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Abstract --This paper describes an extension to the set of Basic Linear Algebra Subpro- 
grams. The extensions proposed are targeted at matrix vector operations which should 
provide for more efficient and portable implementations of algor, ithrns for high perfor- 
mance computers. 

Part I: The  Proposal 

I. I n t r o d u c t i o n  

In 1973 Hanson,  Krogh, and  Lawson wro te  an  a r t i c l e  in the  SIGNUM N e w s l e t t e r  
(Vol. fl, no. 4, page  16) desc r ib ing  the  a d v a n t a g e s  of adop t ing  a s e t  of bas ic  r ou t i ne s  
for  p r o b l e m s  in l inear  a lgebra .  The or iginal  bas ic  l inea r  a l g e b r a  s u b p r o g r a m s ,  now 
c o m m o n l y  r e f e r r e d  to as the  DLAS and fully d e s c r i b e d  in Lawson, Hanson,  Kincaid,  
and  K.rogh [7,8], have  b e e n  v e r y  succes s fu l  and  have  b e e n  used  in a wide r ange  of 
so f tware  including UNPACK [4] and  m a n y  of t he  a l g o r i t h m s  p u b l i s h e d  by  the  ACM 
Transac t ions  on M a t h e m a t i c a l  Sof tware .  In p a r t i c u l a r  they  a re  an  aid to c lar i ty ,  p o r t a -  
bility, m o d u l a r i t y  and m a i n t e n a n c e  of sofLware and  they  have  b e c o m e  a de f a c t o  
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s t a n d a r d  for  the  e l e m e n t a r y  v e c t o r  opera t ions .  

Spec ia l  ve rs ions  of the  BLAS, in s o m e  cases  m a c h i n e  code  vers ions ,  have  b e e n  
k n p l e m e n t e d  on a n u m b e r  of c o m p u t e r s ,  t hus  improving  the  eff ic iency of the  BIAS. 
However ,  with s o m e  of the  m o d e r n  m a c h i n e  a r c h i t e c t u r e s ,  t he  use  of t he  BIAS is no t  
the  b e s t  way to improve  the  ef f ic iency of h igher  level  codes.  On v e c t o r  m a c h i n e s ,  for  
example ,  one n e e d s  to  op t imize  a t  l e a s t  a t  the  level  of m a t r i x - v e c t o r  o p e r a t i o n s  in 
o r d e r  to  a p p r o a c h  the  po t en t i a l  ef f ic iency of the  mach ine  (see [2 and  3]); and  the  use  
of the  BIAS inhibi ts  th is  op t imiza t ion  b e c a u s e  t hey  hide t he  m a t r i x - v e c t o r  n a t u r e  of 
t he  ope ra t i ons  f r o m  the  compi le r .  

We bel ieve  t h a t  the  t i m e  is r igh t  to  p r o p o s e  the  spec i f ica t ions  of an  addi t iona l  s e t  
of BIAS des igned  for  m a t r i x - v e c t o r  ope ra t ions .  I t  has  b e e n  our  e x p e r i e n c e  t h a t  a 
smal l  s e t  of m a t r i x - v e c t o r  ope ra t i ons  occu r  f r equen t ly  in the  i m p l e m e n t a t i o n  of m a n y  
of t h e  m o s t  c o m m o n  a lgo r i t hms  in l inear  a lgebra .  We define h e r e  the  bas ic  o p e r a t i o n s  
for  t h a t  set ,  t o g e t h e r  wi th  the  naming  conven t ions  and  the  calling sequences .  Rou- 
t ines  a t  th is  level  should  prov ide  a r e a s o n a b l e  c o m p r o m i s e  b e t w e e n  the  s o m e t i m e s  
confl ict ing a lms  of eff ic iency and  m o d u l a r i t y  and  i t  is our  hope  t h a t  ef f ic ient  imple -  
m e n t a t i o n s  will b e c o m e  avai lable  on a wide r ange  of c o m p u t e r  a r c h i t e c t u r e s .  

We e n c o u r a g e  r e a d e r s  i n t e r e s t e d  in such  a s t a n d a r d i z a t i o n  e f for t  to  c o n t a c t  us 
wi th  t h e i r  t h o u g h t s  on the  subjec t .  I ndeed  we wish to sol ici t  a l t e rna t ive  ideas  and  

e n c o u r a g e  discussion.  

In  th is  p a p e r  we shal l  r e f e r  to  the  exis t ing BLAS of Lawson e t  al. as  "Level  1 
BIAS"  or  "Exis t ing BLAS", and  the  p r o p o s e d  new se t  as "Level  2 BIAS" or  " E x t e n d e d  
BIAS".  The Level  2 BIAS involve O(rmz) sca la r  ope ra t ions  where  m and  • a re  the  
d imens ions  of the  v e c t o r  involved. These could be  p r o g r a m m e d  by  a s e r i e s  of calls to  
t he  Level  1 BIAS, t h o u g h  we do n o t  r e c o m m e n d  t h a t  t hey  be  i m p l e m e n t e d  in t h a t  
way. Hence ,  in a n a t u r a l  sense ,  t he  Level 2 BIAS are  p e r f o r m i n g  bas ic  o p e r a t i o n s  a t  
o n e  level h igher  t h a n  the  Level  1 BIAS. 

