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Figure 8: Performance of distributed LU factoriza-
tion using an Square Block Scattered (SBS) matrix
decompositiononthe Intel TouchstoneDeltasystem.
Results are providedfor various processor-gridcon�g-
urations.

bothconventional anddistributedmatrices as funda-
mental objects.

Inboththe parallel andsequential aspects of LA-
PACK++, decoupling the matrix algorithmfroma
speci�c datadecompositionprovides three important
attributes: (1) it results insimpler code whichmore
closelymatches theunderlyingmathematical formula-
tion, (2) it allowsfor one\universal" algorithm, rather
thansupporting one versionfor eachdata decompo-
sitionneeded, and (3) it allows one to postpone the
datadecompositiondecisionuntil runtime.

We have used the inheritancemechanismof the
object oriented design to provide a common source
code for both the parallel and sequential versions.
Because the parallelismin embedded in the parallel
BLAS library, the sequential and parallel high level
matrixalgorithms inScaLAPACK++lookthe same.
This tremendously simpli�es the complexity of the
parallel libraries.

Wehaveusedpolymorphism, or dynmanicbind-
ingmechanisms toachieve atrulyportable matrixli-
brary in which the data decompositionmay be dy-
namicallychangedat runtime.

Wehave utilizedoperator andfunctionoverload-
ing capabilities of C++to simplify the syntax and
user interfaceintotheLAPACKandBLASfunctions.

Wehaveutilizedthefunctioninliningcapabilities
of C++to reduce the function-call overheadusually
associatedwith interfacing Fortranor assemblyker-
nels.

In short, we have used various important aspects
of object orientedmechanisms and C++in the de-
signof LAPACK++. These attributes were utilized
not because of novelty, but out of necessity to incor-
porate adesignwhichprovides scalibility, portability,
exibility, andease-of-use.

References

[1] E. Anderson, Z. Bai, C. Bischof, J. W.

Demmel, J. J. Dongarra, J. Du Croz,

A. Greenbaum, S. Hammarling, A. McKen-

ney, S. Ostrouchov, andD. Sorensen, LA-
PACKUser 's Gui de , SIAM, Philadelphia, 1992.

[2] J. Choi,J. J. Dongarra, R. Pozo, D. W.

Walker, ScaLAPACK: A Scal abl e Li near Al ge-

bra Li brary f or Di s t r i but ed Memory Concurrent

Comput ers , Frontiers of MassivelyParallel Com-
puting, McLean, Virginia, October 19-21, 1992.

[3] J. Choi and J. J. Dongarra and D. W.

Walker, PB- BLAS : Paral l el Bl ock Bas i c Li n-

ear Al gebra Subrout i nes on Di s t r i but ed Memory

Concurrent Comput ers , OakRidgeNational Lab-
oratory, Mathematical Sciences Section, inprepa-
ration, 1993.

[4] R. Davies, newmat 07, an exper i ment al mat r i x

package i n C++, robertd@kauri.vuw.ac.nz,
1993.

[5] J. J. Dongarra, J. R. Bunch, C. B. Moler,
andG. W. Stewart, LINPACKUsers ' Gui de ,
SIAM, Philadelphia, PA, 1979.

[6] J. J. Dongarra, J. DuCroz, I. S. Duff, and

S. Hammarling, A set of Level 3 Bas i c Li near

Al gebra Subprograms , ACMTrans. Math. Soft.,
16(1990), pp. 1{17.

[7] J. J. Dongarra, R. Pozo, D. W. Walker,
LAPACK++: Obj ect Ori ent ed Ext ens i ons f or

Hi gh Pef ormance Li near Al gebra, inpreparation.

[8] J. J. Dongarra, R. Pozo, D. W. Walker,
An Obj ect Ori ent ed Des i gn f or Hi gh Per f ormance

Li near Al gebra on Di s t r i but ed Memory Archi -

t ect ures , Object OrrientedNumerics Conference
(OONSKI), Sunriver, Oregon, May26-27, 1993.

[9] Dyad Software Corporation, M++ Cl as s

Li brary, Bellevue, Washington, 1991.



1 20 3

4 5 6 7

1 20 3

4 5 6 7

1 20 3

4 5 6 7

1 20 3

4 5 6 7

1 20 3

4 5 6 7

1 20 3

4 5 6 7

1 20 3

4 5 6 7

1 20 3

4 5 6 7

1 20 3

4 5 6 7

1 20 3

4 5 6 7

1 20 3

4 5 6 7

1 20 3

4 5 6 7

1 20 3

4 5 6 7

1 20 3

4 5 6 7

1 20 3

4 5 6 7

1 20 3

4 5 6 7

1 20 3

4 5 6 7

1 20 3

4 5 6 7

Figure 6: Anexample of block scattered decomposi-
tionover an2x4processor grid.

izationalgorithms. Eachnode of the multicomputer
runs a sequential LAPACK++library that provides
the object oriented framework to describe block al-
gorithms onconventional matrices ineachindividual
processor.

