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Notation of this documentation follows strictly that of the paper

Matlab tools for HDG in three dimensions

1 Pseudo-Matlab notation

Assume that u is a column vector with N components and A is an M x N matrix. We then consider the
M x N matrix u" ® A := A diag(u) with elements

(u” ©A)y; = u;Ay.
Similarly, if v is a column vector with M components, we consider the matrix v ® A := diag(v)A, i.e.,
(V ® A)lj = UiAij~

Assuming correct sizes for the matrices and vectors (vectors will be assumed to be column vectors through-
out), both operations can be easily accomplished in Matlab

bsxfun(@times,u’,A) % row times matrix
bsxfun(@times,v,A) % column times matrix

We will use Kronecker products in a very particular form. Assume that ¢ is a column vector with N
components and that A is a m X n matrix. Then

CT®A=[01A‘62A‘“- ‘CNA]

is a m x (nIN) matrix, organized in N blocks of size m x n. It will be the case that we will want the
result stored as a 3-dimensional m x n x N. This is easily programmed as follows

cA=kron(c’,A):
cA=reshape(cA, [m,n,N]);

For convenience, we will also write

a] :=row(A,i)

to select the i-th row of a matrix A. Finally, in the last part of the code we will use the symbol e to
represent the element by element multiplication of arrays (Matlab’s .* operator).

2 Geometric elements

2.1 Reference elements

We first consider the reference tetrahedron K , with vertices
61 = (0,0,0) {’\2 = (1,0,0)7 63 = (071,0), 64 = (0,0,1).

Note that |K| := vol K = 1/6. We also consider the two dimensional reference element Ky := {(s,t) :
s,t > 0,5+t <1} with vertices

W1 = (0,0),  Wo:=(1,0), W3:=(0,1).



2.2 Tetrahedra

Given a tetrahedron with vertices (v1, va,v3,v4) (the order is relevant), we consider the affine mapping
Fr: K= K
Tog —T1 X3 —T1 T4—T1
Fg(X) = BrX + vy, Bek=|v%—-—vn Ys—wn1 ys1—wun
2 —Z21 3T k1 R4 A

so that Fg(v;) = v; for ¢ =€ {1,2,3,4}. All elements of the triangulation will be given with positive
orientation, that is,

d%BK:6m1:(wg—w)xwg—wn-WA—w)>0

2.3 Parametrization of triangles

A triangle e in R? with vertices (w1, wa, w3) (the order is relevant), will be parametrized via ¢, : I?g — e,
given by
Ge(s,t) =s(wa —wi) +t(wg —wi)+wi,  [0s¢, X Op,| = 2le],

so that ¢, (W;) = w;, for i € {1,2,3}. The local orientation of the vertices of e gives an orientation to the
normal vector: we will define the normal vector so that its norm is proportional to the area of e, that is

n, := %((wz —wip) X (W fwl)).

2.4 Parametrization of the faces of a tetrahedron

Given a tetrahedron K with vertices (v1, va, vs, v4) we will consider its four faces given in the following
order (and with the inherited orientations):

el — (v1,va,Vvs) 1 2 3
el — (v1,va,Vvy4) 1 2 4
el — (v1, Vs, Vvyq) 1 3 4
ek — (V4, Va2, V3). 4 2 3

(Note that with this orientation of the faces, the normals of the second and fourth faces point out-
wards, while those of the first and third faces point inwards. This numbering is done for the sake of
parametrization.)

The parametrizations of the faces e € £(K)

OK Ky o el 1e{1,2,3,4),

given by the formulas

1 (s,t) := (s,1,0)
5 (s,1) := (s,0,1)
5 (s,1) = (0,s,1)
AN (s,t) = (s,t,1 — s — 1)

will be used for integrals on JK.



2.5 The permutation index

Consider the affine invertible maps F), : l?g — K o given by the formulas

(s,2) := (s,1) (1 2 3]
Fy(s,t) = (t,5) 1 3 2
Fs(s,t) :=(t,1 —s—1) 3 1 9
Fy(s,t) :=(s,1—s—1) 3 2 1
Fs(s,t) :=(1—s—1,s) 2 3 1
Fg(s,t) :=(1—s—t,1) 2 1 3|

The table on the right shows the indices of images of the vertices (W1, Wo, W3), with boldface font for
those that stay fixed. We note that F», F; and Fg change orientation.
Given a tetrahedron K, assume that the face e = ef . We thus have six possible cases of how the

parametrizations 455( and ¢, match. We will encode this information in a matrix so that

p=perm(K,f) and e=ef imply ¢, 0 F, = ¢,

2.6 A tetrahedrization in basic and expanded forms

We are given a polyhedral domain €2, with faces grouped in two subsets I'p and I'y (for Dirichlet and
Neumann boundary conditions), and a tetrahedrization of Q. The basic tetrahedrization is given through
four fields:

e T.coordinates is an Ny X 3 matrix with the coordinates of the vertices of the triangulation,

e T.elements is an Ny X 4 matrix: the K-th row of the matrix contains the indices of the vertices
of K; positive orientation is assumed,

e T.dirichlet is a Ngj X 3 matrix, with the vertex numbers for the Dirichlet faces,
e T.neumann is a Ny, X 3 matrix, with the vertex numbers for the Neumann faces.

For the boundary faces, it is assumed that either all of them are given with positive orientation (normals
pointing outwards) or all of them are given with negative orientation. This is an example of a basic
tetrahedral data structure, for a partition with 48 vertices, 108 tetrahedral elements, 36 Dirichlet faces
and 48 Neumann faces.

coordinates: [48x3 double]
elements: [108x4 double]
dirichlet: [36x3 double]
neumann: [48x3 double]

In expanded form, the tetrahedral data structure contains many more useful fields.
e In this form, the faces listed in the fields T.dirichlet and T.neumann are positively oriented.

e T.faces is a N X 4 matrix with a list of faces: the first three columns contain the global vertex
numbers for the faces (its order will give the intrinsic parametrization of the face); Dirichlet and
Neumann faces are numbered exacly as in T.dirichlet and T.neumann, the fourth column contains
an index:



— 0 for interior faces
— 1 for Dirichlet faces
— 2 for Neumann faces

e T.dirfaces and T.neufaces are row vectors with the list of Dirichlet and Neumann faces (that is,
they point out what rows of T.faces contain a 1 (resp a 2) in the last column)

e T.facebyele is an Ny X 4 matrix: its K-th row contains the numbers of faces that make up 0K;
they are given in the order shown in Section 2.4, that is, locally

I e
DN W N DN
W ks W

This is the matrix we have described as ef .

e T.perm is an Ngp X 4 matrix containing numbers from 1 to 6; the K-th row indicates what permu-
tations are needed for each of the faces to get to the proper numbering of the face (see Section 2.5),
i.e., this is just the matrix perm(K,¢)

e T.volume is a Ng X 1 column vector with the volumes of the elements
e T.area is a N X 1 column vector with the areas of the faces

e T.normals is a Ng X 12 matrix with the non-normalized normal vectors for the faces of the ech;
its K-th row contains four row vectors of three components each

[nf |ng |ng |n] ]

so that ny is the normal vector to the face ef*, pointing outwards and such that [n,| = |ef].
T =
coordinates: [48x3 double]
elements: [108x4 double]
dirichlet: [36x3 double]
neumann: [48x3 double]
faces: [258x4 double]
dirfaces: [1x36 double]
neufaces: [1x48 double]
facebyele: [108x4 double]
orientation: [108x4 doublel
perm: [108x4 doublel
volume: [108x1 double]
area: [258x1 double]
normals: [108x12 double]

In what follows we will frequently identify

7715{17~~'7Nelt}

gh5{17«~~

) Nfc}'



3 Quadrature

3.1 Volume integrals

Quadrature rules will be given in the reference element K. They will be composed of quadrature points,
given by their barycentric coordinates, and weights. Geometrically, we can think of points

f)q = (quaif/\qazq)a q:]-v'“qud
and weights @,, with the normalization

Nya
Z@q =1, so that /A o~ Zaqﬁb(ﬁq)-
q=1 1

K

For a general tetrahedron, we will approximate
[ o=detBuc [ ooFu~ K| @opl)  with B = Fx(p).
K K
q

For convenience, a quadrature formula will be stored in an Nqq % 5 matrix. The ¢-th row contains the
barycentric coordinates of p, and then the weight &, that is, we store

(1- Tg —Yqg — 29, Zq, yq»Zq,wq)

as rows. We will also consider the Ngq X 4 matrix A with the barycentric coordinates of the quadrature
points.

3.2 Integrals on faces

Two dimensional quadrature rules will be given in the reference element I?g, using points and weights so

that
qu2

> @ =1 and thus /A o~ 3y @o(@), =5 t)
r=1 K> r
To compute an integral on e € &, we simply parametrize from IA(2 and proceed accordingly:
[o=2l [ sos. xS mota)  with  q = 6.@)
e Ko s

A face quadrature formula will be stored in an Ngqo x 4 matrix, with the barycentric coordinates of the
quadrature points in the first columns and the weights in the last one. The r-th row of this matrix is
therefore R R

(1 -5, —tr, Sp, by, wopr).

The Nqq2 % 3 with the barycentric coordinates of the quadrature points will be denoted =.

3.3 Integrals on boundaries of tetrahedra

In many cases we will be integrating on a face that is given with geometric information of an adjacent
tetrahedron. The quadrature points q, lead to four groups of quadrature points on the faces of K (see
Section 2.4):

ar = (

a7 = (

ay = (0,3,,t,)
(

54 . —
q, =



For a given ¢ : K — R, we can approximate

[l mitat) w0l = F@) = dox (Fpammc (@)

) r

and thus

4
JREED T ) DERICTAE
oK =1 r

4 Dubiner polynomial bases

4.1 The Dubiner basis in two variables

Let 9
_|_
do = do(k) = < 5

The Dubiner basis in two variables is a basis of the space of bivariate polynomials such that

) = dim Py (Ky).

DiD;=0 i#j Ky={2x—-(1,1)7 : xe K}
Ko

It is ordered in such a way that
Pr(Ks) = span{D; : j < da(k)} VEk > 0.