We p l an  to m a k e  avai lable  a c o m p l e t e  s e t  of Level 2 BIAS in F o r t r a n  77 so t h a t  
so f tware  deve lope r s  wi thou t  a c c e s s  to  specif ic  i m p l e m e n t a t i o n s  can  m a k e  use  of 
t h e m .  We also p lan  to  develop  a t e s t  p r o g r a m  so t h a t  i m p l e m e n t a t i o n s  of the  
e x t e n d e d  BIAS c a n  be tho rough ly  t e s t e d  be fo re  being d i s t r ibu ted .  We in t end  even tu -  
al ly to s u b m i t  the  t e s t  p r o g r a m  and the  F o r t r a n  77 ve r s ion  of the  rou t ines  for  pub l i ca -  
t ion  as an ACM aigorithIn. 
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2. Scope  of the E x t e n d e d  BLAS 

We p r o p o s e  that. the  following t h r ee  t ypes  of bas ic  o p e r a t i o n  be p e r f o r m e d  by  the  

e x t e n d e d  BLAS: 

a) Matr ix-vec tor  p r o d u c t s  of the  f o r m  

4- a A ~  + 9 ,  Y ~ a . ,4rx  + Y ,  a n d  y 4- a A t l z  + y 

where  a is a sca lar ,  z and  y a r e  v e c t o r s  and  A is a ma t r ix ,  and  

z *- T z ,  x ~- T r z ,  a n d  z .- TI ' I z ,  

where  x is a v e c t o r  a n d  T is a n  u p p e r  or  lower  t r i a n g u l a r  ma t r ix .  

b) Rank-one  a n d  r ank - two  u p d a t e s  of the  f o r m  

A *- a : ry  T + A ,  A *- a x y  II + , 4 ,  H *- a x z  II + H ,  a n d H * - a x y / /  + z x y z / / + H ,  

whe re  H is a H e r m i t i a n  ma t r i x .  

c) Solut ion  of t r i a n g u l a r  equa t ions  of t he  f o r m  

z ~. T - I z ,  z 4- T - T z ,  a n d  z ~- T - H z ,  

where  T is an u p p e r  or  lower non- s ingu la r  t r i a n g u l a r  ma t r i x .  

We p r o p o s e  tha t ,  where  a p p r o p r i a t e ,  the  o p e r a t i o n s  be  app l ied  to gene ra l ,  general 
bar/d, Hermi t i an ,  H e r m i t i a n  band,  t r i angu la r ,  and  t r i a n g u l a r  b a n d  m a t r i c e s  in b o t h  
r ea l  and  c o m p l e x  a r i t h m e t i c ,  and  in single and  double  prec i s ion .  

See  P a r t  2 of this  r e p o r t  for  e x a m p l e s  to i l l u s t r a t e  the  uses  a n d  a d v a n t a g e s  of the  
p r o p o s e d  rou t ines ,  and an  e x a m p l e  to  i l l u s t r a t e  the  i m p l e m e n t a t i o n  of the  r o u t i n e s  is 
g iven in Appendix  A. 

~. Nzrnin E Conventions 

The p r o p o s e d  n a m e  of a Level 2 BLAS is in the  UNPACK s ty le  and  cons i s t s  of five 
c h a r a c t e r s  ( excep t  for  four  rou t ine  n a m e s  with six c h a r a c t e r s ) .  The f o u r t h  and  fifth 
c h a r a c t e r s  in the  n a m e  d e n o t e  the  type  of ope ra t ion ,  as follows: 

IvIV - Mat r ix -vec to r  p r o d u c t  
Rt  - Rank-one  u p d a t e  
R2 - Rank-two u p d a t e  
IV - Inve r se  m a t r i x - v e c t o r  p r o d u c t  

(i.e., so lu t ion  of a s e t  of l inear  equa t ions)  

4 



C h a r a c t e r s  two a n d  t h r e e  in  the  n a m e  d e n o t e  the  k i n d  o! m a t r i x  invo lved ,  as follows: 

GE - General matrix 
GB General band matrix 

HE - Hermitianmatrix 

SY - Syrrmetricmatrix 

HP - Hermitianmatrix stored in packed 

SP - S~metric matrix stored in packed 

I-IB - Hermitian band rrk~trix 

SB S ~ u ~ e t r i c  b a n d  m a t r i x  

TR - T r i a n g u l a r  m a t r i x  

TP - T r i a n g u l a r  r r ~ t r i x  i n  p a c k e d  f o r m  
TB - T r i a n g u l a r  b a n d  r r a t r i x  

form 

form 

The f i r s t  c h a r a c t e r  in  the  n a m e  d e n o t e s  the  F o r t r a n  d a t a  t ype  of t he  m a t r i x ,  as fol- 
lows: 

S 

D 

C 

Z 

- REAL 

- DOUBLE PRECISION 

- COMPLEX 

- COMPLEX*f6 o r  DOUBLE COMPLEX ( i f  available) 

The proposed available combinations are indicated in the table below. In the first 

column, under complex, the initial C may be replaced by Z. In the second column, 

under real, the initial S may be replaced by D. See Appendix C for the full subroutine 
calling sequences. 

The proposed collection of routines can be thought of as being divided into four 

separate parts, complex, real, double prec/s/or~, and cornplex*16.. Each part will 

include a separate testing program. The routines proposed are written in the ANSI 

Fortran 77 standard with the exception of the routines that use COMPLEX*t6 vari- , 

ables. These routines are included for completeness and, because the Fortran stan- 

dard does not provide for this variable type, may not be available on all machines. 



Table  3.1 

complez recM MY R1 R2 IV 

CGE SGE * 

CGB SGB * 

CHE SSY * 

CHP SSP * 

CHB SSB * 

CTR STR * 

CTP STP * 

CTB STH * 

, ?  