We canviewthe blockscattereddecompositionas
stamping a P � Q processor grid, or template, over
the matrix, where each cell of the grid covers r � s

data items, andis labeledbyits positioninthe tem-
plate (Figure 6). The blockandscattered decompo-
sitions maybe regardedas special cases of the block
scattered(SBS) decomposition. This scheme is prac-
tical andsu�cientlygeneral-purpose for most, if not
all, dense linear algebra computations. Furthermore,
inproblems, suchas LUfactorization, inwhichrows
and/or columnsare eliminatedinsuccessive steps, the
SBSdecomposition enhances scalability by ensuring
processor load balance. Preliminary experiments of
anobject-based LUfactorizationalgorithmusing an
SBSdecomposition[2 ] suggest these algorithms scale
well on multicomputers. For example, on the Intel
TouchstoneDeltaSystem, a520node i860-basedmul-
ticomputer, suchalgorithms canachievenearlytwelve
Gops (�gure 8).

Parallelismis exploited through the use of dis-
tributedmemory versions of the Basic Linear Alge-
braSubprogram(BLAS) [6 ] [3] that performthe ba-
siccomputational units of theblockalgorithms. Thus,

Parallel
Application

Parallel
BLAS

Sequential
BLAS

Message 
Passing
Primitves

  GLOBAL

LOCAL

ScaLAPACK++

LAPACK++

BLACS

Figure 7: DesignHierarchyof ScaLAPACK++. Inan
SPMDenvironment, componentsabovethehorizontal
reference line represent a global viewpoint (a single
distributedstructure), whileelements belowrepresent
aper-node local viewpoint of data.

at ahigher level, the blockalgorithms lookthe same
for the parallel andsequential versions, andonlyone
versionof eachneeds tobe maintained.

Thebene�ts of anobject orienteddesign(Figure7)
include the abilitytohide the implementationdetails
of distributedmatrices fromthe applicationprogram-
mer, andthe abilityto support ageneric interface to
basic computational kernels (BLAS), suchas matrix
multiply, without specifying the details of the matrix
storage class.

7 Conclusion

We have presented a design overviewfor object
oriented linear algebra on high performance archi-
tectures. We have also described extensions for dis-
tributedmemory architectures. These designs treat



void poly_fit(LaVector<double> &x,

LaVector<double> &y, LaVector<double> &p)

{

int N = min(x.size(), y.size());

int d = p.size();

LaGenMatDouble P(N,d);

LaVectorDouble a(d);

double x_to_the_j;

// construct Vandermonde matrix

for (i=0; i<N; i++)

{

x_to_the_j = 1;

for (j=0; j<d; j++)

{

P(i,j) = x_to_the_j;

x_to_the_j *= x(i);

}

}

// solve Pa = y using linear least squares

LaLinSolveIP(P, p, y);

}

Figure 5: LAPACK++code example: polynomial
data�tting.

degree polynomial equation

p(x) = a 0 +a 1x+a 2x
2 +: : : +a dx

d

usingQRfactorization. It is intendedfor illustrative
purposes only; there are more e�ective methods to
solve this problem.

Giventhe twovectors x andy it returns the vector
of coe�cients a =fa 0; a1; a2; : : :; ad�1g. It is assumed
that d. The solution arises fromsolving the
overdeterminedVandermonde system a =y:
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0

: : : xd
0

1 x1
1

x2
1

: : : xd
1

...
...

1 x1
N�1

x2
N�1
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7
7
7 =

6
6
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y0
y1
...
yN�1

7
7
7

inthe least squares sense, i.e., minimizingjj a� yj j 2.
The resultingcode is shownin�gure 5.

6 Sca C : an extensi on f or

i stri ute arc i tectures

There are various ways to extend LAPACK++.
Here we discuss one such extension, ScaLA-
PACK++[2 ], for linear algebraondistributedmem-
ory architectures. The intent is that for large scale
problems ScaLAPACK++should e�ectively exploit
the computational hardware of mediumgrain-sized
multicomputerswithuptoafewthousandprocessors,
suchas theIntel ParagonandThinkingMachinesCor-
poration's CM-5.

Achieving these goals while maintaining portabil-
ity, exibility, andease-of-use canpresent serious chal-
lenges, since the layout of anapplication's datawithin
the hierarchical memoryof a concurrent computer is
critical indeterminingtheperformanceandscalability
of the parallel code. Toenhance the programmability
of the librarywewouldlikedetails of the parallel im-
plementationto be hidden as muchas possible, but
still provide the user with the capability to control
the datadistribution.

The design of ScaLAPACK++includes a general
two-dimensional matrixdecompositionthat supports
the most commonblockscatteredencountered inthe
current litertature. ScaLAPACK++canbe extended
to support arbitrary matrix decompositions by pro-
viding the speci�c parallel BLAS library to operate
onsuchmatrices.

Decouplingthe matrixoperations fromthe details
of the decompositionnot onlysimpli�es the encoding
of analgorithmbut alsoallows the possibilityof post-
poningthe decompositionschemeuntil runtime. This
isonlypossiblewithobject-orientedprogramminglan-
guages, like C++, that support dynami c- bi ndi ng , or
pol ymorphi sm{theabilitytoexamineanobject's type
anddynamicallyselect the appropriate action[10 ]. In
manyapplications the optimal matrixdecomposition
is stronglydependent onhowthematrixis utilizedin
other parts of the program. Furthermore, it is often
necessarytodynamicallyalter thematrixdecomposi-
tionat runtimetoaccommodatespecial routines. The
ability to support dynamic run-time decomposition
strategies is oneof thekeyfeatures of ScaLAPACK++
that makes it integrablewithscalable applications.