The Dubiner basis is evaluated using Jacobi polynomials (here we use a small variation of code by John
Buckhart for the evaluation of the Jacobi polynomials). Details on how this is coded can be found in
the documentation of the 2-dimensional HDG code. Given Npgints points q, = (sr,t,), the function
dubiner2d returns the matrices

Dj(qr)v asDj(qr)a 8tDj(qr)'

Output is given as three Npgints X d2 matrices.

function [db,dbx,dby]l=dubiner2d(x,y,k)
function [db,dbx,dby]l=dubiner2d(x,y, k)
input:

oo oo

o\

x,y: the coordinates at which we evaluate the Dubiner basis
k: the degree of the polynomial. Must be a column vector.

o

o

output:
db: the value of dubiner basis at given coordinates, Nnodes x Nbasis
dbx: the derivative to x of the Dubiner basis, Nnodes x Nbasis
dby: the derivative to y of the Dubiner basis, Nnodes x Nbasis

o° o° o o

o

Last modified: June 5 2012

Nnodes=size (x,1);
Nbasis=nchoosek (k+2,2);
db=zeros (Nnodes, Nbasis) ;
dbx=zeros (Nnodes, Nbasis) ;
dby=zeros (Nnodes, Nbasis) ;
etal (y#1)=2x (1+x (y#1)) ./ (1=y (y#1))—1;
etal (y==1)=—1; etal=etal’';
etal2=y;
% locate the index with p,g
a=zeros (k+1,k+1);
index=1;
for 1=2:k+2

for i=1-1:-1:1




a(i,l—i)=index;
index=index+1;
end
end
loc=Q@(p,q) al(p+l,g+l);

o

% Dubiner Basis

JP=JacobiP (k,0,0,etal);

for p=0:k
A=JP (:,p+1l) .*((1l—eta2)/2) . p;
JPQ=JacobiP (k—p, 2+xp+1,0,eta2);
for g=0:k—7p

db(:,loc(p,q))=A.*xJPQ(:,g+l);

end

end

ol

% Derivative of Dubiner Basis

dbx (:,1loc(0,0))=0.xx; % DB_x"{0,0}
dby (:,1oc(0,0))=0.xy; $ DB_y"{0,0}
if k>0
dbx (:,loc(1l,0))=1+0.xx; $ DB_.x"{1,0}
dby (:,loc(1,0))=1/2+0.xy; % DB_y“{1,0}
end

for p=1:k—-1
dbx (:,loc(p+1,0))=(2xp+1l)/ (p+1l) * (1+2.%x+y) /2.xdbx (:,loc(p,0)) ...
—p/ (p+1) *x (1—y) . 2/4.%dbx (:, loc(p—1,0)) ...
+(2+p+1) / (p+1l) xdb (:, loc(p,0));
dby (:,loc(p+1,0))=1/2% (2+xp+1)/ (p+1) xdb (:, loc(p,0)) ...
+(2xp+1) / (p+1) x (14+2*x+y) /2 .xdby (:, loc(p,0)) ...
—p/ (p+1)*(1/2* (y—1).xdb(:,loc(p—1,0))+(1—y)."2/4.+dby(:,loc(p—1,0)) );
end
for p=0:k—1
dbx (:,loc(p,1))=dbx (:,loc(p,0)) .* (1+2xp+ (3+2xp) *y) /2;
dby (:,loc(p,1))=dby(:,loc(p,0)) .* (1+2%p+ (3+2xp) xy) /2+ (3+2+p) /2*xdb (:,loc(p,0));
end

for p=0:k—1
for g=1l:k—p—1
a= (2xg+2+p+2) * (2%q+2+p+3) /2/ (q+1) / (g+2+p+2) ;
b= (2xg+2+p+2) * (2xp+1) “2/2/ (gq+1l) / (g+2*p+2) / (2xg+2xp+1) ;
c=(2+g+2+p+3) * (g+2xp+1) xq/ (g+1) / (q+2+p+2) / (2xq+2xp+1) ;
dbx (:,loc(p,gt+l))=(axytb) .xdbx (:, loc(p,q))—c*xdbx(:,loc(p,g—1));
dby (:,loc(p,g+l))=(a*xy+b) .xdby(:,loc(p,q))—c*dby(:,loc(p,g—1))+axdb(:,loc(p,q));
end
end
return

function v = JacobiP (n, alpha,beta, x)

o

Subfunction with evaluation of Jacobi polynomials
taken from code by John Burkardt,
distributed under the GNU LGPL license

o

o

v=zeros (size(x,1),n+l);

v(:,1) = 1.0;
if ( == 0 )
return
end
v(:,2) = (1.0 + 0.5  ( alpha + beta ) ) * x(:) + 0.5 » ( alpha — beta );
for 1 = 2 n

i — 2 + alpha + beta );

cl =2 1 x (1 + alpha + beta ) x ( 2 x
2 % 1 + alpha + beta )

c2 = (2 % 1i— 1+ alpha + beta ) * (
* (2 1 — 2 + alpha + beta );




c3 = (2 % 1i—-—1+ alpha + beta ) * ( alpha + beta ) x ( alpha — beta );

cd =—2 % (1—1+ alpha ) » (1 —1 + beta ) * (2 % i + alpha + beta );
v(:,i41) = ( (3 + c2 * x(:) ) .* v(:,1) + cd % v(:,1i-1) ) / cl;

end

return

4.2 The Dubiner basis in three variables

We now denote _
ds := ds(k) = ( ;)L ) = dim Py (K).

A basis {Pj} of the space of 3-variate polynomials is given with the orthogonality property

/V PP=0 i#j K={x-(1,1,1)7 :xeK}.
K
We also assume that 5

Pr(K) =span{P; : j <ds(k)} VEk > 0.

Output is given in a similar way to the dubiner2d code: given points p,, we evaluate

Pj(Pq)v 8mpj(pq)’ aypj(pq)a asz(Pq)

and output as four Npgints X d3 matrices.

function [db,dbx,dby,dbz]=dubiner3d(x,y,z,k)
function [db,dbx,dby,dbz]=dubiner3d(x,v,z,k)
input:

o

X,Y,z: the coordinates at which we evaluate the Dubiner basis
k: the degree of the polynomial. Must be a column vector.

o o o

output:
db: the value of dubiner basis at given coordinates, Nnodes x Nbasis
dbx: the derivative to x of the Dubiner basis, Nnodes x Nbasis

do o° ode oe

dby: the derivative to y of the Dubiner basis, Nnodes x Nbasis
dbz: the derivative to y of the Dubiner basis, Nnodes x Nbasis
Last modified: May 16 2012

oo e

Nnodes=size (x,1);
Nbasis=nchoosek (k+3, 3);
db=zeros (Nnodes, Nbasis) ;
dbx=zeros (Nnodes, Nbasis) ;
dby=zeros (Nnodes, Nbasis) ;
dbz=zeros (Nnodes, Nbasis) ;

a=Q@ (al,be,n) ( (2xn+l+al+be) *x (2xn+2+al+be) )/ ( 2x(n+l)* (n+l+al+be) );
b=@(al,be,n) ( (al"2—be"2)x* (2«n+l+al+be) ) / ( 2+ (n+l)* (2xn+al+be) *...
(nt+l+al+be) )
c=@ (al,be,n) ( (n+al)*(nt+be)x* (2*n+2+al+be) ) / ( (n+l)* (n+l+al+be) ...
(2xn+al+be) )

o

% Locate the basis with index p,q,r
index=zeros (k+1,k+1,k+1);
count=1;

<

for j=0:k
for il=3j:-1:0
for i2=9—1i1:—-1:0
index (1i1+1,i2+1, j—i1—i2+1)=count;
count=count+1;
end
end

10




end
loc=@(11,12,13) index(il+1,12+1,13+1);

Fl= (2+42*x+y+z)/2; Flx= 1+0xx; Fly= 1/2+0%*x; Flz= 1/2+0%*x;
F2= ((y+z)/2).72; F2x= 0.*X; F2y= 1/2% (y+z); F2z= 1/2%(y+z);
F3= (2+43%y+z)/2; F3x= 0+0.xx; F3y= 3/2+0.xx; F3z= 1/24+0.*x;
Fd= (1+2xy+z)/2; Fidx= 0+0.xx; Fdy= 1+0.xx; Fdz= 1/2+0.xx;
F5= (1—2z2)/2; F5x= 0+0.xx; Fby= 0+0.%x; F5z= —1/2+40.*x;

db(:,1loc(0,0,0))=
dbx (:,1loc(0,0,0)
if k>0
db(:,1loc(1,0,0))=F1;
dbx(:,1loc(1,0,0))=Flx; dby(:,1loc(1,0,0))=Fly; dbz(:,loc(1,0,0))=Flz;
end
for p=1:k—-1
db(:,loc(p+1,0,0))=(2+p+l)/ (p+l)«Fl.xdb(:,loc(p,0,0)) ...
—(p/ (p+1))*F2.xdb(:,loc(p—1,0,0));
dbx (:,loc(p+1,0,0))=(2xp+1l)/(p+1l)+x( Flx.*db(:,loc(p,0,0)) +
Fl.xdbx(:,loc(p,0,0)) ) — (p/(p+1l))*( F2x.xdb(:,loc(p—1,0,0))+
F2.+dbx (:,loc(p—1,0,0)) );
dby (:,loc(p+1,0,0))=(2xp+1) /(p+1)+x( Fly.*db(:,loc(p,0,0)) +
Fl.+dby(:,loc(p,0,0)) ) — (p/(p+1l))*x( F2y.xdb(:,loc(p—1,0,0))+
F2.xdby(:,loc(p—1,0,0)) );
dbz (:,loc(p+1,0,0))=(2xp+1l)/(p+1l)x( Flz.xdb(:,loc(p,0,0)) +
Fl.xdbz (:,loc(p,0,0)) ) — (p/(p+l))*( F2z.xdb(:,loc(p—1,0,0))+
F2.+xdbz (:,loc(p—1,0,0)) ) ;