We do n o t  p r o p o s e  r o u t i n e s  for  r a n k - o n e  a n d  r a n k - t w o  u p d a t e s  a p p l i e d  to  b a n d  

m a t r i c e s  b e c a u s e  t h e s e  c a n  be  o b t a i n e d  by  ca l l s  to t h e  r a n k - o n e  a n d  r a n k - t w o  ful l  
m a t r i x  r o u t i n e s .  This is i l l u s t r a t e d  in  A p p e n d i x  B. 

4 .  P a r a m e ~ r  C o n v e n t i o n s  

We propose a similar convention for the parameter lists to that for the existing 
BLAS. but with extensions where comparable parameters are not present in the exist- 
ing BLAS. The proposed order of parameters is as follows: 

a) Parameters specifying options. 
b) Parameters defining the size of the matrix. 
c) Input scalar. 

d) Description of the input rrntrix. 
e) Description of input vector(s). 

f) Description of the input-output vector. 

g) Description of the input-output rr~trix. 
h) Error indicator. 

Note t h a t  n o t  e a c h  c a t e g o r y  is p r e s e n t  i n  e a c h  of t h e  r o u t i n e s .  

The  p a r a m e t e r s  t h a t  s p e c i f y  o p t i o n s  a r e  c h a r a c t e r  p a r a m e t e r s  wi th  t he  n a m e s  

TRANS. UPLO. a n d  DIAG. TRANS is u s e d  b y  t h e  m a t r i x  v e c t o r  p r o d u c t  r o u t i n e s  as fol- 
lows: 

t For the general rank-1 update (GEE1) we propose two complex routines: CGER1C 
for A *-a=l¢ s . A and CGER1U for A *- a.z~ r + A. This is the only exception to the 
one to one correspondence between real and complex routines and the only ex- 
ception to the five-character naming conventions. See section 7 for further dis- 
cuss ion .  



Value Meaning 

' ' or  'N' Ope ra t e  with the  ma t r ix .  
'T' O p e r a t e  with the  t r a n s p o s e  of the  ma t r ix .  
'C' O p e r a t e  with the  con juga te  t r a n s p o s e  of the  ma t r ix .  

In the  r ea l  case  the  values  'T' and 'C' have  the  s a m e  mean ing .  

UPLO is used  by  the  Herm/Uan ,  s y m m e t r i c ,  and  t r i a n g u l a r  m a t r i x  r ou t i ne s  to 
spec i fy  w h e t h e r  t he  u p p e r  or  lower t r i ang le  is being r e f e r e n c e d  as follows: 

Value Meaning 

'U '  Uppe r  t r i ang le  
'L' Lower t r i ang le  

DIAG is used  by the  t r i a n g u l a r  m a t r i x  rou t ine s  to spec i fy  w h e t h e r  or  not  the  
m a t r i x  is uni t  t r i angu la r ,  as follows: 

Value 

'U'  
'N'  

Meaning 

Uni t  t r i a n g u l a r  
Non-uni t  t r i a n g u l a r  

When DIAG is suppl ied  as 'U'  the  d iagonal  e l e m e n t s  a re  no t  r e f e r e n c e d .  

I t  is wor th  not ing t h a t  in F o r t r a n  ac tua l  c h a r a c t e r  a r g u m e n t s  m a y  be  longer  t h a n  
the  c o r r e s p o n d i n g  d u m m y  a r g u m e n t .  So tha t ,  for  example ,  the  value 'T' for TRANS 
m a y  be  p a s s e d  as 'TRANSPOSE'. 

The size of the  m a t r i x  is d e t e r m i n e d  by the  two p a r a m e t e r s  M and  N for  an rn by  
rL r e c t a n g u l a r  ma t r ix ;  by  the  p a r a m e t e r s  M, N, KL, and  KU for  an rn by  r~ band  m a t r i x  
with kt sub-d iagona ls  and  k u  super -d iagona ls ;  and  by  the  p a r a m e t e r s  N and K for  an  r~ 
by  7z s y m m e t r i c  or  H e r m i t i a n  or t r i angu l a r  b a n d  m a t r i x  with k s u p e r -  a n d / o r  sub-  
diagonals .  

The d e s c r i p t i o n  of the  m a t r i x  cons i s t s  e i t he r  of the  a r r a y  n a m e  (A) followed by  
the  leading d imens ion  of the  a r r a y  as dec l a r ed  in the  calling (sub) p r o g r a m  (LDA), 
when  the  m a t r i x  is be ing s t o r e d  in a two- d imens iona l  a r ray ;  or  the  F o r t r a n  a r r a y  
n a m e  (AP) alone when the  m a t r i x  is being s t o r e d  as a ( packed )  vec to r .  When A is not  
band ,  t h e n  in the  f o r m e r  case  the  ac tua l  a r r a y  m u s t  con ta in  a t  l ea s t  (rn + d ( r ~ - l ) )  
e l e m e n t s ,  where  d is the  leading d imens ion  of the  a r r a y  and m = r~ for  a squa re  
ma t r ix ;  and  in the  l a t t e r  case  the  ac tua l  a r r a y  m u s t  c o n t a i n  a t  l ea s t  r ~ ( n + t ) / 2  ele-  
m e n t s .  

The s c a l a r  always has  the  d u m m y  a r g u m e n t  n a m e  ALPHA. As with  the  exis t ing 
BLAS the d e s c r i p t i o n  of a v e c t o r  cons i s t s  of the  n a m e  of the  a r r a y  (X or  Y) followed by 
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the  s to rage  spacing ( inc rement )  in the a r r ay  of the  vec to r  e lements  (INCX or INCY). 
The i n c r e m e n t  is allowed to be negative,  zero,  or positive. When the vec to r  x consis ts  
of/c e lements ,  then  the  co r r e spond ing  ac tua l  a r r ay  a r g u m e n t  X m u s t  be of length  at  
leas t  (1 + (k-1)IINCXI). 