The currentlysupporteddecompositionschemede-
�nes global matrix objects which are distributed
across a P � Q logical grid of processors. Matrices
aremappedtoprocessors usingablockscatteredclass
of decompositions (Figure 6) that allows a wide va-
rietyof matrixmappings while enhancing scalability
andmaintaininggoodloadbalance for various factor-



modifythe contentsof A. Line(6) assigns the2x2sub-
matrixof BtoC. Note that Ccanalsobe referenced
as A( LaIndex(5,9,2), LaIndex(3,7,2)).

AlthoughLAPACK++submatrix expressions al-
lowone to access non-contiguous rows or columns,
manyof theLAPACKroutines onlyallowsubmatrices
withunit stride in the columndirection. Callingan
LAPACK++routine with a non-contiguous subma-
trixcolumnsmay causedatatobecopiedintocontigu-
ous submatrixandcanoptionallygenerate aruntime
warningtoadvise the programmer that data copying
has takenplace. (InFortran, the user wouldneedto
needtodothis byhand.)

ri er Routi nes

This section discusses LAPACK++routines for
solvinglinear asystemof linear equations

x=b;

where is the coe cient matrix, b is the right
handside, andx is the solution. is assumedto
be a square matrix of order n, although underlying
computational routines allowfor tobe rectangular.
For several right handsides, wewrite

= ;

where the columns of are individual right hand
sides, and the columns of are the corresponding
solutions. The taskis to�nd , given and . The
coe�cient matrix canbe of the types showinFig-
ure 4.

Thebasic syntaxfor alinear equationdriver inLA-
PACK++is givenby

LaLinSo ve(op(A), , );

Thematrices A and are input, and is the output. A
is an � matrixof oneof the abovetypes. Letting
nr s denote thenumberof righthandsides ineq. 4,
and are bothrectangular matrices of size � nrhs .
Thesyntaxop(A) candenoteeither A or the transpose
of A, expressedas trans (A).

This version requires intermediate storage of ap-
proximately � ( +nrhs ) elements.

In cases where no additional information is sup-
plied, the LAPACK++routines will attempt to fol-
lowan intelligent course of action. For example,
if LaLinSo ve(A, , ) is called with a non-square

� matrix, the solutionreturnedwill be the lin-
ear least square that minimizes j j x� b j j 2 usingaQR

factorization. Or, if Ais declared as SPD, then a
Choleskyfactorizationwill beused. Alternatively, one
can directly specify the exact factorizationmethod,
suchas LaL actor( , A). Inthis case, if Ais non-
square, the factors returnonlyapartial factorization
of the upper square portionof A.

Error conditions inperforming the LaLinSo ve()

operations canberetrievedviatheLaLinSo veIn o()

function, which returns information about the last
calledLaLinSo ve(). Azerovaluedenotes asuccess-
ful completion. Avalue of �i denotes that the i th
argument was somehowinvalid or inappropriate. A
positive value of i denotes that inthe LUdecomposi-
tion, (i ; i ) =0; the factorizationhas beencompleted
but the factor is exactly singular, so the solution
could not be computed. In this case, the value re-
turnedbyLaLinSo ve() is anull (0x0) matrix.

. s:

Whenusing large matrices that consume a signi�-
cant portionof availablememory, it maybe bene�cial
toremovethe requirement of storingintermediatefac-
torizationrepresentations at the expense of destroying
the contents of the input matrixA. For most matrix
factorizations we require temporary data structures
roughly equal to the size of the original input ma-
trix. (For general bandedmatrices, one needs slightly
more storage due topivoting, whichcauses �ll inad-
ditional bands.) For example, the temporarymemory
requirement of asquare � dense non-symmetric
factorizationcanbereducedfrom �( +nrhs +1) el-
ements to �1. Suchmemory-e�cient factorizations
are performedwiththe LaLinSo veI () routine:

LaLinSo veI (A, , );

Here the contents of are overwritten(withthe re-
spective factorization). These \in-place"functions are
intendedfor advancedprogrammers andare not rec-
ommendedfor general use. Theyassumetheprogram-
mer's responsibilitytorecognize that the contents of A
have beendestroyed; however, theycanallowalarge
numerical problemto be solved on a machine with
limitedmemory.

ro ra i n xa l es

This code example solves the linear least squares
problemof �tting data points (x i; yi) with a dth
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Fi gur e 4 : LAPACK++ mat r i x nome nc l a t ur e . I t e ms
i n s qua r e br a c ke t s a r e opt i ona l .

f o r Lapac k ene r a l atr i x . The type s u�x c an be
oat, doub e, co ex, o r dco ex. Ma t r i c e s i n

t hi s c a t e go r y have t he adde d pr ope r t y t ha t s ubmat r i -
c e s c an be e �c i e nt l y a c c e s s e d and r e f e r e nc e d i n mat r i x
e xpr e s s i ons . Thi s i s a ne c e s s i t y f o r de s c r i bi ng bl o c k-
s t r uc t ur e d a l g o r i t hms .