1;
=0xx; dby (:,10c(0,0,0))=0xy; dbz(:,1loc(0,0,0))=0xz;

end

for p=0:k—1
db(:,loc(p,1,0))=(p* (l+y)+F3) .xdb(:,1loc(p,0,0));
dbx (:,loc(p,1,0)) = F3x.xdb(:,loc(p,0,0)) +...
dbx (:,loc(p,0,0)) .x(p* (1l+y)+F3);
dby (:,loc(p,1,0)) = (p+F3y).*xdb(:,loc(p,0,0)) +...
dby (:,1loc(p,0,0)) . % (p* (1+y) +F3);
dbz (:,loc(p,1,0)) = F3z.xdb(:,loc(p,0,0)) +...
dbz (:,1loc(p,0,0)) .x(p*x (1+y)+F3);
end

for p=0:k—2
for g=1l:k—p—1

db(:,loc(p,gtl,0))=(a(2+xp+1l,0,q)*Fd4+b (2xp+1,0,q) *F5) .«db(:, loc(p,q,0)) ...
—c(2%p+1,0,q) *F5.72.%db(:,loc(p,g—1,0));

dbx (:,loc(p,gt+l,0))=(a(2xp+l,0,q) *Fdx+b (2+xp+1,0,q) *F5x) .xdb (:, loc(p,q,0)) ...
+(a(2xp+1,0,q) *F4+b (2+xp+1,0,q) *F5) . xdbx (:,loc(p,q,0)) ...
—2xc (2*p+1,0,q) *F5.%F5x.+db (:,loc(p,g—1,0)) ...
—c (2xp+1,0,q) *F5.72.xdbx (:,loc(p,g—1,0));

dby (:,loc(p,gtl,0))=(a(2xp+l,0,q) *Fdy+b (2+xp+1,0,q) *F5y) .»db (:,loc(p,q,0)) ...
+(a(2xp+1l,0,q) *F4+b (2+xp+1,0,q) *F5) . xdby (:, loc(p,q,0)) ...
—2%c (2xp+1,0,q) *F5.%F5y.xdb(:,loc(p,g—1,0)) ...
—c (2xp+1,0,q) *F5.72.xdby (:,loc(p,g—1,0));

dbz (:,loc(p,g+l,0))=(a(2+xp+l,0,q) *Fdz+b (2+xp+1,0,q) *F5z) .»db (:,loc(p,q,0)) ...
+(a(2xp+1l,0,q) xF4+b (2xp+1,0,q) *F5) . xdbz (:, loc(p,q,0)) ...
—2xc (2*p+1,0,q) *F5.%F5z.xdb (:, loc(p,g—1,0)) ..
—c (2xp+1,0,q)*F5.72.xdbz (:,loc(p,g—1,0));

end
end

for p=0:k—1
for g=0:k—p—1
db(:,loc(p,q,1)) =(l+p+tg+ (2+g+p)*z) .xdb(:,loc(p,q,0));
dbx (:,loc(p,q,1)) =(l+p+tg+ (2+g+p) *z) .xdbx (:,loc(p,q,0));
dby (:,loc(p,q,1)) =(l+p+g+ (2+g+p)*z) .xdby (:,loc(p,q,0));
dbz (:,loc(p,q,1)) =(l+p+tg+ (2+g+p) xz) .xdbz (:, loc(p,q,0)) ...
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+(2+p+q) xdb (:, loc(p,q,0));
end
end

for p=0:k—2
for g=0:k—p—2
1

for r=1:k—p—qg-1
db(:,loc(p,qg,r+l))=(a(2*p+2+xg+2,0,r) xz+b (2xp+2+qg+2,0,r)) . *. ..
db(:,loc(p,q,r))—c(2xp+t2xgq+2,0,r) «db(:,loc(p,q,r—1));
dbx (:,loc(p,q,r+l))=(a(2+xp+2xq+2,0,r) xz+b (2xp+2+qg+2,0,r) ) . *. ..
dbx (:,loc(p,q,r))—c(2+«p+2*xg+2,0,r) xdbx (:,loc(p,g,r—1));
dby (:,loc(p,q,r+l))=(a(2+«p+2xg+2,0,r) xz+b (2«p+2xq+2,0, 1)) . *. ..
dby (:,loc(p,q,r))—c(2+«p+2xg+2,0,r) *xdby (:,loc(p,g,r—1));
dbz (:,loc(p,q,r+l))=(a(2xp+2xq+2,0,r) xz+b (2+p+2xq+2,0, 1)) . *. ..
)) ...

dbz (:,loc(p,q,r))—c(2*xp+t2xg+2,0,r) xdbz (:, loc(p,q,r—1))
+ a(2+xp+2+g+2,0,r)*xdb(:,loc(p,q,xr));
end
end
end

return

5 Volume matrices and integrals

5.1 Representation of a piecewise polynomial function
Let k£ be a fixed polynomial degree and consider
Pji=Py(2 - —(1,1,1)7),  Pu(K)=span{P; : 1 <j <ds}.
This basis is hierarchical. We then consider the following basis of Py (K)
PK =P oFg, i=1,....ds.
A function in the space

W, = H 'Pk(K)Z{uh:Q%R : uh|K E'Pk(K) VKEITh}
Ke,ﬁl

will be represented in two possible forms: as a d3 X Ng matrix, whose K-th column contains the
coefficients of uy|x in the basis {PX}, or as a d3 Ny, column vector, with dz-sized blocks containing the
same values. The matrixz storage form will be preferred. The reshape command moves from one to the
other easily.

Warning. At every evaluation of the basis functions or their derivatives, we need to apply the following

rule
P(x)=P(2x—1), 8:P(x)=20:FP(2x—1), xe{z,y,2z}, 1:=(1,1,1)".

5.2 Computing all quadrature nodes at once

Let A be the Nyq x 4 matrix with the barycentric coordinates of the nodes of a quadrature formula (see
Section 3.1). Let
X" Y” Al

) )

be the 4 X Ngx matrices with the (x,y,z) coordinates of the four vertices of all elements (we count
elements by rows and vertices by columns). Then, the Ngq X Ngjx matrices

X :=AX7, Y :=AY7, Z .= AZT
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contain the coordinates of all quadrature nodes on all the elements. Therefore, if f is a vectorized function
of three variables, the Ngq X Ney, matrix f(X,Y,Z) contains the values of f at all the quadrature nodes.
The Matlab instruction to generate these points based on our data structure are:

x=T.coordinates(:,1); x=formula(:,[1 2 3 4])*x(T.elements’);
y=T.coordinates(:,1); y=formula(:,[1 2 3 4])*y(T.elements’);
z=T.coordinates(:,1); z=formula(:,[1 2 3 4])*z(T.elements’);

5.3 Testing a function on elements

Given a vectorized function f: Q) — R, we aim to compute the integrals
/ fPE i=1,...,d35, KE€T,
K
and store them in a d3 x Ng matrix. Let

qu IZPj(ﬁq), q:].,...,qu, j:].,...,dg.

Then

/KfPiK%IKIZGqf(p%)@(ﬁq)=IKIZ@qPqif(p%% i=1,....d35, KT
q q

If vol is the column vector with the volumes of all elements if & is the column vector with the weights of
the quadrature rule, this formula is

vol & (@@ P)Tf(X,Y,2)).

Implementation notes. The code admits a row cell array of functions as input. If the array contains
only one function, the output is a matrix. If the input contains several functions, then the output is a
row cell array with the matrices.

function Ints=testElem(f, T, k, formula)

o\

{Intl,Int2,...}=testElem({£f1,£2,...},T,k, formula)
Int=testElem({f}, T, k, formula)

o

o

$Input:

$ {f1,£2...} : cell array with vectorized functions of three variables
% T : expanded tetrahedrization

% formula : 3d quadrature formula (Nnd x 5)

% k : polynomial degree

%Output:

% {Intl,Int2,...}: each cell is d3 x Nelts (\int.K f{1} P_i"K)

o\

Int : matrix \int.K f£{1} P_i"K
$Last modified: March 14, 2013

x=T.coordinates (:,1);x=formula(:,1:4)+«x(T.elements"');
y=T.coordinates (:,2);y=formula(:,1:4)*y(T.elements’);
z=T.coordinates (:,3);z=formula(:,1:4)*z(T.elements"');
xhat=formula(:,2);
vhat=formula(:, 3);
zhat=formula(:,4);

P=dubiner3d (2+xxhat—1,2xyhat—1,2+zhat—1,k);
wP=bsxfun (@times, formula(:,5),P);

nInts=size(f,2);
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if nInts==1
Ints=bsxfun (@times, T.volume',wP'xf (x,vy,2z));
else
Ints=cell (1l,nInts);
for n=1l:nlInts
ff=f{n};
Ints{n}=bsxfun(@times, T.volume',wP'+ff (x,y,2z));
end
end
return

5.4 Mass matrices

Given a vectorized function m : 2 — R, we aim to compute the integrals
/nwfﬁ( i,j=1,...,d3, K €T,
K

and store them in a d3 X d3 X Ng array. We first change to the reference element and apply there a
quadrature rule:

/K m PP ~ K|S 6,(pE) Pi(B,) By (By):
q

Let X, Y, Z be the Nqq X Neit matrices with the coordinates of all quadrature nodes and let vol be the
column vector with the volumes of the elements. We thus consider the Nyq x Ngj¢ matrix

M = vol' ©m(X,Y,7),

compute

Z m;r ® (aqpqqu)a m;r = I‘OW(M, Q)7 qu = I‘OW(P, q)v
q

and reshape this d3 x (d3Neyt) matrix as a d3 x ds X N array.

Implementation notes. The code produces mass matrices associated to several coefficients. The input
is a row cell array and the output a cell array whose elements are the mass matrices.

function Mass=MassMatrix (T,coeffs,k, formula)

${M1,M2, ...}=MassMatrix (T, {cl,c2,...},k, formula)
$Input:
% T: expanded etrahedrization
% {cl,c2,...}: cell array with vectorized functions of three variables
% k: polynomial degree
% formula: quadrature formula in 3d (N x 5 matrix)
%Output:
{M1,M2,...}: each cell is d3 x d3 x Nelts (\int_K c{l1} P_.i"K P_j"K )

oo e

%$Last modified: March 14, 2013

Nnodes=size (formula,l);
Nelts=size (T.elements,1);
d3=nchoosek (k+3, 3) ;

(:,1);x=formula(:,1:4)*x(T.elements');
y=T.coordinates (:,2);y=formula(:,1:4)*y(T.elements’);
z=T.coordinates (:,3);z=formula(:,1:4)*z(T.elements'); % Nnd x Nelts
xhat=formula(:,2);
vhat=formula(:, 3);

x=T.coordinates
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zhat=formula(:,4);
P=dubiner3d(2+*xhat—1,2+xyhat—1,2+zhat—1,k); % Nnd x d3

nMass=size (coeffs,2);
Mass=cell (1, nMass) ;
for n=1:nMass
c=coeffs{n};
C=bsxfun (@times, T.volume',c(x,v,2)); % Nnd x Nelts
mass=zeros (d3,Nelts=*d3);
for g=1:Nnodes
mass=masst+kron(C(q, :), formula(q,5)*P (g, :) "*P(q, :));
end
mass=reshape (mass, [d3,d3,Nelts]);
Mass{n}=mass;
end
return

5.5 Convection matrices

The next aim is the computation of the matrices
/ PiKa*P]K7 iajzla"'ad?n Keﬁ“ *e{xvyaz}
K

to be stored in d3 X d3 X Ny arrays C*. The first step will require the computation of matrices on the
reference element by means of a quadrature formula of sufficiently high order:

6:] = /I?J/D\'La;c\ﬁj = %Zaqﬁl(ﬁq)a;ﬁj(ﬁq)a 7’7] = 17"'7d37 * € {.’L’,y,Z}.
q
If

P = a;ﬁi(ﬁq), g=1,...,Nq, i=1,...,ds, * € {z,y,z}

then R
Cr = %(@ ©oP)TP~.