The final p a r a m e t e r  of e a c h  rou t ine  is an e r ro r  ind ica tor  INFO which is se t  to: 

0 if the ope ra t ion  is successful ly  comple ted .  
i > 0 if the i th p a r a m e t e r  has an illegal value on entry .  
-i < 0 if an a t t e m p t  is m a d e  to c o m p u t e  z ~- T - i x ,  x ,- T - r x ,  

or z 4- T-H=,  and the ~#~ diagonal e l e m e n t  
of T is exac t ly  zero.  

The following values of p a r a m e t e r s  are  a s s u m e d  to be illegal: 

Any value of the c h a r a c t e r  p a r a m e t e r s  DIAG, TRANS, or UPLO 
whose mean ing  is not  specified. 

M < 0 for GE and  GB rout ines .  
N < 0 for all rout ines .  
KL < 0 or  KL < M - N or KL > M - i for  the GH rou t ines  
K U < 0 o r K U < N - M  o r K U > N -  l for the  GB rout ines  
K < 0 or  K > N - 1 for the HB, SB, and TB rout ines .  
LDA < M for the GE rout ines .  

LDA < KL + KU + 1 for the  GB rout ines .  
LDA < N for the  HE, SY, and  TR rout ines .  
LDA < K + 1 for the HB, SB, and  TB rout ines .  

Note tha t  it is permiss ib le  to call the rou t ines  with M or N = 0, in which case the rou-  
t ines  exit immed ia t e ly  without  r e f e renc ing  the i r  vec to r  or  m a t r i x  a rgumen t s .  

5. S torage  Conven t ions  

Unless otherwise s t a t ed  it is a s s u m e d  tha t  m a t r i c e s  a re  s to red  convent iona l ly  in 
a 2-dimensional  a r r a y  with m a t r i x - e l e m e n t  ~ i  s to red  in a r r a y - e l e m e n t  A(I,J). 

The rout ines  for real  s y m m e t r i c  and complex  Hermi t ian  m a t r i c e s  allow for the 
ma t r i x  to be s to red  in e i ther  the  uppe r  (UPLO = 'U') or lower t r iangle  (UPLO = 'L') of 
a two dimensional  array,  or  to be p a c k e d  in a one d imensional  array.  In the l a t t e r  
case the u p p e r  t r iangle m a y  be p a c k e d  sequent ia l ly  co lumn  by co lumn  (UPLO = 'U'), 
or the lower t r iangle  m ay  be packed  sequent ia l ly  co lumn  by co lumn  (UPLO = 'L'). 
Note tha t  for  real  s y m m e t r i c  m a t r i c e s  packing the u p p e r  t r iangle  by co lumn  is 
equivalent  to packing the lower t r iangle  by rows, and packing the lower t r iangle by 



co lumns  is equ iva len t  to pack ing  the  u p p e r  t r i ang le  by  rows. (For c o m p l e x  Her rn i t i an  
m a t r i c e s  the  only d i f fe rence  is t h a t  the  off-diagonal  e l e m e n t s  a re  con juga ted . )  

For  t r i a n g u l a r  m a t r i c e s  the  p a r a m e t e r  UPLO se rves  to define w h e t h e r  the  m a t r i x  
is u p p e r  (UPLO = 'U')  or  lower (UPLO = 'L') t r i angu la r .  In the  p a c k e d  s t o r age  the  t r i -  
angle  has  to be  p a c k e d  by  co lumn.  

The b a n d  m a t r i x  rou t ine s  allow s to r age  in t h e  s a m e  s ty le  as with LINPACK, so t h a t  
the  j tu  c o l u m n  of the m a t r i x  is s t o r e d  in the  ju t  c o l u m n  of the  F o r t r a n  a r r ay .  For  a 
gene ra l  band  m a t r i x  the  leading d i m e n s i o n  of the  m a t r i x  is s t o r e d  in t h e / c u + l  tu row 
of the  a r ray .  For  a HermiLian  or s y m m e t r i c  m a t r i x  e i t h e r  the  u p p e r  t r i ang le  (UPL0 = 
'U')  m a y  be s t o r e d  in which case  the  leading d iagonal  is in t he / c  + 1 th row of the  a r r ay ,  
or  the  lower  t r i ang le  (UPLO = 'L') m a y  be  s t o r e d  in which  case  the  leading d iagonal  is 
in the  f i rs t  row of the  a r ray .  For  an  u p p e r  t r i a n g u l a r  b a n d  m a t r i x  (UPLO = 'U')  the  
leading diagonal  is in t he  /c + 1 tu row of the  a r r a y  and  for  a lower t r i a n g u l a r  b a n d  
m a t r i x  (UPLO = 'L') t he  leading d iagonal  is in the  f i rs t  row. 

For  a h e r m i t i a n  m a t r i x  the  i m a g i n a r y  p a r t s  of t h e  d iagonal  e l e m e n t s  a re  of 
cou r s e  ze ro  and  thus  the  i m a g i n a r y  p a r t s  of the  c o r r e s p o n d i n g  F o r t r a n  a r r a y  ele-  
m e n t s  need  no t  be se t ,  b u t  a re  a s s u m e d  to  be  zero.  In the  R1 and  R2 rou t ine s  t he se  
imaginary parts will be set to zero on return. 