. . eclarations

Ge ne r a l LAPACK++mat r i c e s may be de c l a r e d ( c on-
s t r uc t e d) i n va r i ous ways :

inc ude a ack .

oat d . , 2. , 3. , . ;

La en at oub e A(2 , ) . ;

La en at o ex ; 2

La en at oub e .re (A); 3

La en at oub e (A);

La en at oat (d, 2, 2) 5

Li ne ( 1 ) de c l a r e s A t o be a r e c t angul a r 200x100 ma -
t r i x , wi t h a l l o f i t s e l e me nt s i ni t i a l i z e d t o 0 . 0 . Li ne
( 2 ) de c l a r e s t o be an e mpt y ( uni ni t i a l i z e d) ma t r i x .
Unt i l B be c ome s i ni t i a l i z e d, any a t t e mpt t o r e f e r e nc e
i t s e l e me nt s wi l l r e s ul t i n a r un t i me e r r o r . Li ne ( 3 )
de c l a r e s t o s ha r e t he s ame e l e me nt s o f A. Li ne ( 4 )
i l l us t r a t e s an e qui va l e nt way o f s pe c i f y i ng t hi s a t t he
t i me o f a ne w ob j e c t c ons t r uc t i on. Fi na l l y, l i ne ( 5 )
de mons t r a t e s how one c an i ni t i a l i z e a 2x2 mat r i x wi t h
t he da t a f r oma s t anda r d C++ve c t o r . The va l ue s a r e
i ni t a l i z e d i n c o l umn- ma j or f o r m, s o t ha t t he �r s t c o l -
umn o f c ont a i ns f1 :0 ; 2 :0g, a nd t he s e c ond c o l umn
c ont a i ns f3 :0 ; 4 :0g.

. . u matrices

Bl o c ke d l i ne a r a l g e br a a l g o r i t hms ut i l i z e s ubmat r i c e s
a s t he i r ba s i c uni t o f c omput a t i on. I t i s c r uc i a l t ha t
s ubmat r i x ope r a t i ons be hi ghl y opt i mi z e d. Be c aus e o f
t hi s , LAPACK++pr ovi de s me c hani s ms f o r a c c e s s i ng

r e c t angul a r s ubr e g i ons o f a g e ne r a l ma t r i x . The s e
g i ons a r e a c c e s s e d by reference, t ha t i s , wi t hout c opy-
i ng da t a , and c an be us e d i n any mat r i x e xpr e s s i on.

I de a l l y, one woul d l i ke t o us e f ami l i a r c o l on no
t i on o f Fo r t r an 90 o r Mat l ab f o r e xpr e s s i ng s ubmat
c e s . Howe ve r , t hi s mo di �c a t i on o f t he C++ s ynt ax
i s no t po s s i bl e wi t hout r e de �ni ng t he l anguag e s p
�c a t i ons . As a r e a s onabl e c ompr omi s e , LAPACK++
de no t e s s ubmat r i c e s by s pe c i f y i ng a s ubs c r i pt r a
t hr ough t he LaIndex() f unc t i on. Fo r e xampl e , t he
3x3 mat r i x i n t he uppe r l e f t c o r ne r o f A i s de no t e d

A( LaIndex( ,2), LaIndex( ,2) )

Thi s r e f e r e nc e si ; i=0 ; 1 ; 2 =0 ; 1 ; 2 , and i s e qui v -
a l e nt t o t he A( 2, 2) c o l on no t a t i on us e d e l s e -
whe r e . Submat r i x e xpr e s s i ons may be a l s o be us e d
a s a de s t i na t i on f o r a s s i gnme nt , a s i n

A( LaIndex( ,2), LaIndex( ,2) ) . ;

whi c h s e t s t he 3x3 s ubmat r i x o f A t o z e r o . Fo l l owi n
t he Fo r t r an 90 c onve nt i ons , t he i nde x no t a t i on ha s
opt i ona l t hi r d a r gume nt de no t i ng t he s t r i de va l ue

LaIndex(start, end, incre ent)

I f t he incre ent va l ue i s no t s pe c i �e d i t i s a s -
s ume d t o be one . The e xpr e s s i on LaIndex(s, e, i)

i s e qui va l e nt t o t he i nde x s e que nc e

s; s+ i; s+2 i; : : : s+
�s

i
i

The i nt e r na l r e pr e s e nt a t i on o f an i nde x i s no t e
pande d t o a f ul l ve c t o r , but ke pt i n i t s c ompac t t r i
f o r ma t . The i nc r e me nt va l ue s may be ne ga t i ve and a l

l ow one t o t r ave r s e a s ubs c r i pt r ang e i n t he oppo s
di r e c t i on, s uc h a s i n ( ,7,- ) t o de no t e t he s e que nc
f10 ; 9 ; 8 ; 7g. I ndi c e s c an be name d and us e d i n e xpr e s -
s i ons , a s i n t he f o l l owi ng s ubmat r i x a s s i gnme nt s ,

La en at doub e A( , ), , ;

LaIndex I( ,9,2), 2

LaIndex ( ,3,2); 3

.re (A(I,I));

(2,3) 3. ; 5

(LaIndex(2, ,2), );

I n l i ne s ( 2 ) and ( 3 ) we de c l a r e i ndi c e s I =f1 ; 3 ; 5 ; 7 ; 9
and =f1 ; 3g. Li ne ( 4 ) s e t s t o t he s pe c i �e d 5x5 s ub-
ma t r i x o f A. The mat r i x B c an us e d i n any mat r i x e x-
pr e s s i on, i nc l udi ng a c c e s s i ng i t s i ndi v i dua l e l e
a s i n l i ne ( 5 ) . No t e t ha t (2,3) i s t he s ame me m-
o r y l o c a t i on a s A(5,7), s o t ha t a c hang e t o B wi l l a l s
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Matrix Multiply (C = A*B) on IBM RS/6000-550