We next make a change of variables to the reference element

axPjK 3§PJK
~_ T ~
/ Pl 9,PK = detBg /A PBy | 95PK
K K K N
5zf} 83f7(
K K Az K K
Uy auLy Ay Cij Axy a’zy Az
_ K Ay -T _ K K K
= Aoy Gy, G | detBkBr = | ay, ay, a. |,
K K p K K K
Ao azy Az C’sz Ay a‘zy A%z
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with (the element index K is omitted)

aze = (Y3 —y1)(za — 21) — (ya — y1)(23 — 21),
apy = (Ya—y1)(22—21) — (y2 —y1)(24 — 21),
Az = (Y2 —wy1)(z3 —21) — (y3 —y1)(22 — 21),
aye = (va—z1)(23 — 21) — (23 — 1) (24 — 21),
ayy = (v2—x1)(24 — 21) — (¥4 — 1) (22 — 21),
ay. = (x3—x1)(22 — 21) — (22 — 71)(23 — 21),
Uz = (23— 21)(ya —y1) — (22 — 21)(y3 — ¥1),
Ay = (za—21)(Y2 — 1) — (22 — 21) (Y2 — ¥1)s
Ay = ($2—951)(?43—y1)—($3—$1)(y2—yl)

If the previous nine quantities are computed for each of the elements and stored in nine column vectors
with Ngy components, it follows that

C® = a,®C"+a], ®CY+a,, ®C?,
¢V = a,®C"+a), ®C¥+a),®C*
¢ = a,®C"+al, ®C¥+al, ©C,

that is ~
c— Y al el
#e{x,y,2}

function [convx,convy,convz]=ConvMatrix (T, k, formula)

o

[convx, convy,convz]=ConvMatrix (T, k, formula)

Input:
T: expanded tetrahedrization
k: polynomial degree
formula: quadrature formula in 3d (N x 5 matrix)

o o o o

o o o

Output:

% convx: d3 x d3 x Nelts ( \int.K P_i"K \partialx P_j K )
% convy: d3 x d3 x Nelts ( \int.K P_i"K \partial.y P_j"K )
% convz: d3 x d3 x Nelts ( \int-K P_i"K \partial_-z P_-j°K )

tLast modified: March 14, 2013

Nelts=size (T.elements,1);
d3=nchoosek (k+3, 3) ;

xhat=formula(:,2);
vhat=formula(:,3);
zhat=formula (:,4);

[p,px,py,pz]=dubiner3d(2+«xhat—1,2+«yhat—1,2xzhat—1,k) ;
PX=2+pX;

Py=2*py;

pz=2*pz;

wp=bsxfun (@times, formula(:,5),p);

convhatx=1/6xwp'*px;

convhaty=1/6*wp'*py;
convhatz=1/6xwp'*pz;
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x12=T.coordinates (T.elements(:,2),1)—T.coordinates
x13=T.coordinates (T.elements(:,3),1)—T.coordinates
x14=T.coordinates (T.elements(:,4),1)—T.coordinates .elements (:,1), ; $x4—x1
y1l2=T.coordinates (T.elements(:,2),2)—T.coordinates .elements(:,1), ;5 Sy2—yl

(T.elements(:,1),1)
(T 1)
(T 1)
(T 2)
y13=T.coordinates (T.elements(:,3),2)—T.coordinates (T.elements(:,1),2); Sy3—vyl
(T 2)
(T 3)
(T 3)
(T 3)

.elements(:,1),

; $x2—x1
; $x3—x1

y1l4=T.coordinates (T.elements(:,4),2)—T.coordinates(T.elements(:,1), ;5 Syd—yl
z12=T.coordinates (T.elements(:,2),3)—T.coordinates .elements (:,1), ; %$z2—=z1
z13=T.coordinates (T.elements(:,3),3)—T.coordinates .elements (:,1),
z14=T.coordinates (T.elements(:,4),3)—T.coordinates .elements(:,1),

; %z3—z1
; %z4—z1

axx=yl3.xz14—yl4.xz13;
axy=yl4.xz12—yl2.xz14;
axz=yl2.xz13—y13.%xz12;
ayx=x14.%z13—x13.xz14;
ayy=x12.xz14—x14.xz12;
ayz=x13.xz12—x12.%z13;
azx=x13.xyl4—x14.xy13;
azy=x14.xyl2—x12.xyl4;
azz=x12.+xyl3—x13.xy1l2;

convx=kron (axx', convhatx) +kron (axy', convhaty) +kron(axz', convhatz);
convy=kron (ayx', convhatx) +kron (ayy',convhaty)tkron(ayz', convhatz);
convz=kron(azx',convhatx)+kron(azy',convhaty)t+kron(azz',convhatz);

convx=reshape (convx, [d3,d3,Nelts]) ;
convy=reshape (convy, [d3,d3,Nelts]) ;
convz=reshape (convz, [d3,d3,Nelts]);
return

5.6 A function for errors

Given a function u : 2 — R and a piecewise polynomial function u, € Wj, the aim of this part is the
approximated computation of
1/2
( Z |u—uh|2) .

KeTy,

As usual, let X, Y, Z be the Nqq x Nej; matrices with the coordinates of the quadrature nodes on all the
elements and let R
Pqu:Pi(ﬁq) qzl,...,qu, izl,...,dg.

Assuming that the coefficients of u; are given in a d3 X Ng; matrix U, it follows that PU are the values
of up, on all quadrature nodes, and therefore the Nqq x Nei¢ matrix

E:=PU—u(X,Y,Z)  E¢k:=us(p)—u(p))

contains the differences at all quadrature points. The computation of the error is just a vector-matrix-
vector multiplication, after element-by-element squaring the values E;x:

o 1/2
(quEqK\KD .
q,K

function error=errorElem (T, p,ph,k, formula)

o\

error=errorElem (T, p,ph, k, formula)

Input:

o0 oo oo

T: expanded tetrahedrization
p: vectorized function of three variables

ol
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o

ph: discontinuous Pk function (d3 x Nelts)
k: polynomial degree
formula: quadrature formula in 3d (N x 5 matrix)

o° o o

o0

Output:
error: \| p — ph \|-{L"2}

o oe

o

Last modified: May 31, 2012

x=T.coordinates (:,1); x=formula(:,1:4)+*x(T.elements’');
y=T.coordinates (:,2); y=formula(:,1:4)*y(T.elements’);
z=T.coordinates (:,3); z=formula(:,1:4)*z(T.elements"');
P=p(X,¥,2);

xhat=formula(:,2);
vhat=formula(:, 3);
zhat=formula(:,4);
B=dubiner3d (2+xxhat—1,2xyhat—1,2+xzhat—1,k);

ph=Bx*ph;

error=sqgrt (formula(:,5) 'x (p—ph) . 2+«T.volume) ;
return

6 Surface matrices and integrals

6.1 Piecewise polynomial functions on the skeleton

Given a face e € &}, a basis for Pg/(e) is defined by pushing forward the basis on IA(Q using the parametriza-
tion ¢,, namely,
l)f O(ﬁe =D, i=1,...,ds, e €&y

The skeleton of the triangulation 97}, is the set formed by joining all faces of all elements. A function in
the space

My, = H Prle) ={ap : 0Tn — Q : Uple € Pr(e) Vee€&r}, Ty, = U e,

ecé&p ec&p

can be stored in two ways: as a da X Ng. matrix, whose e-th column stores the coefficients of the function
on the face e, or as a dy Ng. column vector, with blocks of dy elements corresponding to the faces.
Warning. Similarly to what we do in Py (I/(\' ), for two dimensional functions we will be using a Dubiner
basis, that is orthogonal in Ky := 2K, — 1. Therefore, at each evaluation of basis functions we have to
apply the substitution

)

() = Dy(2x — 1),

6.2 Testing on faces

Let f: Q) — R. The aim of this function is the approximation of
L/Pfl)f i=1,...,ds, e €&,
e

which will be stored as a ds X Ni. matrix. This process is very similar to the one explained in Section
5.3 for testing on elements. We first write the approximations in the form

/ 08~ el Y m Dy(@) flal),  where  of = ,():
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To evaluate f at all quadrature points, we start by constructing three 3 x N, matrices X, Y€, and Z¢,
with the respective coordinates of the three vertices of each of the faces. If Z is the Nyq2 X 3 matrix with
the barycentric coordinates of all quadrature points (the first three columns of the matrix where we store
the quadrature formula), then

X ==X¢, Y =2Y¢, 7Z=27¢

are Nqq2 X N matrices with the coordinates of all quadrature points on the faces, as mapped from the
reference element with the intrinsic parametrization of each element. With the given data structure, this
construction is easily accomplished. For instance:

x=T.coordinates(:,1); x=formula(:,1:3)*x(T.faces(:,1:3)’);

(Recall that the last column of T. faces contains information about the location of the face in the interior
domain, Dirichlet boundary or Neumann boundary.) If

Drj:‘ﬁj(ar)7 T:]-v"'quda j:17"~7d2a

o is the column vector with the weights of the quadrature formula, and area is the column vector with
the areas of the elements, then the result is just

area ® ((w oD)" £(X,Y, Z))v

reshaped as a three dimensional array.

Implementation notes. For input/output, see testElem.m in Section 5.3

function Ints=testFaces(f,T,k, formula)

{Intl,Int2,...}=testFaces ({f1,£2,...},T,k, formula)
Int=testFaces ({f1}, T, k, formula)

Input:
{f1,£2,...}: each cell is a vectorized function of three variables
T: expanded tetrahedrization
formula: quadrature formula in 2d (N x 4 matrix)
k: polynomial

o o° o° o° o

o

Output:
{Intl,Ints2,...}: each cell is a d2 x Nfaces matrix
( \int_e £f{1} D_.i"e )

o° o° o o° o° o

oo oo

Last modified: March 14, 2013

x=T.coordinates (:,1); x=formula(:,1:3)*x(T.faces(:,[1 2 31)");
y=T.coordinates (:,2); y=formula(:,1:3)*y(T.faces(:,[1 2 3])");
z=T.coordinates (:,3); z=formula(:,1:3)*xz(T.faces(:,[1 2 3])");

DB=dubiner2d(2xformula(:,2)—1,2+xformula(:,3)—1,k);
DB=bsxfun (@times, formula(:, 4),DB);

nInts=size(£f,2);
if nInts==1
Ints=bsxfun (@times, T.area',DB'xf(x,y,2));
else
Ints=cell(l,nInts);
for n=1l:nlInts
ff=f{n};
Ints{n}=bsxfun(@times, T.area',DB'*ff(x,y,z));
end
end
return
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6.3 The penalization parameter 7

Piecewise constant functions on the boundaries of the elements,

€ePo0T) = [[ T Pole)

KeTh ecE(K)

will be stored as 4 x Ngjt matrices and denoted & ;( . These functions can be double valued on internal faces.
Some simple but relevant piecewise constant functions, that can be taken from geometric information,
are

T.area(T.facebyele’)

nx=T.normals(:,[1 4 7 10])’;
ny=T.normals(:,[2 5 8 11])7;
nz=T.normals(:,[3 6 9 12])’;

The first one has been denoted so far ef . The one with components of the normal vectors will be denoted
ny € Po(0Tr), for x € {z,y, z}.