For packed triangular matrices the same storage layout is used whether or not 

DIAG = 'U' (diagonal elements are assumed to have the value i), i.e. space is left for 

the diagonal elements even if those array elements are not referenced. 

6. Spec i f i ca t ion  of t h e  E x t e n d e d  BIAS 

(Thi.s sect~,ovt has been d, ele~ed f o r  space reasons. ConsuLt ~h,e fuLL proposal  f o r  
d~ ~ ~ L~. ) 

7. Rationale 

The three basic matrix-vector operations chosen (Section 2) were obvious candi- 
dates because they occur in a wide range of linear algebra applications, and they 

occur at the innermost level of many algorithms. The hard decision was to restrict the 

scope only to these operations, since there are many other potential candidates, such 

as matrix scaling and sequences of plane rotations. Similarly, we could have extended 

the scope by applying the operations to other types of matrices such as complex sym- 

metric or augmented band matrices. We have aimed at a reasonable compromise 
between a much larger number of routines each performing one type of operation 

(e.g. x +- L-rx), and a smaller number of routines with a more complicated set of 

options. There are in fact, in each precision, 16 real routines performing altogether 43 



di f fe ren t  ope ra t ions ,  and 17 c o m p l e x  rou t ines  p e r f o r m i n g  58 d i f fe ren t  ope ra t ions .  

We feel  t h a t  to e x t e n d  the  scope  f u r t h e r  would s ignif icant ly  r e d u c e  the  c h a n c e s  of 
having the  rou t i ne s  i m p l e m e n t e d  eff ic ient ly  over  a wide r a n g e  of m a c h i n e s ,  b e c a u s e  it  
would p lace  too heavy  a b u r d e n  on i m p l e m e n t o r s .  On the  o t h e r  hand,  to r e s t r i c t  the  
scope  f u r t h e r  would p lace  too n a r r o w  a l imit  on the  p o t e n t i a l  app l i ca t ions  of the  level  

2 BIAS. 

The p a r a m e t e r  a is inc luded  in the  non - t r i angu l a r  r ou t i ne s  to give e x t r a  flexibil- 
ity, b u t  we r e c o m m e n d  t h a t  i m p l e m e n t o r s  cons ide r  spec ia l  code  for  the  ca se s  where  
a = t .0 and  a = - i . 0 .  Similarly,  as wi th  the  level  i BIAS, we have  inc luded  an  inc re -  
m e n t  p a r a m e t e r  with the  v e c t o r s  so t h a t  a v e c t o r  could, for example ,  be  a row of a 
ma t r ix .  But  aga in  we r e c o m m e n d  t h a t  i m p l e m e n t o r s  cons ide r  spec ia l  code  for the  
case  where  t he  i n c r e m e n t s  a re  unity.  

As n o t e d  ear l ier ,  c o r r e s p o n d i n g  to the  r ea l  rou t ine  SGER1 we p r o p o s e  two c o m -  
p lex  rou t i ne s  CGER1C (for A *- a x y  H + A) and  CGER1U (for A *- a x y  r + A). Both  a re  
f r e q u e n t l y  r equ i red .  An a l t e rna t i ve  would be to p rov ide  a single c o m p l e x  rou t ine  
CGER1 with  an  opt ion  p a r a m e t e r ;  however  this p a r a m e t e r  would have b e c o m e  r e d u n -  
d a n t  in the  r e a l  rou t ine  SGER1. R a t h e r  t h a n  have  r e d u n d a n t  p a r a m e t e r s ,  or  d i f fe ren t  
p a r a m e t e r  l is ts  for  the  r ea l  and  c o m p l e x  rou t ines ,  we have  c h o s e n  two d i s t inc t  c o m -  
p lex  rout ines ;  t h e y  a re  ana logous  to the  level  I BIAS CDOTC (c ~- c + xHy) and CDOTU 
(c .- c + x r u ) .  

We have  inc luded  an  e r r o r  p a r a m e t e r  INF0 in e a c h  of the  rou t ines .  This is a 
d e p a r t u r e  f r o m  the  conven t ions  of the  level I BIAS, bu t  is p r o m p t e d  by the  i n c r e a s e d  
poss ibi l i t ies  for  e r r o r  ( i n c o r r e c t  d imens ion ing  of 2 -d imens iona l  a r r ays ,  division by  
zero  in t he  solut ion  of t r i a n g u l a r  s e t s  of equat ions) ,  and  the  d e c r e a s e  in t he  re la t ive  
cos t  of check ing  for  e r ro r s .  