Fi gur e 1 : Pe r f o r manc e o f ma t r i x mul t i pl y i n LA-
PACK++ on t he I BMRS/6000 Mode l 5 50 wo r ks t a -
t i on. GNU g++ v. 2 . 3 . 1 wa s us e d t og e t he r wi t h t he
ESSL Le ve l 3 r out i ne d e .
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LAPACK++ (solid)

LAPACK (dashed)

Fi gur e 2 : Pe r f o r manc e o f LAPACK++ LU f a c t o r i z a -
t i on on t he I BMRS/6000 Mode l 5 50 wo r ks t a t i on, us -
i ng GNU g++ v. 2 . 3 . 1 and BLAS r out i ne s f r omt he
I BMESSL l i br a r y. The r e s ul t s a r e i ndi s t i ngui s habl e
be t we e n t he Fo r t r an and C++ i nt e r f a c e s .

a r e t ypi c a l l y s t o r e d i n c o l umn- o r de r f o r c ompa t i b
wi t h Fo r t r an s ubr out i ne s and l i br a r i e s .

Va r i ous t ype s o f ma t r i c e s a r e s uppo r t e d: bande
s ymme t r i c , He r mi t i an, pa c ke d, t r i angul a r , t r i di
na l , bi di a gona l , and non- s ymme t r i c . Ra t he r t ha
have an uns t r uc t ur e d c o l l e c t i on o f ma t r i x c l a s s e s ,
PACK++ ma i nt a i ns a c l a s s hi e r a r c hy ( Fi gur e 3 ) t o
e xpl o i t c ommona l i t y i n t he de r i va t i on o f t he f und
me nt a l ma t r i x t ype s . Thi s l i mi t s muc h o f t he c o de r
dundanc y and a l l ows f o r an ope n- e nde d de s i gn whi c h
c an be e xt e nde d a s ne w mat r i x s t o r ag e s t r uc t ur e s a
i nt r o duc e d.

LAPACK
Matrix

Tri/Bidiagonal Band

SymmetricHermitianTriangular

Unit
Upper/Lower

Upper/Lower Upper/Lower

SPD SPD

Matrix

Orthogonal

Used in QR

General
Dense

LAPACK
Vector

Vector

General Subranges

Base
Classes

Fi gur e 3 : The Mat r i x Hi e r a r c hy o f LAPACK++.
Re c t angul a r and Ve c t o r c l a s s e s a l l ow i nde x i ng o f a
r e c t angul a r s ubmat r i x by r e f e r e nc e .

Ma t r i x c l a s s e s and o t he r r e l a t e d da t a t ype s s pe c
t o LAPACK++ be g i n wi t h t he pr e �x \La" t o avo i d
nami ng c oni c t s wi t h us e r - de �ne d o r t hi r d- pa r t y m
t r i x pa c kag e s . The l i s t o f va l i d name s i s a s ubs e t
t he nome nc l a t ur e s hown i n Fi gur e 4 .

. s

One o f t he f undame nt a l ma t r i x t ype s i n LA-
PACK++ i s a g e ne r a l ( nons ymme t r i c ) r e c t angul a r
ma t r i x . The po s s i bl e da t a e l e me nt t ype s o f t hi s m
t r i x i nc l ude s i ng l e and doubl e pr e c i s i on o f r e a l
c ompl e x numbe r s . The c o r r e s pondi ng LAPACK++
name s a r e g i ve n a s

La en attype



. s

To i l l us t r a t e how LAPACK++ s i mpl i �e s t he us e r
i nt e r f a c e , we pr e s e nt a s ma l l c o de f r a gme nt t o s o l ve
l i ne a r s ys t e ms . The e xampl e s a r e i nc ompl e t e and a r e
me ant t o me r e l y i l l us t r a t e t he i nt e r f a c e s t y l e . The
ne xt f e w s e c t i ons di s c us s t he de t a i l s o f ma t r i x c l a s s e s
and t he i r ope r a t i ons .

Cons i de r s o l v i ng t he l i ne a r s ys t e m x = b us i ng
LU f a c t o r i z a t i on i n LAPACK++:

inc ude a ack .

La en at oub e A( , );

La ector oub e x( ), b( );

...

LaLinSo ve(A,x,b);

The �r s t l i ne i nc l ude s t he LAPACK++ ob j e c t and
f unc t i on de c l a r a t i ons . The s e c ond l i ne de c l a r e s t o
be a s qua r e � c o e �c i e nt mat r i x , whi l e t he t hi r d
l i ne de c l a r e s t he r i ght - hand- s i de and s o l ut i on ve c t o r s .
Fi na l l y, t he LaLinSo ve() f unc t i on i n t he l a s t l i ne
c a l l s t he unde r l y i ng LAPACKdr i ve r r out i ne f o r s o l v -
i ng g e ne r a l l i ne a r e qua t i ons .

Cons i de r now s o l v i ng a s i mi l a r s ys t e mwi t h a t r i di -
a gona l c o e �c i e nt mat r i x :

inc ude a ack .

La ridia at oub e A( , );

La ector oub e x( ), b( );

...

LaLinSo ve(A,x,b);

The onl y c o de modi �c a t i on i s i n t he de c l a r a t i on o f
. I n t hi s c a s e LaLinSo ve() c a l l s t he dr i ve r r ou-

t i ne S () f o r t r i di a gona l l i ne a r s ys t e ms . The
LaLinSo ve() f unc t i on ha s be e n overl oaded t o pe r -
f o r mdi �e r e nt t a s ks de pe ndi ng on t he t ype o f t he i nput
mat r i x . The r e i s no r unt i me ove r he ad a s s o c i a t e d
wi t h t hi s ; i t i s r e s o l ve d by C++ at c ompi l e t i me .