An important part of the HDG scheme is a penalization function 7 € Py(97p). Currently, the code
supports three choices: constant 7 = 1, the first face choice

=1, KeT,, and 75 =0, (€{2,3,4}, KcT,

and the one random face choice (using a discrete uniform random distribution to choose one face on each
element)
T =6y UK) €{1,2,3,4}.

function tau=createTau3d (Nelts,option)

o

tau=createTau3d (Nelts, option)

oe

% Input:

% Nelts : number of elements

% option : (1) tau =1

% (2) SFHDG on the first face
% (3) SFHDG on a random face
% Output:

% tau : 4 x Nelts

o

o

Last modified: March 14, 2013

switch option
case 1
tau=ones (4,Nelts);
case 2
tau=[ones (1,Nelts);...
zeros (3,Nelts) ];
case 3
where=ceil (4+xrand(1l,Nelts));
tau=sparse (where,1:Nelts, 1);
tau=full (tau);
end
return

6.4 Three types of surface matrices

Type (a)

The aim of this section is the computation of

/R-KPJ-K i,j=1,...,ds, K eT,,
0K
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and its storage as a d3 X d3 X Ny array. Using a quadrature formula of sufficiently high order, we can

write .
JREER D SEE D SICAENACH)
oK (=1 r
We first compute four Ngq X d3 matrices
P, =P(q), r=1,...,Ngas, i=1,...,ds, €e{1,2,3,4},
and then A
Stle(@oP)TP), 6 —row(T,0),  Tho=rhlef].

(=1

The result is a d3 X (d3Ney) matrix that is then reshaped as a ds x d3 x Ngy, array.

Type (b)
The second group of matrices is

=1,...,ds KeT,

7_K DefDef ¢
14 P J j=1,...,ds 66{1727&4}3

€

to be stored as the diagonal blocks of a block-diagonal 4ds x 4dy X N array. Using quadrature and the
fact that we are free to choose the parametrization ¢, when e = e, we arrive at

K K ~ ~
[ o D5 = e Y D@ Dy @),
€ r

£

so the /-th block is
t] ® ((w © P)TP).

Type (c)

The third group of boundary matrices produces (simultaneously) matrices

13 Dk pK i=1,...,ds KeT,
[ef] Jo 70T i=1,....ds ¢e{1,2,3,4}

that will be stored as 4ds X d3 X Ny arrays, in blocks of do X d3 X Ny arrays corresponding to the four
values of ¢. Here £ is a piecewise constant function. In practice we need

=T =rflef’l, & =nl,  xe{ryzh

where nf , is the * component of the non-normalized outward normal vector on ef . Using the notation

of Section 3.3 and a quadrature formula of sufficiently high order, the integrals are then

¢ x - I
ﬁ X Dieg ]DzK = féf( Z Di(Fperm(K,l)(qr))wTPj(qﬁ)
€ r

6
Z gg(lperm(K,Z):u ( Z Di (Fu (ar)wrpj (aﬁ))
p=1 r
Let then &, € Po(975) be given by
&5 if perm(K, €) = p,

K _ ¢K _
§e,u =& Lperm(r,0=p = { 0, otherwise.
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Then, we just need to compute
6
D &L, (@eD)TPY), €, =row(E,,0),
p=1

where
r 221,...,]Vﬁd2, ) 221,...,d3,
DY = Di(F,@,)), r=1,...,Nga2, i=1,...,ds.

Implementation notes. The matrices (zo ® D*) TP are stored in a single 6dy x 4ds array. Two local
anonymous functions are defined for easy access to local degrees of freedom. The block2 and block3
functions produce the lists

(Z—l)dg—F{l,Q,...,dg} and (6—1)d3+{1,2,,d3}

respectively. These lists allow for easy location of blocks in the 6ds x 4ds array that stores them.

function [tauPP,tauDP,nxDP,nyDP,nzDP,tauDD]=matricesFace (T, tau,k, formula)

[tauPP, tauDP, nxDP, nyDP, nzDP, tauDD]=matricesFace (T, tau, k, formula)

Input:
T: expanded terahedrization
tau: penalization parameter for HDG (Nelts x 4)
k: polynomial degree
formula: quadrature formula in 2d (N x 4 matrix)
Output:
tauPP : d3 x d3 Nelts, with <tau P.i,P_j>_{\partial K}
tauDP : 4xd2 x d3 Nelts, with <tau D_i,P_j>.e, e\in E(K)

nxDP : 4xd2
nyDP : 4xd2
nzDP : 4xd2
taubDD : 4%d2

a3 Nelts, with <ny D-i,P_j>.e, e\in E(K)
Nelts, with <nz D_i,P_j>.e, e\in E(K)
Nelts, block diag <tau D_.i, D_j>.e, e\in E(K)

XX X X X X

x
X

d3 x Nelts, with <nx D_.i,P_j>.e, e\in E(K)
X
x
X

o o° o° o° o° o° o o o° o° o° o° o° J° o° o

Last modified: March 14, 2013

Nelts=size (T.elements, 1);
Nnodes=size (formula,l);
TauArea=T.area (T.facebyele') .xtau;
T.perm=T.perm';

x Nelts
x Nelts

oo oo
&S

d2=nchoosek (k+2,2) ;
d3=nchoosek (k+3, 3) ;

s=formula(:,2);
t=formula(:,3);
weights=formula(:,4);

o

% Computation <tauxPi,Pj>

O=zeros (size(s));

points3d=[s,t,0; ...
s,0,t; ...
O,s,t;...
s, t,1—s—t1];

pb=dubiner3d (2xpoints3d(:,1)—1,2*points3d(:,2)—1,2+points3d(:,3)—1,k); $4+xNnodes x d3

pbweights=bsxfun (Ctimes, [formula(:,4); ...
formula(:,4);...
formula(:,4);...
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formula(:,4)]1,pb);

pbpbl=pbweights (1:Nnodes, :) '*pb (1:Nnodes, :);

pbpb2=pbweights (Nnodes+1:2xNnodes, :) '+*pb (Nnodes+1:2*Nnodes, :) ;
pbpb3=pbweights (2«Nnodes+1:3xNnodes, :) ' +*pb (2+xNnodes+1:3xNnodes, :) ;
pbpb4=pbweights (3*Nnodes+1:4xNnodes, :) ' +*pb (3*xNnodes+1:4xNnodes, :) ;

tauPP=kron (TauArea(l, :),pbpbl)+kron (TauArea (2, :),pbpb2) ...
+kron (TauArea (3, :),pbpb3) tkron (TauArea (4, :), pbpb4) ;
tauPP=reshape (tauPP, [d3,d3,Nelts]);

o

% Computation <alphaxD,P>, alpha=tau,nx,ny,nz,

pb=[pb (1:Nnodes, :),pb (Nnodes+1l:2xNnodes, :), ...
pb (2+xNnodes+1:3xNnodes, :),pb (3xNnodes+1:4xNnodes, :)]; % Nnodes x 4%d3
points2d=[s, t;
t,s; ...
l—s—t,s; ...
s,l—s—t; ...
t,1—s—t; ...
l—s—t,t];
db=dubiner2d (2+points2d(:,1)—1,2xpoints2d(:,2)—1,k); % 6xNnodes x d2
db=[db (1:Nnodes, :),db (Nnodes+1:2xNnodes, :), ...
db (2*Nnodes+1:3%Nnodes, :),db (3xNnodes+1:4+«Nnodes, :), .
db (4*Nnodes+1:5xNnodes, :),db (5*Nnodes+1:6+xNnodes, :)]; % Nnodes x 6%d2
db=bsxfun (@times, weights, db);
allproducts=db'*pb; $6xd2 x 4xd3

block2=Q (x) (1+(x—1)*d2): (x*xd2);
block3=Q (x) (1+ (x—1)=*d3) : (x*d3);

tauDP=zeros (4+xd2,d3*Nelts) ;
nxDP=zeros (4*xd2,d3*Nelts) ;
nyDP=zeros (4xd2, d3xNelts) ;
nzDP=zeros (4*xd2,d3«Nelts) ;
for 1=1:4
Nx=T.normals (:,3x (1—=1)+1)"';
Ny=T.normals (:, 3 (1—1)+2)"';
Nz=T.normals (:,3x(1—-1)+3)"';
for mu=1:6
taumu=TauArea(l, :) .x (T.perm(l, :)==mu);
tauDP (block2 (1), :)=tauDP (block2 (1), :)+...
kron (taumu, allproducts (block2 (mu),block3(1)));

nxmu=Nx.x* (T.perm(l, :)==mu) ;
nxDP (block2 (1), :)=nxDP (block2 (1), :)+...
kron (nxmu, allproducts (block2 (mu) ,block3(1l)));
nymu=Ny.x* (T.perm(1l, :)==mu) ;
nyDP (block2 (1), :)=nyDP (block2 (1), :)+...

kron (nymu, allproducts (block2 (mu),block3(1l)));

nzmu=Nz.x* (T.perm(1l, :)==mu) ;
nzDP (block2 (1), :)=nzDP (block2 (1), :)+...
kron (nzmu, allproducts (block2 (mu),block3(1l)));
end

end
tauDP=reshape (tauDP, [4*d2,d3,Nelts]);
nxDP=reshape (nxDP, [4xd2,d3,Nelts]);
nyDP=reshape (nyDP, [4*d2,d3,Nelts]);
nzDP=reshape (nzDP, [4xd2,d3,Nelts]);

% Computation tauDD
d=dubiner2d (2«s—1,2+t—1,k);

dweights=bsxfun (@times,d, weights);
dwd=dweights'x*d;
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tauDD=zeros (4+xd2, 4xd2,Nelts);
for 1=1:4
tauDD (block2 (1) ,block2 (1), :)=reshape (kron(TauArea(l,:),dwd), ...
[d2,d2,Nelts]);
end
return

6.5 Another function for errors
Given u : Q — R and uy, € My, (stored as a dy x Ni. matrix), we want to compute
=R N 1/2
Jan —ulhe = (3 lel [ 1= u?) "
ecéy, €

Note that

S lel [~ xS0 S wifana) - ua)le’
e

ecéy ec&, r

What is left is very similar to what was done in Section 5.6 to compute L? errors. We start computing
three Nqq2 X Ng. matrices X, Y, Z, with the coordinates of all quadrature nodes qf, and the Nqq2 X d
matrix

Dm' :ﬁz(ar) 7“:1,...,qu2, izl,...,dg.

