej(x) thereexistsanoperationfromamplej(x) inw. Let aj denotethefirst operationfromamplej(x) inw. Clearly,{a1, a2,�, aq} ˛leap(x). By C1, each aj is independent of all operations appearing in w beforeitand hence they can all be permuted to the front of w. Thus, [lin({a1, a2,�, aq})]

<D

[w ].˚ Theorem 1˚˚For every finite run [v] of a program P, there exists a sequence of leap sets Jgenerated by the leap graph Gl of P such that v ”D lin(J).Proof:˚˚By repeated application of Lemma 1.˚ Lemma 2˚˚Let x be a state removed from theDFS stackduring theconstructionof theextendedleapgraph

Gl*

of a program P and let [v][aw] be a run wrt D¢ of P, where a ˛T and finv = x.Then, there exist a sequence x

L1 →

x1

L2 →

�

Lk →

xk

Lk+1 → x¢ ( k ‡ 0) generated by

Gl*

, and aselection function c for u = lin(L1L2�Lk(Lk+1 \ {a})), such that (1) a ˛Lk + 1 , (2) no operationinL1, L 2,�, L k is visible, (3) all operations in L 1, L 2 ,� , L k , L k + 1 \ { a } areindependentwrt D¢ ofa, (4) ua ”D¢ auc

uc

, (5) $w¢: uc w ¢ ” D¢ w (i.e. [uc]

< ′D

[w]), and (6) the operations in

uc

areindependent wrt D¢ of the operations in w¢.Proof: ˚ ˚ B y inductionon theorder inwhich statesareremovedfromtheDFS stackduring theleapgraphconstruction.Whenremovingastatex from the stack, there are two possibilities:¥a ˛op(xleap(x))Remark that this case covers in particular the induction basis where x is the first state removedfrom the stack: each set in leap(x) ˝ xleap(x) applied to x leads to a state that is already on thestack (any other state would have been removed before x — a characteristic of DFS) and thus,by the definition of xleap(x), op(xleap(x)) = en(x). Hence, a ˛op(xleap(x)) since a ˛en(x).Two alternatives must now be considered:i)a ˛op(leap(x))Let L ˛leap(x) ˝ xleap(x) such that a ˛L. By definition of leap(x) as the cross-productof ample sets satisfying C1 and C3, all operations in L are invisible and mutuallyindependent wrt D. Thus, they are also mutually independent wrt D¢. It follows directlythat x

L →

x¢ is a sequence satisfying properties (1), (2) and (3).ii)a ˇop(leap(x))Since a ˛op(xleap(x)), it must be the case that leap(x) � xleap(x) and some leap set,say L¢ ˛leap(x), is selected to form xleap(x). Again, all operations in L¢ are mutuallyindependent wrt D¢ by definition of leap(x). Moreover, they are also independent wrt D¢of a by C1 and C3 and the fact that a ˛en(x). Let L = L¢ ¨ {a}, then by constructionL ˛xleap(x) and x

L →

x¢ is a sequence satisfying properties (1), (2) and (3).

17Finally, for any sequence u define a selection function c such that c(i) = T if u(i) ˛op(w); c(i) =F otherwise. Here, u = lin(L \ {a}) and properties (4) to (6) follow readily for both cases.¥a ˇop(xleap(x))Clearly, in this case a ˛en(x) \ op(leap(x)) and therefore it must hold that xleap(x) = leap(x) =

amplej(x) j=1q∏

and no leap set in leap(x) applied to x closes a cycle on the DFS stack. LetL1 ˚ ˛ l e a p ( x) and x

L1 →

x1 . SinceL1 does notcloseacycle, x1 is noton thestackbutonceadded,itwillberemovedbeforex itself is removed (a characteristic of DFS). This implies thatthe induction hypothesis can be applied to x1 , viz. thereexists asequenceof leapsetsL2 � L k L k + 1 fromx1 withrespectiveselectionfunctionc for u¢ = lin(L2 � L k ( L k + 1 \ { a } ) ) (defined as above) satisfying (1) to (6). Now, since a ˇL1 and each operation in L1 is invisibleandindependentwrtD¢ of all operations in awbeforeitsown occurrence(ifany)inw (by C1and C3), it is not difficult to see that L1L2�LkLk+1 is a sequence of leap sets from x satisfying(1) to (3). To prove (4), let u1 = lin(L 1) and u = lin(L1L 2� L k(L k+1 \ {a })) = u1 u ¢ . Wederiveua = u1 u ¢ a ”D¢ u 1 a

′uc

”D¢

uc1

a , using the induction hypothesis and the fact thatthe operations in a leap set are mutually independent wrt D¢. Since in particular the operationsin L1 areindependentwrt D¢ of a and the operations in

are independent wrt D¢ of alloperations in

, it follows directly that a ”D¢ a

= auc

uc

. Properties(5) and (6) are derived similarly.˚

Lemma 3˚˚For every run [v ] D ¢ of aprogramP, there exists a sequence of leap sets J generatedby the extended leap graph