.

The e l e ganc e o f t he LAPACK++ mat r i x c l a s s e s
may s e e m t o i mpl y t ha t t he y i nc ur a s i gni �c ant r un-
t i me pe r f o r manc e ove r he ad c ompa r e d t o s i mi l ar c om-
put a t i ons us i ng opt i mi z e d Fo r t r an. Thi s i s no t t r ue .
The de s i gn o f LAPACK++ has be e n opt i mi z e d f o r

pe r f o r manc e and c an ut i l i z e t he BLAS ke r ne l s a s e �
c i e nt l y a s Fo r t r an. Fi gur e 1 , f o r e xampl e , i l l us t
t he Me gaop r a t i ng o f t he s i mpl e c o de

A ;

f o r s qua r e mat r i c e s o f va r i ous s i z e s on t he I B
RS/6000 Mode l 5 50 wo r ks t a t i on. Thi s pa r t i c ul a r i m
pl e me nt a t i on us e d GNU g++ v. 2 . 3 . 1 and ut i l i z e d
t he Le ve l 3 BLAS r out i ne s f r om t he na t i ve ESSL
l i br a r y. The pe r f o r manc e r e s ul t s a r e ne a r l y i de
c a l wi t h t ho s e o f opt i mi z e d Fo r t r an c a l l i ng t he s a
l i br a r y. Thi s i s a c c ompl i s he d by inlining t he LA-
PACK++BLAS ke r ne l s . Tha t i s , t he s e f unc t i ons a r e
e xpande d a t t he po i nt o f t he i r c a l l by C++ c ompi l e r
s av i ng t he r unt i me ove r he ad o f an e xpl i c i t f unc t
c a l l .

I n t hi s c a s e t he above e xpr e s s i on c a l l s t he und
l y i ng DGEMMBLAS 3 r out i ne . Thi s o c c ur s a t com-

pile t i me , wi t hout any r unt i me ove r he ad. The pe r f o r -
manc e numbe r s a r e ve r y ne a r t he mac hi ne pe ak and
i l l us t r a t e t ha t us i ng C++ wi t h opt i mi z e d c omput a
t i ona l ke r ne l s pr ov i de s an e l e g ant hi gh- l e ve l i nt
wi t hout s a c r i �c i ng pe r f o r manc e .

Fi gur e 2 i l l us t r a t e s pe r f o r manc e c ha r a c t e r i s t i
t he LU f a c t o r i z a t i on o f va r i ous mat r i c e s on t he s a
a r c hi t e c t ur e us i ng t he LAPACK++

LaL actorI (A, )

r out i ne , whi c h ove r wr i t e s A wi t h i t s LU f a c t o r s . T
r out i ne e s s e nt i a l l y i nl i ne s t o t he unde r l y i ng LAP
r out i ne () and i nc ur s no r unt i me ove r he ad.
( The I s u�x s t ands f o r \ I n Pl a c e " f a c t o r i z a t i on. S
Se c t i on 4 . 1 f o r de t a i l s . )

C a t r i x e c t s

The f undame nt a l ob j e c t s i n LAPACK++ ar e nu-
me r i c a l ve c t o r s and mat r i c e s ; howe ve r , LAPACK++
i s not a g e ne r a l - pur po s e a r r ay pa c kag e . Ra t he r , LA
PACK++ i s a s e l f - c ont a i ne d i nt e r f a c e c ons i s t i ng
onl y t he mi ni ma l numbe r o f c l a s s e s t o s uppo r t t h
f unc t i ona l i t y o f t he LAPACK a l go r i t hms and da t a
s t r uc t ur e s .

LAPACK++mat r i c e s c an be r e f e r e nc e d, a s s i gne d,
and us e d i n mat he mat i c a l e xpr e s s i ons a s na t ur a l l y
i f t he y we r e an i nt e g r a l pa r t o f C++; t he mat r i x e
e me nt ai , f o r e xampl e , i s r e f e r e nc e d a s A(i, ). By
de f aul t , ma t r i x s ubs c r i pt s be g i n a t z e r o , ke e pi ng
t he i nde x i ng c onve nt i on o f C++; howe ve r , t he y c an b
s e t t o any us e r - de �ne d va l ue . ( Fo r t r an pr og r amme r
t ypi c a l l y pr e f e r 1 . ) I nt e r na l l y, LAPACK++mat r i c e



t o t he FORTRAN l i br a r y ; s ome o f t he ke y r out i ne s ,
s uc h a s t he mat r i x f a c t o r i z a t i ons , a r e a c t ua l l y i mpl e -
me nt e d i n C++ s o t ha t t he g e ne r a l a l g o r i t hmc an be
appl i e d t o de r i ve d mat r i x c l a s s e s , s uc h a s di s t r i but e d
me mor y mat r i x ob j e c t s .