If U is the do x N¢. matrix with the coefficients of uy,, then
E:=DU—u(X,Y,Z) Ere :=up(qy) — u(qy)

are the pointwise errors and the total error is just

1/2
(D wB2lel?) .

function error=errorFaces (T, p,ph,k, formula)

error =errorFaces (T,p,ph,k, formula)

e o

o

Input:
T: expanded tetrahedrization
p: vectorized function of three variables
ph: Pk function on skeleton (d2 x Nfaces)
k: polynomial degree
formula: quadrature formula in 2d (N x 4 matrix)

o o° o o° o° o

Output:
error: \| p — ph \|-{h,\partial T_h}

o o o

$Last modified: March 14, 2013

x=T.coordinates (:,1);x=formula(:, [l 2 3])*x(T.faces(:,[1 2 31)");
y=T.coordinates (:,2);y=formula(:, [1 2 3])*y(T.faces(:,[1 2 3]1)");
z=T.coordinates (:,3);z=formula(:, [1 2 3])*z(T.faces(:,[1 2 31)");

p=p(xX,v,z); %Nnodes x Nfaces

DB=dubiner2d (2«formula(:,2)—1,2+«formula(:,3)—1,k);

ph=DB«*ph; $Nnodes x Nfaces
error=sqrt (formula(:,4) '+ (p—ph) . 2% (T.area)."2);
return
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7 Local solvers
The local solvers that we next defined are related to the pair of first order PDEs

kK lg+Vu=0, and Vig+cu=f in Q.

7.1 Matrices and bilinear forms

In order to recognize the matrices that we have computed with terms in the bilinear forms of the HDG
method, we need some notation. We will write

(u,v) ::/Kuv, (u,v)ox = /aKuv

and we will consider the space
Re(0K) =[] Pule),  dimRi(OK) = 4d,.
ecE(K)

The degrees of freedom for this last space are organized by taking one face at a time in the order they
are given by T.facebyele.

For (non-symmetric) bilinear forms we will use the convention that the bilinear form b(u, v) is related to
the matrix b(U;, V;), where {U;} is a basis of the space of u and {V;} is a basis of the space for v. This
is equivalent to saying that the unknown will always be placed as the left-most argument in the bilinear
form and the test function will occupy the right-most location.

Volume terms. We start by computing mass matrices associated to two functions (k~! and ¢), and
the three convection matrices:
ME My, ck,oocf,  Cf,

kK~ Y
where
(My)ij = / mPEPS, (CF)iy = / PFo,Pf.
K K
Each of these matrices is d3 X d3 X Nei. They correspond to the bilinear forms

(mun,vp) K (Ostun,vn)Kk  un,vp € Prp(K).

Surface terms. We next compute all matrices related to integrals on interfaces:
PP, rDPX, n,DPX, n,DPX n.DPE, 7DDX.

The first of these arrays is d3 X d3 X Ngjt, the next four are 4ds X d3 X Ngr and the last one is 4ds X 4dy X Neys.
The first matrix and associated bilinear form is

TPPfj(- = /E)KTPZ»KP]-K, (Tun, vn)or up, vy € Pr(K).

The second one corresponds to the bilinear forms
(Tun,Vn)ox  un € Pe(K), vn € Ry(9K)

or equivalently to
(Tun,Un)e  un € Pe(K), vp € Prle),  e€E(K).

The matrices associated to the components of the normal vector v = (v, vy, v,) are related to the bilinear
forms

(Viun, Un) oK up € Pr(K), Up € Rp(0K), * € {z,y, 2}
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The last matrix corresponds to
<T7/Zha@\h>8K ’Zb\h,ﬁh € Rk(aK)
and is therefore block diagonal.

Finally we compute the vectors of tests of f with the basis elements of Py (K): £ € R%.

7.2 Matrices related to local solvers

The 4d3 x 4ds x Ngy; array with slices

ME, O 0 —(CKyT
0O MK 0 —(cKT
K . k=1
Ar = 0 O MK, —(C%)T '

ck ok ¢k ME+rPPR
is the matrix representation of the bilinear form (Pk(K)3 X Pk(K)) X (Pk (K)3 x Py (K)) - R:

(@n-un) (rnown) — (K7 gy, rh)k — (un, V-Ta)k
+(V - qp,, wn)k + (cun, wp) K + (Tup, vp)oxk

The 4ds x 4dy x N array with slices

(n DPK)T

K T
(nyDP™)
(nZDPK)

—(rDP®)T

Af =

—

is the matrix representation of the bilinear form Ry (0K) x (Pk (K)3 x Py, (K)) —R:

up , (rp,wp) +— (Up,7rh - Vex — (TUp, W)oK -
If @y, € M}, is known, we can solve the local problems looking for g;, € V), := W,‘? and up € Wy, such that
(tqp,rn) K — (up, V- 7rp) i + @p,rn - V)ox =0 Vry, € Vi,
(V- qp,wn)k + (cup,wp) g + (T(up, — Up),wp)ox =0 Ywyp, € W,

If Un|ox € Rx(OK) is represented with a vector ugyx € R, then the matrix representation of this local
solution is

[ ux } = —(AF) 1AL vy € R¥eHds
Uk

If we consider the 4ds X Ngj; matrix with columns

then

are the coefficients of the solution of
(m_lqh,rh)K— (uh,v-’l"h)}( =0 Vr, e Vy,

(V-qp,wp)kx + (cun, wp)x + (Tup, wn)ox = (f, wn)x Ywy, € Wh,.
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7.3 Flux operators

Consider now the 4ds x 4dz X N array with slices
Af = [ n,DPX n,DP® n,DPX 7DPX ],
the 4ds X 4ds X Ngyy array with slices
CK .= AK(AK)"1AK + 7DD
and the 4dy x Ng; matrix with columns
CE = AK(AK)TAK.
The meaning of these matrices can be made clear by looking at boundary fluxes.

Flux due to u,. Given (qy,,up,up) € Vi X Wy, x My, the HDG is based on the construction of the
function
gy v+ 7(up —uy) : OK = R.

Instead of this quantity, we pay attention to how it creates a linear form
Rk(BK) > @h — —(qh -V + T(Uh — ah),@\h>a[( = —(qh -V + Tuh,ﬁth + <Tah7i)\h>aK,

whose matrix representation is

—Af { gi } + (7DD) " upk = AF (AT) A ugk + (TDD)Fugx = CRupk

Flux due to sources. If we take (g, up) by solving the local equations due to sources and consider
the linear form
Ri(0K) 2 0 — (q), - v + Tup, Un)ox,

(up, does not appear here), then the matrix representation of this is
K| QK | _ pK(aAK\-1pAK _ ~K
AS[HK]_A3(A1) Ay =Cy.

If we solve the local problems (u, € M} and f are given)
(7 'qn,mn) i — (un, V- ri) i + (U, rn - vV)ox =0 Ve €V,
(Vg wn)k + (cun,wp)k + (T(un —un), wn)ox = (fywn)x  Ywp € Wh,

then the functional
Ri(0K) 3 Uy — (qy, - V + Tun, Un) ok,

has the matrix representation
(CKUQK - (C;(,

where ugk is the vector of degrees of freedom of Uy |sx.
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Implementation notes. Note that the Matlab expression A3/A1xA2 corresponds to AzA;'Ay (no
inversion of A; is required in the process). The loop over elements can be parallelized in a very simple
way.

function [C,Cf,Al,A2,Af]=localsolvers3d(km,c,f,tau,T,k, formulas)

o

[c,Cf,Al,A2,Af]=1localsolvers3d(km,c, f,tau, T, k,{forl, for2, for3})

Input:
km, ¢, f: vectorized functions of three variables
tau: penalization parameter for HDG (Nelts x 4)
T: expanded tetrahedrization
k: polynomial degree
forl: quadrature formula 3d (for mass matrix)
for2: quadrature formula 3d (for convection matrices)
for3: quadrature formula 2d

oo d° oo oe

oo e

o

do o° oo oe

Output:

% C: 4+xd2 x 4xd2 x Nelts
% Cf: 4xd2 x Nelts

% Al: 4%d3 x 4xd3 x Nelts
% A2: 4+d3 x 4%xd2 x Nelts
% Af: 4xd3 x Nelts

oo o

Last modified: Nov 29, 2012

Nelts=size (T.elements, 1);
d2=nchoosek (k+2,2);
d3=nchoosek (k+3, 3) ;

f=testElem (£, T, k, formulas{1l});
Af=zeros (4%xd3,Nelts);
Af (3xd3+1:4%d3,:)=f;

Mass=MassMatrix (T, {km, c}, k, formulas{1});

Mk=Mass{1};Mc=Mass{2};

[Cx,Cy,Cz]=ConvMatrix (T, k, formulas{2});

[tauPP, tauDP, nxDP, nyDP, nzDP, tauDD]=matricesFace (T, tau, k, formulas{3}) ;

Al=zeros (4xd3,4xd3,Nelts);
A2=zeros (4xd3,4xd2,Nelts);
C=zeros (4*d2,4+xd2,Nelts) ;
Cf=zeros (4+«d2,Nelts);

O=zeros (d3,d3,Nelts);

Al=[Mk ,0 ,0 ,—permute (Cx, [2 1 31);...
(¢} , Mk , 0 ,—permute (Cy, [2 1 31);...
(¢} , 0 , Mk ,—permute(Cz, [2 1 3]);...
Cx ,Cy ,Cz ,Mc+tauPP];

A2=[permute (nxDP, [2 1 3]1);...
permute (nyDP, [2 1 3]); ...
permute (nzDP, [2 1 3]); ...
—permute (tauDP, [2 1 3])];

parfor i=1:Nelts

C(:y,:,1)=[nxDP(:,:,1i) nyDP(:,:,1) nzDP(:,:,1) tauDP(:,:,1)1/A1(:,:,1)*A2(z,:,1)...
+taubDD (:, :,1);
Cf(:,i) =[nxDP(:,:,1) nyDP(:,:,1i) nzDP(:,:,1) tauDP(:,:,1)]1/Al(:,:,1)*Af(:,1);
end
return
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8 Boundary conditions

8.1 Dirichlet boundary conditions

The discretization of the Dirichlet boundary condition is given by projecting the Dirichlet data up on
the space
M= [ Pr(e)  dimM" = dyNas,.

ees;jir

We have to find values

u§ j=1,.dy, e €& Gple =) uiDS
J

such that
Z(/DfD?) u;:/Dfah:/D;’uD, i=1,....,dy, ec&"
i Me ¢ ¢

Using a quadrature rule, this is equivalent (up to quadrature error) to solving the system
da
) (Zwrpi(ar)pj@))u; =1e|Y @, Di(@ )up(@),  i=1l....ds, e€E&™
Jj=1 T T

If we compute three Nyq x Ngi; matrices Xdir ydir 7div and the basic Nqa X dg matrices on the reference

element R
Dm' = D’L (ar)

then the entire computation is reduced to

1

((w @ D)TD)_ (w @ D)TU,D(Xdir, Ydir7 Zdir).

8.2 Neumann boundary conditions
We will be imposing boundary conditions in the form
kVu-v=uy- v or equivalently —q-V=upy- V.

This is done in this non-standard form in order to simplify the inclusion of complicated solutions. The
aim of this part of the code is the computation of the dy X Nye, matrix

/(uN-V)DiE i=1,...,do, e € &,
e
Using a quadrature rule we can approximate

/(uN )0~ S un(ad) - n° @, Di(@,).