Gl*

of P such that v

p ′DT\ vis(φ )

lin(J).Proof: ˚ ˚ R e c a l l thatalllinearizationsof eachsequencegeneratedby theextendedleapgraph

Gl*

belong to a run wrt D¢ of P. For any run [v]D¢ of P, while reading v, we describe a traversalof starting from i that yields a sequence J of leap sets such that v

p ′DT\ vis(φ )

lin(J). The followingvariables are used in the process:rthe sequence of operations read so far from v;tthe sequence of leap sets labeling the edges of

Gl*

traversed so far;la linearization of t, projected on the set of operations that have not yet been read from v (i.e.removed from lin(t) are the operations already read from v);sthe current node of

Gl*

.The variables r, t and l are initialized to the empty sequence , and s to i. Whenever the nextoperation a ˛T is read from v, the following updates are made:1.r := ra ;2.if l = waw¢, for some w, w¢ ˛T * such that all operations in w independent (wrt D¢) of a,then l := ww¢;3.else choose a sequence L1 L 2 � L k L k + 1 fromthenodes, ending with a node s¢, such thata˚˛Lk + 1 and[(lin(t)u)ca] = [lin(t)cauc]

< ′D

[v], with u = lin(L1L 2� L k ( L k + 1 \ {a })) andtheselectionfunctionc , defined for arbitrary sequence z, such that c(i) = T if z(i) ˛op(v);c(i) = F otherwise. Make the following updates:(a)s := s¢(b)l := luc(c)t := t L 1 L 2 � L k L k + 1 .

18The following properties are now inductively proved to be invariant while reading v:(1)[r][l] = [lin(t)c],(2)[lin(t)c]

< ′D

[v ],(3)if the condition of Step 2 does not hold when checking it, then all the operations in op(l) areindependent wrt D¢ of a, and(4)the choice of the sequence L1 L 2 � L k L k + 1 requiredby Step3 canalways bemadewhenexecuting Step 3.Initially,(1)to(4)triviallyhold,asr = l = t = e and the algorithm is just before executing Step 1.At each step of the algorithm, [r][a]

< ′D

[v ] since a is the next operation from v read after r, and[r][l]

< ′D

[v] by the induction hypotheses (1) and (2). Therefore, l cannot have operationsdependent wrt D¢ on a before the first (if any) occurrence of a in it, which proves (3). When adoes not occur in l, the existence of the sequence L1 L 2 � L k L k + 1 fromnodes is guaranteed byLemma 2, proving (4). It is then easy to check that both (1) and (2) are preserved by taking eitherStep 2 or Step 3 of the algorithm.Let J be the finite or infinite sequence of leap sets collected into t along a finite or infinitetraversal, respectively, of

Gl*

upon reading v. From (1), for each r ˛ Pref(v), r

p ′D

lin(t)c andthusr

lin(J)c. Also, from (2), for each z ˛Pref(lin(J)) we have zc

p ′D

v . Thus, v ”D¢ lin(J)cand by using Lemma 1.(4)-(6) and the definition of �

p ′DT\ vis(φ )

� it follows that v

lin(J ) .˚

Theorem 2˚˚Let j be a nexttime-free LTL formula. For every run [v]D¢ of aprogramP, thereexists a sequence of leap sets J generated by the extended leap graph

Gl*

of P such that v satisfiesj iff J satisfies j.Proof:˚˚From Lemma 3, there exists a sequence of leap sets J generated by the leap graph

Gl*

ofP such that v

p ′DT\ vis(φ )

lin(J). We prove that v satisfies j iff J satisfies j, for which it is sufficientto prove that v satisfies j iff lin(J) satisfies j. This follows from the fact that J �captures� thesame visible operations and in the same order as they appear in lin(J) (any leap set contains at mostone visible operation). That is, the sequences of states extracted from J and lin(J) are stutteringequivalent wrt j and thus j cannot distinguish between them (j is stuttering closed because it is anexttime-free LTL formula). It remains to be shown that v and lin(J) yield stuttering equivalentsequences. Since v

p ′DT\ vis(φ )

lin(J), this is readily derived from the definition of �

p ′DT\ vis(φ )

� and theinclusion vis(j) · vis(j) ˝ D¢.˚

Theorem 3˚˚Let j be a nexttime-free LTL formula. The synchronous product G · B´ j is emptyiff the synchronous product

Gl*

· B´j is empty.Proof:˚˚By Theorem 2, for every computation of a program P there exists a sequence of leap setsgeneratedbytheextendedleapgraph

Gl*

of P such that either both satisfy j or both do not satisfyj. Thus, G · B´ j is non-emptyiffthereexists somecomputationv of P satisfying ´j iff thereexists some sequence of leap sets J in

Gl*

satisfying ´j iff

· B´j is non-empty.˚