LAPACK++ pr ovi de s s pe e d and e �c i e nc y c om-
pe t i t i ve wi t h na t i ve Fo r t r an c o de s ( s e e Se c t i on 2 . 2 ) ,
whi l e a l l owi ng pr og r amme r s t o c api t a l i z e on t he s o f t -
wa r e e ng i ne e r i ng be ne �t s o f ob j e c t o r i e nt e d pr og r am-
mi ng . Re pl a c i ng t he Fo r t r an 77 i nt e r f a c e o f LAPACK
wi t h an ob j e c t - o r i e nt e d f r ame wo r k s i mpl i �e s t he c o d-
i ng s t y l e and a l l ows f o r a mor e e x i bl e and e xt e ndi bl e
s o f t war e pl a t f o r m. I n Se c t i on 6 , f o r e xampl e , we di s -
c us s e xt e ns i ons t o s uppo r t di s t r i but e d mat r i x c ompu-
t a t i ons on s c a l abl e a r c hi t e c t ur e s [ 2] .

The mot i va t i on and de s i gn goa l s f o r LAPACK++
i nc l ude

Ma i nt a i ni ng c ompe t i t i ve pe r f o r manc e wi t h Fo r -
t r an 77 .

Pr ov i di ng a s i mpl e i nt e r f a c e t ha t hi de s i mpl e me n-
t a t i on de t a i l s o f va r i ous mat r i x s t o r ag e s c he me s
and t he i r c o r r e s pondi ng f a c t o r i z a t i on s t r uc t ur e s .

Pr ov i di ng a uni ve r s a l i nt e r f a c e and ope n s ys -
t e mde s i gn f o r i nt e g r a t i on i nt o us e r - de �ne d da t a
s t r uc t ur e s and t hi r d- pa r t y mat r i x pa c kag e s .

Re pl a c i ng s t a t i c wo r k a r r ay l i mi t a t i ons o f Fo r t r an
wi t h mor e e x i bl e and t ype - s a f e dynami c me mor y
a l l o c a t i on s c he me s .

Pr ov i di ng an e �c i e nt i nde x i ng s c he me f o r ma t r i x
e l e me nt s t ha t ha s mi ni ma l ove r he ad and c an be
opt i mi z e d i n mos t appl i c a t i on c o de l o ops .

Ut i l i z i ng f unc t i on and ope r a t o r ove r l o adi ng i n
C++ t o s i mpl i f y and r e duc e t he numbe r o f i n-
t e r f a c e e nt r y po i nt s t o LAPACK.

Pr ovi di ng t he c apabi l i t y t o a c c e s s s ubmat r i c e s by
ref erence, r a t he r t han by va l ue , and pe r f o r m
f a c t o r i z a t i ons \ i n pl a c e " { v i t a l f o r i mpl e me nt i ng
bl o c ke d a l g o r i t hms e �c i e nt l y.

Pr ov i di ng mor e me ani ng f ul nami ng c onve nt i ons
f o r va r i abl e s and f unc t i ons ( e . g . name s no l ong e r
l i mi t e d t o s i x a l phanume r i c c ha r a c t e r s , and s o
on) .

LAPACK++ a l s o pr ov i de s an ob j e c t - o r i e nt e d i n-
t e r f a c e t o t he Ba s i c Li ne a r Al g e br a Subpr og r ams
( BLAS) [ 6] , a l l owi ng pr og r amme r s t o ut i l i z e t he s e op-
t i mi z e d c omput a t i ona l ke r ne l s i n t he i r own C++ ap-
pl i c a t i ons .

e r i e

The unde r l y i ng phi l o s ophy o f t he LAPACK++de -
s i gn i s t o pr ov i de an i nt e r f a c e whi c h i s s i mpl e ,
powe r f ul e nough t o e xpr e s s t he s ophi s t i c a t e d nume
c a l a l g o r i t hms wi t hi n LAPACK, i nc l udi ng t ho s e whi c
opt i mi z e pe r f o r manc e and/o r s t o r ag e . Pr og r amme r
who wi s h t o ut i l i z e LAPACK++ as a bl a c k box t o
s o l ve x = ne e d no t be c onc e r ne d wi t h t he i nt r i -
c a t e de t a i l s .

Fo l l owi ng t he f r ame wo r k o f LAPACK, t he C++e x-
t e ns i on c ont a i ns dri ver routi nes f o r s o l v i ng s t an
da r d t ype s o f pr obl e ms , computati onal routi nes

t o pe r f o r m di s t i nc t c omput a t i ona l t a s ks , and auxi

i ary routi nes t o pe r f o r mc e r t a i n s ubt a s ks o r c ommon
l ow- l e ve l c omput a t i ons . Ea c h dr i ve r r out i ne t ypi c
c a l l s a s e que nc e o f c omput a t i ona l r out i ne s . Take n
a who l e , t he c omput a t i ona l r out i ne s c an pe r f o r m
wi de r r ang e o f t a s ks t han a r e c ove r e d by t he dr i v
r out i ne s .

Ut i l i z i ng f unc t i on ove r l o adi ng and ob j e c t i nh
t anc e i n C++, t he pr o c e dur a l i nt e r f a c e t o LAPACK
ha s be e n s i mpl i �e d: t wo f undame nt a l dr i ve r s and t he
va r i ant s , LaLinSo ve() and La i enSo ve(), r e pl a c e
s e ve r a l hundr e d s ubr out i ne s i n t he o r i g i na l Fo r t
ve r s i on.