€ r

If uny = (ug,uy,u;) and n, are column vectors with the x components of the normal vectors of each of
the Npew Neumann faces, then, we just need to compute

Z n;r o ((w ® D)Tu*()(neu,Yvneu7 Zneu))’

*x€{z,y,z}

where X", Y"U Z7Y are Ngqz X Npey Matrices with the coordinates of all quadrature points on the
Neumann faces.
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function [uhd, ghn]=BC3d(uD,gx,9y,9z,T,k, formula)

o

[uhd, ghn]=BC3d (ub,gx,9y, 9z, T, k, formula)

Input:
uD: Dirichlet data; vectorized function of three variables
gx,9y,gz: Neumann data (corresponds to kappaxgrad(u))
vectorized functions of three variables
T: Full tetrahedrization
k: polynomial degree
formula: quadrature formula in 2d (N x 4 matrix)

oo oo oo oe

oo e

o

oo oo

Output:

oo oe

uhd: d2 x Ndir, Ndir, number of Dirichlet faces
ghn: d2 x Nneu, Nneu, number of Neumann faces

oo e

o

Last modified: March 21, 2013

x=T.coordinates (:,1);
y=T.coordinates (:,2);
z=T.coordinates (:,3);

%$Dirichlet

xx=formula(:, [1 2 3])*x(T.dirichlet"'); $ Nnodes x Ndir
yy=formula(:, [1 2 3])*y(T.dirichlet'); % Nnodes x Ndir
zz=formula(:,[1 2 3])*z(T.dirichlet'); % Nnodes x Ndir
D=dubiner2d (2«formula(:,2)—1,2+«formula(:,3)—1,k); % Nnodes x d2
wD=bsxfun (@times, formula(:,4),D); % Nnodes x d2

uhd=((wD'+D)\wD") *xuD (xxX,yy, zz) ;

$Neumann

x12=x (T.neumann(:,2))—x(T.neumann(:,1)); %$x2—x1
y1l2=y (T.neumann(:,2))—y(T.neumann(:,1)); Sy2-yl
z12=z (T.neumann(:,2))—z (T.neumann(:,1)); %z2—z1
x13=x (T.neumann(:,3))—x(T.neumann (:,1)); %$x3—x1
y13=y (T.neumann(:,3))—y (T.neumann(:,1)); Sy3—yl
z13=z (T.neumann(:,3))—z (T.neumann(:,1)); %z3—z1

Neu.-normals=0.5%[yl2.%z13—2z12.xy13, ...
212 . %x13—x12.%x213, ...

x12.%y13—=x13.%yl2]; % Nneu x 3, |[|n"e]||=]|e]|
xn=formula(:, [1 2 3])*x(T.neumann'); % Nnodes x Nneu
yn=formula(:, [1 2 3])+*y(T.neumann'); % Nnodes x Nneu
zn=formula(:,[1 2 3])+*z(T.neumann'); % Nnodes x Nneu

ghn=bsxfun (@times, Neu.normals (:,1)"',wD'*gx(xn,yn,zn))+...

bsxfun (@times, Neu_.normals (:,2)',wD'*gy (xn,yn,zn))+...

bsxfun (@times,Neu-normals(:,3)"',wD'xgz (xn,yn,zn)); %$d2 x Nneu
return

9 HDG

For the correct definition of the HDG method, we need to consider the space

M = (B € My : Dulrp =0} = ] Prle), where  free:={1,..., N} \ dir.

eeg}f;ree
The HDG method looks for 4, € M), such that

(Un, On)rp = (WD, Un)Tp Vo, € My
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(this is the discrete Dirichlet BC), and

— Z q; -V +T Up — uh) 6h>8K = <uN . l/,i)\h>1'*N Vi)\h S ]\4&867
KeTh

where (g}, uy) € Vi, X W, is the solution of the local problems:
(K ay, mn) e — (un, V-ra)k + (U, rn - V)ox =0 Vry € Pr(K)?,
(V- qp, wn) i + (cun,wp) i + (T(up —un), wr)or = (fywn)xk  Vwp € Pr(K)

for all K € T;. The global equation can be decomposed in two groups: for interior faces e = K N K, we
can write

—(qK VK —|—TK(UK — 17,5),71\6>6 - (qf( Vi + Tf((uf{ — ﬂe),ﬁe>e =0 YU, € Pk(e),

(this is equality of discrete fluxes across inter-element faces), and for Neumann faces e € £f", e C 0K,
we have a discretized version of the Neumann BC

—(gx VK + TR (UK — Tpe), Ve)e = (UN - Ve, Ve e Vo, € Pr(e).

Since we are testing with the space M, all integrals on Dirichlet faces are ignored after assembly, while
values of uy, on Dirichlet faces are substituted from the Dirichlet BC.

9.1 Assembly process

The local solvers produce a 4dy X 4ds X Ny, array C. We now use the sparse Matlab builder to assembly
the global matrix. The degrees of freedom associated to face e € {1,..., Ny} are

list(e) = (6 — 1)d2 + {1, ey dg}
The degrees of freedom associated to the faces of K are thus
dof (K) := {list(efX), list(e), list(e£), list (eX)}.
We then create two new 4dy X 4dy X Ny arrays
Rowj; = dof(K);  Colf; = dof(K);.

Note that the element (4, j) of CX has to be assembled at the location (ROWU , ColK) (dof (K);, dof(K);).
The assembly of the source term, given in the matrix C;, can be carried out using the accumarray

command. The element (Cf)l has to be added to the location dof(K);.

9.2 The global system

1. The assembly process of the C¥ matrices produces an N x Ni. matrix. Similarly, the accumulation
of the (Cff vectors produces a vector with N, components. On the Neumann components of this vector,
we have to add a vector , with the tests of uy - ¥ on Neumann faces.

2. The value of the unknown on Dirichlet faces is substituted from the data given by the Dirichlet BC
and the corresponding part of the system is send to the right hand side. The rows associated to the
Dirichlet faces are eliminated from the system (this is the same process that is applied to Dirichlet BC
in the Finite Element Method). The system is solved on the free degrees of freedom.

3. The solution of the resulting system is @y € M},. Reconstruction of the other variables (g, up) is
done by solving local problems. In matrix form, we have to solve on each K € T}, the system

Af [ e } = AT — Afupk.
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Implementation notes. The necessary quadrature formulas are brought in a cell array:

{formulal, formula2,formula3,formulad}

as follows:

e formulal is used for mass matrices; it is assumed to be of degree 3k at least; it is also used for all

error computations

e formula?2 is used for convection matrices (with constant coefficients); it is assumed to be of degree

2k at least

e formula3 is a 2-dimensional formula used for integrals on faces; it is assumed to be of degree 2k at

least
e formula4 is a higer order 2-dimensional formula used for errors
For input we bring in:

e the coefficients and source term: £~!, ¢, f;

e the penalization parameter function 7 in the form of a Ngj; X 4 matrix; the choice of a matrix with

all unit entries works fine

e the functions for the boundary conditions up and (g, gy, g-) (recall that we impose a boundary

condition —q-v =kVu-v =g v)

e an optional parameter:

— if the parameter is not present or its value is zero, then the problem is solved and the solution
is exported in five variables corresponding to matrix forms for uy, the components of g, and

up,

— if the parameter is not zero, then the system is not solved, but the elements of the system
(the matrix, the right hand side and the lists of degrees of freedom (not faces) that are free
and Dirichlet) are exported, as well as the local solvers Ay, Ay and Ay, that are needed to

reconstruct the solution.

function [Uh, Qxh,Qyh,Qzh,Uhat, system, solvers]=HDG3d (km,c, f,tau, T, k, formulas,uD,gx, gy, gz, varargir

[Uh, Oxh,Qyh,Qzh, Uhat ]=HDG3d (km, ¢, £,tau, T, k, formulas,uD, gx, gy, gz)
[Uh, Oxh,Qyh,Qzh, Uhat ]=HDG3d (km, ¢, f,tau, T, k, formulas,uD, gx,gy,gz,0)
[—,—,—,—,,system, solvers]=HDG3d (km,c, f,tau, T, k, formulas,uD,gx,gy,gz,1)

Input:
km : vectorized function (kappa“{—1}; kappa=diffusion parameter)
c : vectorized function (reaction parameter)
f : vectorized function (source term)
tau : penalization parameter for HDG (Nelts x 4)
T : expanded tetrahedrization

: polynomial degree
formulas: {forl, for2, for3}
(quadrature formulas as used by localsolvers3d)

o o° o o o o° o° ° O A A A A o o o o o° o° o
~

uD : Dirichlet data; vectorized function
gx,gy,gz : Neumann data (corresponds to kappaxgrad(u)); vectorized fns
Output:
Uh : d3 x Nelts, matrix with uh
QOxh : d3 x Nelts, matrix with gxh
Qvyh : d3 x Nelts, matrix with gyh
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Qzh : d3 x Nelts, matrix with gzh

Uhat : d2 x Nelts matrix with uhhat
system : {HDGmatrix,HDGrhs,list of free d.o.f.,list of dir d.o.f.}
solvers : {Al,A2,Af} local solvers

o0 o o° oo oo oo

Last modified: April 11, 2013

if nargin==12
export=varargin{1l};
else
export=0;
end

d2=nchoosek (k+2, 2) ;
d3=nchoosek (k+3, 3) ;

block3=Q@ (x) (1+(x—1)=*d3): (x*d3);
Nelts =size(T.elements,1);
Nfaces=size (T.faces, 1);

Ndir =size(T.dirichlet,1);

Nneu =size (T.neumann,l);

%$Matrices for assembly process

face=T.facebyele'; % 4 x Nelts

face=(face(:)—1)+*d2; % First degree of freedom of each face by element
face=bsxfun (@plus, face,1:d2); %$4xNelts x d2 (d.o.f. for each face)
face=reshape (face', 4xd2,Nelts); $d.o.f. for the 4 faces of each element

[J, I]=meshgrid(1:4%d2);
R=face(I(:),:); R=reshape (R,4%d2,4xd2,Nelts);
C=face(J(:),:); C=reshape(C,4xd2,4+d2,Nelts);
$ R.1jJ"K d.o.f. for local (i, j) d.o.f. in element K ; R_.ij"K=C_ji"K
RowsRHS=reshape (face, 4*d2xNelts, 1) ;

dirfaces=(T.dirfaces (:)—1)*d2;
dirfaces=bsxfun (@plus,dirfaces,1:d2);
dirfaces=reshape (dirfaces',d2«Ndir, 1) ;

free=((1:Nfaces)'—1)+d2;
free=bsxfun (@plus, free,1:d2);
free=reshape (free',d2+Nfaces, 1);
free(dirfaces)=[];

neufaces=(T.neufaces (:)—1)*d2;
neufaces=bsxfun (@plus, neufaces,1:d2);

neufaces=reshape (neufaces',d2+Nneu, 1) ;