The CHARACTER p a r a m e t e r s  UPLO, TRANS, DIAG, a r e  to  be  c o m p r i s e d  of t ex t  in 
the  F o r t r a n  c h a r a c t e r  set .  This conven t ion  will be  a d h e r e d  to in the  t e s t ing  p r o g r a m s  
and the  p o r t a b l e  F o r t r a n  ve rs ion  of the  Level 2 BIAS. On c e r t a i n  m a c h i n e s ,  which do 
no t  use  the  ASCII s equence  on all of t he i r  F o r t r a n  s y s t e m s ,  lower case  c h a r a c t e r s  m a y  
not  exist .  So t h a t  the  i n n o c e n t  looking a r g u m e n t  '~', p a s s e d  t h r o u g h  the  p a r a m e t e r  
TRANS for  des igna t ing  a t r a n s p o s e d  ma t r i x ,  is no t  in the  F o r t r a n  c h a r a c t e r  set .  S o m e  
UNIVAC s y s t e m s  do no t  have a lower case  r e p r e s e n t a t i o n  using the  'field d a t a '  c h a r a c -  
t e r  set .  On the  CDC NOS-2 sys t em,  a m e c h a n i s m  is p rov ided  for  a full 128 ASCII cha r -  
a c t e r s  b y  using pa i r s  of 6-bi t  hos t  c h a r a c t e r s  for  c e r t a i n  7-bi t  ASCII c h a r a c t e r s .  This 
m e a n s  t h a t  t h e r e  is a '2 for  I '  phys ica l  ex t ens ion  of the  logical  r e c o r d s  t h a t  con ta in  
lower case  l e t t e r s .  This f ac t  can  h a m p e r  po r t ab i l i t y  of codes  wr i t t en  on ASCII 
m a c h i n e s  t h a t  a r e  l a t e r  m o v e d  to CDC s y s t e m s .  The only safe way to p r o c e e d  is to 
c o n v e r t  the  t r a n s p o r t e d  t ex t  en t i r e ly  into the  F o r t r a n  c h a r a c t e r  se t .  On the  o t h e r  
hand  we bel ieve  t h a t  u se r s  on ASCII c h a r a c t e r  s e t  s y s t e m s  m a y  wish to develop  
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special versions of the Extended BLAS package that treat upper and lower case 
letters as equivalent in meaning. If this is done, it means that text that will be tran- 
sported to machines of unknown types must have the ASCII set mapped into the For- 
tran character set before the text is moved. 

The band storage scheme used by the GB, HB, SB, and TB routines has columns of 
the matrix stored in columns of the array, and diagonals of the matrix stored in rows 
of the array. This is the storage scheme used by LINPACK. An alternative scheme 
(used in some EISPACK [6,9] routines) has rows of the matrix stored in rows of the 
array, and diagonals of the matrix stored in columns of the array. The latter scheme 
has the advantage that a band matrix-vector product of the form ~ ~- aAz + y can be 

computed using long vectors (the diagonals of the matrix) stored in contiguous ele- 
ments, and hence is inuch more efficient on some machines (e.g. CDC Cyber 205) than 
the first scheme. However other computations involving band matrices, such as 
= ~- Yz, = ,- T-Iz and LU and U~'U factorization, cannot be organized 'by diagonals'; 
instead the computation sweeps along the band, and the LINIPACK storage scheme has 
the advantage of reducing the number of page swaps and allowing contiguous vectors 

(the columns of the matrix) to be used. 

Although not discussed here, we plan to provide a portable testing package for 
each of the four parts of this extended BLAS package. The test package will be self- 

contained; generating test data and checking for cordorrnity with this proposal in a 
portable fashion. 

We considered the possibility of ==eneralizing the rank-i and rank-2 updates to 
rank-k updates. Rank-k updates with ~ > I (but ~ << ~) can achieve signilf[cantly 
better performance on some machines than rank-l. But to take advantage of this usu- 
ally requires complicating the calling algorithm; and moreover rank-k updates with 
~: ~ ~ would allow an even higher level operation such as matrix mul~iplication 'in by 
the back door'. We prefer to keep to a clean concept of genuine matrix-vector opera- 
lions. 

In this section we have tried to explain some of the design decisions which we 

have taken. We welcome comment from people who feel that we have overlooked 
knportant considerations, or at least have not attached enough weight to them. 
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P a r t  2: 

8. Appl icabi l i ty  of a Se t  of Level  2 BIAS 

The p u r p o s e  of P a r t  2 is to d e m o n s t r a t e  the  wide appl icab i l i ty  of the  se t  o[ Level 2 
BIAS p r o p o s e d  in P a r t  t. UNPACK and EISPACK are  t a k e n  as well-known e x a m p l e s  of 
heavi ly  u sed  sof tware  which could, with hindsight ,  have  m a d e  ex tens ive  use  of such  a 
s e t  of BIAS; fu tu re  ve r s ions  m a y  do jus t  tha t .  The m o s t  s t r a i g h t f o r w a r d  way to use  the  
Level 2 BIAS is as c o m p o n e n t s  in the  d e v e l o p m e n t  of new sof tware;  working out  how 
to fit t h e m  into exis t ing so f tware  c a n  be  m o r e  c o m p l i c a t e d ,  b u t  m a y  still  be v e r y  
worthwhile  if i t  leads  to s u b s t a n t i a l  i m p r o v e m e n t s  in p e r f o r m a n c e ;  a s imi la r  exe rc i s e  
has  a l r e a d y  b e e n  u n d e r t a k e n  on s e l e c t e d  NAG Libra ry  rou t i ne s  to improve  the i r  per= 
f o r m a n c e  on v e c t o r  p r o c e s s o r s  [ t]. 

Sec t ions  10 and  t t d e m o n s t r a t e  in s o m e  de ta i l  how calls to  individual  Level 2 
BLAS c a n  be u sed  to p e r f o r m  the  bu lk  of t he  c o m p u t a t i o n  in the  CP0-, CPP- and  CPB- 
s e t s  of LINPACK rou t ines .  Sec t ion  t2  su rveys  t he  b r o a d  app l icab i l i ty  of the  en t i r e  s e t  

of Leve l  2 BIAS in LINPACK and EISPACK. 