LAPACK++ s uppo r t s va r i ous a l g o r i t hms f o r s o l v -
i ng l i ne a r e qua t i ons and e i g e nva l ue pr obl e ms :

Al go r i t hms

{ LU Fac t o r i z a t i on

{ Cho l e s ky ( ) Fa c t o r i z a t i on

{ QR Fac t o r i z a t i on ( l i ne a r l e a s t s qua r e s )

{ Si ngul a r Va l ue De c ompo s i t i on ( SVD)

{ Ei g e nva l ue pr obl e ms ( a s i nc l ude d i n LA-
PACK )

St o r ag e Cl a s s e s

{ r e c t angul a r ma t r i c e s

{ s ymme t r i c and s ymme t r i c po s i t i ve de �ni t e
( SPD)

{ bande d mat r i c e s

{ t r i /bi di a gona l ma t r i c e s

El e me nt Da t a Type s

{ oa t , doubl e , s i ng l e and doubl e pr e c i s i o
c ompl e x

I n t hi s pape r we f o c us on mat r i x f a c t o r i z a t i ons
l i ne a r e qua t i ons and l i ne a r l e a s t s qua r e s .
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LAPACK++is an object-oriented C++extension

of the LAPACK inear lgebra age library

for solving the common problems of numerical lin-

ear algebra: linear systems, linear least s uares, and

eigenvalue problems on high-performance computer

architectures. The advantages of an object-oriented

approachinclude the abilitytoencapsulatevarious ma-

trixrepresentations, hide their implementationdetails,

reducethenumber of subroutines, simplifytheir cal ling

se uences, and provide an extendible software frame-

work that can incorporate future extensions of LA-

PACK, such as ScaLAPACK++for distributedmem-

ory architectures. e present an overview of the

object-orienteddesignof thematrix anddecomposition

classes in C++and discuss its impact on elegance,

generality, and performance.

n t r o u c t i o n

LAPACK++ i s an ob j e c t - o r i e nt e d C++ e xt e ns i on
t o t he Fo r t r an LAPACK [ 1] l i br a r y f o r nume r i c a l l i n-
e a r a l g e br a . Thi s pa c kag e i nc l ude s s t a t e - o f - t he - a r t nu-
me r i c a l a l g o r i t hms f o r t he mor e c ommon l i ne a r a l -
g e br a pr obl e ms e nc ount e r e d i n s c i e nt i �c and e ng i -
ne e r i ng appl i c a t i ons . I t i s ba s e d on t he wi de l y us e d
LI NPACK [ 5] and EI SPACK [ 13] l i br a r i e s f o r s o l v i ng

l i ne a r e qua t i ons , l i ne a r l e a s t s qua r e s , and e i g e
pr obl e ms f o r de ns e and bande d s ys t e ms . The c ur r e n
LAPACKs o f t war e c ons i s t s o f ove r 1 , 0 00 r out i ne s an
600 , 0 00 l i ne s o f Fo r t r an 77 s our c e c o de .

The nume r i c a l a l g o r i t hms i n LAPACK ut i l i z e
bl o c k- ma t r i x ope r a t i ons , s uc h a s mat r i x - mul t i pl y
t he i nne r mo s t l o ops t o a c hi e ve hi gh pe r f o r manc e o
c a c he d and hi e r a r c hi c a l me mor y a r c hi t e c t ur e s . The
ope r a t i ons , s t anda r di z e d a s a s e t o f s ubr out i ne s c
t he Le ve l 3 BLAS ( Ba s i c Li ne a r Al g e br a Subpr o -
g r ams [ 6] ) , i mpr ove pe r f o r manc e by i nc r e a s i ng t he
g r anul a r i t y o f t he c omput a t i ons and ke e pi ng t he mo
f r e que nt l y a c c e s s e d s ubr e g i ons o f a mat r i x i n t
f a s t e s t l e ve l o f me mor y. The r e s ul t i s t ha t t he s e b
mat r i x ve r s i ons o f t he f undame nt a l a l g o r i t hms t y
c a l l y s how pe r f o r manc e i mpr ove me nt s o f a f a c t o r o
t hr e e ove r non- bl o c ke d ve r s i ons [ 1] .

LAPACK++ pr ovi de s a f r ame wor k f o r de s c r i bi ng
g e ne r a l bl o c k mat r i x c omput a t i ons i n C++. Wi t hout
a pr ope r de s i gn o f f undame nt a l ma t r i x and f a c t o r i z
t i on c l a s s e s , t he pe r f o r manc e be ne �t s o f bl o c ke d c
c an be e a s i l y l o s t due t o unne c e s s a r y da t a c opyi ng ,
e �c i e nt a c c e s s o f s ubmat r i c e s , and e xc e s s i ve r un-
ove r he ad i n t he dynami c - bi ndi ng me c hani s ms o f C++.

LAPACK++, howe ve r , i s no t a g e ne r a l pur po s e a r -
r ay pa c kag e . The r e a r e no f unc t i ons , f o r e xampl e ,
c omput e t r i g onome t r i c ope r a t i ons on mat r i c e s , o r
de a l wi t h mul t i - di me ns i ona l a r r ays . The r e a r e s e v
go o d publ i c doma i n and c omme r c i a l C++ pac kag e s
f o r t he s e pr obl e ms [ 4] , [ 9] , [ 1 1] , [ 1 2] . The c l a s s e s i n LA-
PACK++, howe ve r , c an e a s i l y i nt e g r a t e wi t h t he s e o
wi t h any o t he r C++ mat r i x i nt e r f a c e . The s e ob j e c t
have be e n e xpl i c i t l y de s i gne d wi t h bl o c k mat r i x a l
r i t hms and make e xt e ns i ve us e o f t he l e ve l 3 BLAS.
Fur t he r mo r e , LAPACK++ i s mor e t han j us t a s he l l