9. Example: the CPO-- Routines in UNPACK 

(This  s e c t i o n  has  6eer~ d e l e t e d  for space  rectSOTtS. Cow, s'tt~t the f u l l  p r o p o s a l  for 
d~ ~ ~U~. ) 

I0. Extensions: the CPP-and CPI3-Routines in UNPACK 

(TA~ sect~ has been deleted .for space reasoTts. Consult th~ .f?.dl proposal .for 

11. Scope of Application in  LINPACK a n d  EISPACK 

Table 1 shows, wi thout  any  c l a i m  to c o m p l e t e n e s s ,  where  calls to the  p r o p o s e d  se t  
of Level 2 BLAS m i g h t  be  i n c o r p o r a t e d  into LINPACK or  EISPACK rou t ines  (only the  

r ea l  single p r ec i s ion  se t  have  b e e n  cons ide red ,  and  EISPACK rou t i ne s  which o p e r a t e  
on c o m p l e x  m a t r i c e s  have b e e n  omi t t ed ) .  Many of the  cal ls  to SGEMV and SGER1 a r i se  
in the  app l i ca t ion  of a H o u s e h o l d e r  t r a n s f o r m a t i o n  to a ma t r ix .  The c o m p u t a t i o n  

X .- (I - a ~ r ) x  = X - ~ ( x r ~ )  r 

12 



can be performed by the following operations using the Level 2 BIAS in conjunction 

with a work vector zu: 

zu~-0 

zu 4- Xrz~ + zu (SGE,~IV) 

X .- -az~zu r + X (SGER ~) 

Some latitude has been allowed in drawir~ up Table I, in that a suitable work vector 
may not be available in the existing code. Similarly, to make use of $TRIV in SGESL 
would require the interchanges to be handled differently by the SGE- set of UNPACK 

routines. 

Furthermore, many o[ the algorithms listed in Table i can be organized in 

different ways, as was pointed out by Dor~arra, Gustavson and Karp [5] for matrix 
multiplication and LU-factorization. Following their convention, in which the basic 

operation in the innermost loop is somethir~ like ~j ,- ~/ ± a.¢~ : 

- with ~ as the ou te rmos t  loop index, the resul t  is computed  
row by row: 

- with ] as the outermost loop index, the result is computed 

column by column; 

-with £ as the outermost loop index, the computation proceeds by 
updating a large submatrix and (in most algorithms) reducin~ the 

dimension of the probleru by one at each stage. 

13 



BLAS 

SGEIvIV 

SGERi 

SSYMV 

SSYRI 

SSYR2 

UNPACK 

SGEDI 
SQRDC 
SSVDC 

SPODI 
SGEFA 
SGEDI 
SGHFA 
SQRDC 
SSVDC 

SCHDC 
SPODI 
SSIFA 

Table 1 

EISPACK HLAS 

ORTHES SSPIvIV 
ORTHAK 
ORTRAN SSPR[ 
ELMHES 
QZHES 
TRED2 SSPR2 
TRBAKI 
TRBAK3 STRMV 
REDUC 

STPMV 
0RTHES 
0RTHAK STRIV 
0RTRAN 
QZHES 
TRED2 
TRBAKI 
TRBAK3 STPIV 

TEED t 
TRED2 STBIV 

TREDt 
TRED2 

LINPACK 

SPPDI 
SSPFA 

SPPDI 

SGESL 
SPOFA 
SPBFA 
SPOSL 

SPPSL 
SPPFA 

SGBSL 
SPBSL 

EISPACK 

TRED3 

TRED3 

ELMHAK 

ELMHES 

REDUC 

REBAK 

In  F o r t r a n  code,  in o r d e r  to avoid pag ing  p r o b l e m s ,  the  j - f o r m  is usua l ly  p r e -  
f e r r e d  to t he  i - f o r m ,  bu t  the  i - f o r m  would be p r e f e r r e d  if m a t r i c e s  were  s t o r e d  by  
rows. The i - f o r m  and j - f o r m  can  of ten  p e r m i t  GAXPY o p e r a t i o n s  [5] in the i r  inne r -  
m o s t  loops,  so a re  l ikely to be f avorab le  on a CRAY-I, whe rea s  the  &-form (which can  
work  e i t h e r  by  row or co lumn)  would be p r e f e r a b l e  on m a c h i n e s  which allowed the  
individual  AXPY o p e r a t i o n s  of a r a n k - I  u p d a t e  to be  p e r f o r m e d  in paral le l .  Each  of the  

14 



t h r e e  m e t h o d s  of organizing an  a l g o r i t h m  c a n  involve calls to d i f fe ren t  Level 2 BIAS. 
For  example ,  for LU-fac tor iza t ion ,  

- the  ~ - fo rm r equ i r e s  STRIV (x ~- U - r x )  and  SGEIvlV (y ~- aArx  + y )  

- the  j - f o r m  requ i re s  STRIV (x ,- L - Ix )  and SGEIvIV (y ~- aAx + y )  

- t h e / c - f o r m  r equ i r e s  SGERI (A ~- a~uj r + A) 

In all the  a lgo r i t hms  s tud ied  which  involve s y m m e t r i c  m a t r i c e s ,  it has  p r o v e d  
possible  to find a f o r m  which p e r m i t s  the  use  of p a c k e d  s to rage  in con junc t ion  with 
the  Level 2 BLAS. Consider  as an  e x a m p l e  the c o m p u t a t i o n  of L-IAL - r  for  s y m m e t r i c  
A using p a c k e d  s t o r a g e  (i.e. a " p a c k e d "  ve r s ion  of the  EISPACK rou t ine  REDUC). If the  
lower t r i ang les  of A and 15 are  p a c k e d  b y  co lumns ,  the  c o m p u t a t i o n  c a n  be  imple-  
m e n t e d  by calls to SSPR2 (A ~- a z y  r + a y z  r + A) and  STPIV (z ~- L - I z ) ;  if the  lower 
t r i ang les  a re  p a c k e d  by rows, this  is equ iva len t  to c o m p u t i n g  U-rAU -I with the  u p p e r  
t r i ang les  of A and U p a c k e d  by  co lumns ,  and  can  be i m p l e m e n t e ' l  by  calls to STPIV 
(z ,- U - I z )  and SSPMV (y 4- a A x + y  for  s y m m e t r i c  A). 

A f u r t h e r  d e g r e e  of va r i a t i on  is i n t r o d u c e d  if for  any  r e a s o n  we wish to p e r f o r m  
the  basic  t r i angu l a r  f ac to r i za t i ons  ' b a c k w a r d s '  (i.e. as UL, LrL  or  UU r ). 

Allowing for  all t he se  poss ib i l i t ies  within a smal l  se t  of f u n d a m e n t a l  a lgo r i t hms ,  
yields app l i ca t ions  ]or  e a c h  of the  p r o p o s e d  Level 2 BLAS, e x c e p t  the  b a n d e d  m a t r i x  
v e c t o r  p r o d u c t s .  We cons ide r  i t  i m p o r t a n t  t h a t  the  se t  of e x t e n d e d  BLAS be 
suff icient ly wide to p e r m i t  th is  d e g r e e  of va r i a t ion  and  no t  to  c o n s t r a i n  the  f r e e d o m  
of sof tware  deve lopers .  

These  r e m a r k s  have c o n c e n t r a t e d  on a lgo r i t hms  for  dense  m a t r i c e s  wi th  a sirnple 
s t r u c t u r e .  I t  is h o p e d  t h a t  t he  Level 2 BLAS m a y  also p rove  useful  when  deal ing wi th  
m a t r i c e s  with m o r e  c o m p l i c a t e d  s t r u c t u r e s ,  if this c a n  be done  by  sph t t ing  t h e m  into 
dense  s u b - m a t r i c e s .  

12.. A c k n o w l e d g e m e n t s  

An ea r l i e r  d r a f t  of this p roposa l  w~s d i scussed  a t  the  P a r v e c  IV Workshop organ-  
ized by John Rice a t  P u r d u e  Univers i ty  on Oc tobe r  29-30, 1984. We wish to t h a n k  all 
the  participeLnts a t  t h a t  workshop  for the i r  c o m m e n t s ,  d iscuss ions ,  and  e n c o u r a g e -  
me nt. 
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A p p e n d i x  A 

(TA'~s sect~n Aas been 'deteted for space TeaSOTt.S. Co71.s'II.£I~ the f'M,L£ proposal foT 
d~ ~ a~.s. ) 

Appendix B 

(TIt~ sec~T~ Aas beeT~ deteted for space reasona. Consult the/u.t£ proposal for 

de t a#,ts. ) 

Appendix C 

This appendix contains the calling sequences for all the proposed level 2 BLAS. 

options dim b-width scalar matrix x-vector y-vector info 

_G~V( TRAN~, M, N, ALPHA, A, LDA, X, [NCX, Y, [NCY, INFO ) 

_C,.BMV( TRAN3, M, N, KL, KU, ALPHA, A, LIiA, X, [NCX, Y, INCY, INFO ) 

_HEMV( UPLO, N, ALPHA, A, LDA, X, [NCX, Y, INCY, INFO ) 

_HHMV( UPLO, N, K, ALPHA, A, LDA, X, INCX, Y, INCY, [NFO ) 

_HPMV( UPLO, N, ALPHA, AP, X, INCX, Y, [NCY, INFO ) 

_SYI4V( UPLO, N, ALPHA. A, LDA, X, [NCX, Y, INCY, INFO ) 

_SBI4V( UPLO, N, K, ALPHA, A, LDA, X, INCX, Y, [NCY, INFO ) 

• .SPMV( UPLO, N, ALPHA, AP, X, [NCX, Y, [NCY, INFO ) 

_TI~4V( UPLO. TRANS, D[AG, N, A, LDA, X, [NCX, [NFO ) 

..TBMV'( UPLO, TRAN3, D[AG, N, K, A, LDA, X, [NCX, INFO ) 

_TPMV( UPLO, TRAN3, DIAG, N, AP, X, [NCX, [NFO ) 

_TR[V( UPLO, TRANS, D[AG, N, A, LDA, X, [NCX, INFO ) 

._TB[V( UPLO, TRANS, DIAG, N, K, A, LDA, X, INCX, INFO ) 

_TPIV( UPLO, TRAN3, D[AG, N, AP, X, [NCX, INFO ) 

nam~ opt ions  dim s c a l a r  x - v e c t o r  y - v e c t o r  matr ix  ir~'o 

-GERI..( M, N, ALPHA, X, INCX. Y, INCY, A LDA, INFO ) 

_HEM( UPLO, N, ALPHA, X, [NCX, A, LDA, [NFO ) 

..HPRI( UPLO, N, ALPHA, X, [NCX, AF, INFO ) 

_HERR( UPLO, N, ALPHA, X, INCX, Y, [NCY, A, LDA, INFO ) 

_HPRZ( OPLO, N, ALPHA, X, INCX, Y, [NCY, AP, [NFO ) 

..SYRI ( UPLO, N, ALPHA, X, I NCX, A, LDA, I NFO ) 

_SPRI( UPLO, N, ALPHA, X, INCX, AP, INFO ) 
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.~YP~ ( ~LO, 

-SPI~( UPLO. 

N, ALPHA, X, [NCX, Y, INCY', A, LDA, INFO ) 

N, ALPHA, X, [NCX, Y, INCY', AFo INFO ) 
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