%Local solvers and global system
[M1,Cf,Al,A2,Af]=1localsolvers3d(km,c, f,tau,T,k, formulas);
M=sparse (R(:),C(:),ML(:));

phif=accumarray (RowsRHS,Cf (:));

[uhatD, ghatN]=BC3d(uD, g%, 9y, 9z, T, k, formulas{3});

%$Dirichlet BC
Uhatv=zeros (d2«Nfaces, 1) ;

Uhatv (dirfaces)=uhatD; %uhat stored as a vector: d2xNfaces
SRHS

rhs=zeros (d2+xNfaces, 1) ;

rhs (free)=phif (free);

ghatN=reshape (ghatN, d2%Nneu, 1) ; % ghatN stored as a vector: d2+Nneu
rhs (neufaces)=rhs (neufaces) +ghatN;
rhs=rhs—M(:,dirfaces) *Uhatv (dirfaces);
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if export
system={M, rhs, free,dirfaces};
solvers={Al,A2,Af};

Oxh=[];
Qvh=[];
Qzh=1[]

[

else
system=[1];
solvers=[];
end

Uhatv(free):M(free,free)\rhs(free);
Uhat=reshape (Uhatv,d2, Nfaces) ;

%Uh Oxh Qyh Qzh

faces=T.facebyele'; faces=faces(:);

uhhataux=reshape (Uhat (:, faces), [4%xd2,Nelts]);

sol=zeros (4xd3,Nelts);

parfor K=1l:Nelts
sol(:,K):Al(:,:,K)\(Af(:,K)—A2(:,:,K)*uhhataux(:,K));

end

Oxh=sol (block3
Qyvh=sol (block3
Qzh=so0l (block3
Uh =sol (block3
return

(1),
(2),:
(3),:
(4),:

’

10 Local projections

10.1 L? projection on elements

Given u : Q — R we look for uy, (given by coefficients u/*) such that

Z(/ HKPJK)uf:/PiKuh:/PiKu i=1,....ds, KeT,.
j K K K

Using a quadrature rule, we can compute
| PEPE = 1K1Y 8, P60 P B,
q

and approximate
K ~ D K
| PEum K| Y3, R @) upl)
K q
so that, with the Nqq X Neiy matrices of coordinates of all quadrature points on all elements, we can just

compute
(@oP)'P) M@ oP) uX,Y,Z).

function [fh,error]=L2proj3d(f, T, %k, formulal, formula2)

o

[fh,error]=L2proj3d(f, T, k, formulal, formula?2)

o

%Input:
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o

f: vectorized function of three variables
T: full tetrahedrization
k: polynomial degree
formulal: quadrature formula in 3d
formula2: quadrature formula in 3d to compute errors

do d° oo oe

oo e

Output:

o

fh: L2 projection of f ; disc P_k function (d3 x Nelts)
error: L"2 error

oo oo

%$Last modified: April 2, 2013

P =dubiner3d(2xformula2(:,2)—1,2+xformula2(:,3)—1,2+«formula2(:,4)—1,k);
wP=bsxfun (@times, formula2(:,5),P);

x=T.coordinates(:,1); x=formula2(:,1:4)*x(T.elements');
y=T.coordinates (:,2); y=formula2(:,1:4)*y(T.elements');
z=T.coordinates (:,3); z=formula2(:,1:4)*z(T.elements');

fh=((wP'*P)\wP"') £ (x,y,2z);
error=errorElem(T, £, fh, k, formulal);
return

10.2 L? projection on the skeleton

Given u :  — R, we look for uy, € M), (given by coefficients u$) such that

/DeDe ¢ /Deuh—/Dfu 1=1,...,do, e €&
e

Using a quadrature formula we compute

/D5D5f=|e|2wm )D;(@)

and approximate
[ Prum e @@
Therefore, we just have to compute
((w©D)'D)w o D) u(X,Y,2),

after computing the matrices with the coordinates of all quadrature points in all elements.

function [fh,error]=L2projskeleton3d(f,T,k, formulal, formula?2)

[fh,error]=L2projskeleton3d(f, T, k, formulal, formula2)

oo oo

Input:

oo e

f: vectorized function of three variables
T: expanded tetrahedrization
k: polynomial degree
formulal: quadrature formula in 2d
formula2: quadrature formula in 2d to compute errors

o

oo o

oo oe

Output:

oo e

fh: L2 projection on the skeleton (d2 x Nfaces)
error: h—weighted error

o

oo o

Last modified: April 2, 2013
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D =dubiner2d(2xformulal(:,2)—1,2«formulal(:,3)—1,k); $Nnodes x d2
wD=bsxfun (@times, formulal (:,4),D);

x=T.coordinates (:,1); x=formulal(:,1:3)*x(T.faces(:,1:3)");
y=T.coordinates (:,2); y=formulal(:,1:3)*y(T.faces(:,1:3)");
z=T.coordinates (:,3); z=formulal(:,1:3)*z(T.faces(:,1:3)");

fh=((wD'+D)\wD") xf (x,y,2);

error=errorFaces (T, f, fh,k, formula2);
return

10.3 The HDG projection

Given a pair (g,u) (a vector field and a function), the HDG projection is the discrete pair (g, up) €
Vi, x W3, such that

(@n. ) = (q,mh)K Vry, € Pr_1(K)3,
(un,wp)xk = (U, wn) K Vwy, € Pr—1(K),
(@, -V + Tun, On)ok (@-v+Tu,Uh)ok Vo, € Ri(0K),

for all K € 7Tj. This problem can be decomposed in a sequence of Ny linear systems of order 4ds. We
first compute a constant mass matrix M (in the usual d3 x d3 X Nyt format) and drop the last dy rows,
to get a (ds — da) X d3 x Ny array with slices MX. (Note that dim Py (K) — dimPy_1(K) = dz. In the
case k =0, M is an empty matrix.)

The matrix to that appears in the left hand side of each of the local projectors is the (4(ds—ds)+4ds) x 4d3
block matrix

ME o) o) o)
o) MK 0 0
o) o) MK 0
0 0 o) MK
| n,DPX 7, DPX 7. DPX 7DPX |

The first four blocks of the right hand side (for the element K) correspond to the tests

/QQCPLKa /quiK7 /qZP)iKv /UP1K7 7’.:17"-;d37d2~
K K K K

function [Pgx,Pqy,Pqgz,Pul=projectHDG3d (T, coeffs,k,tau, formulas)

oo

s [Pax, Pay,Pgz, Pul=projectHDG3d (T, coeffs, k,tau, formulas)

o

o\

Input:

o\

T: Tetrahedrization
coeffs: each cell is a vectorized function of three variables
k: degree of polynomial
formulas: quadrature matrix for mass matrix and convection matrix

o° o° o o

oe

Output:
Pgx: \Pi gx,
Pay: \Pi qy,
Pgz: \Pi qz,
Pu: \Pi u,

o oo o

o

$Last modified: April 9, 2013

d2=nchoosek (k+2,2) ;
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d3=nchoosek (k+3,3); %Nbasis

if k>0

d4=nchoosek (k+2,3); %dim P_{k—1}(K)
else

d4=0;
end

block3=Q@ (x) (1+(x—1)=*d3): (x*d3);
a=@(x,y,z) 1+0.*x;

Mass=MassMatrix(T,{a}, k, formulas{1});

Mass=Mass{1};
rows=1+d4:d3;
Mass (rows, :, :)=[1;

[tauPP,tauDP,nxDP,nyDP,nzDP]=matricesFace(T,tau,k,formulas{3});
Nelts=size (T.elements,1);
O=zeros (d4,d3,Nelts);

M=[Mass O ) O ;
(0] Mass O (0] ;
(0] (0] Mass O ;
(0] (0] O Mass;

nxDP nyDP nzDP tauDP];

if k>0
Ints=testElem(coeffs, T, k—1, formulas{2});
axP=Ints{1};
qyP=Ints{2};
qzP=Ints{3};
uP=Ints{4};

else
gxP=zeros (0,Nelts) ;
qgyP=zeros (0,Nelts);
gzP=zeros (0,Nelts) ;
uP=zeros (0,Nelts) ;

end

Ints=testFaces (coeffs, T, k, formulas{3});
gxD=Ints{1};
qyD=Ints{2};
qzD=Ints{3};
ud=Ints{4};

nx=T.normals (:,[1 4 7 10]);
ny=T.normals(:,[2 5 8 111]);
nz=T.normals(:,[3 6 9 12]);
nx=nx./T.area (T.facebyele);
ny=ny./T.area (T.facebyele);
nz=nz./T.area(T.facebyele);

QxD=zeros (d2,4,Nelts);
QyD=QxD;
QzD=QxD;
UD =QxD;

Pgx=zeros (d3,Nelts) ;
Pqy=Pgx;
Pgz=Pgx;
Pu =Pgx;

parfor i=1:Nelts

QxD(:, :,1i)=bsxfun(@times,gxD(:,T.facebyele(i,:)),nx(i,:));
QyD(:, :,1i)=bsxfun(@times,qyD(:,T.facebyele(i,:)),ny(i,:));
QzD(:, :,1i)=bsxfun(@times,gzD(:,T.facebyele(i,:)),nz(i,:));
UD(:,:,1i)=bsxfun(@times,ud(:,T.facebyele(i,:)),tau(:,1)");

axv=0QxD (:,:,1);
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uv=UD(:,:,1);
rhs=[gxP (:,1);
qyP (:,1);
qzP (:,1);
uP (:,1);
axv (:)+gyv(:)+gzv(:)+uv(:)]1;
vect=M(:, :,1)\rhs;
Pgx (:,1i)=vect (block3(1l));
Pay (:,1i)=vect (block3(2));
Pgz (:,1)=vect (block3(3));
Pu(:,1)=vect (block3(4));
end
return

11 Preprocessing of the triangulation

The first part of the code is quite technical and could possibly be optimized. We start by constructing
T.faces, the list of all faces. The way this is constructed, the list contains:

e first all the interior faces; for each of the faces, the nodes are given in increasing order;
e then the Dirichlet faces, preserving the ordering that was given as input
e then the Neumann faces, preserving the ordering that was given as input.

The HDG code does not use these particularities of the construction of the list of faces. We next construct
the list T.facebyele by backward referencing from the original lists. The last delicate part of the code
is the construction of T.perm. Other than that, everything is relatively straightforward.

function T=HDGgrid3d(T,positive)

o\

a©

T=HDGgrid3d (T, p)

o°

% Input:

% T : Basic tetrahedral data structure

% p : 1 if boundary faces are positively oriented
% —1 otherwise

% Output:

o

T : Expanded tetrahedral data structure

o\°

o

Last modified: May 2, 2012

oe

if positivexl
T.dirichlet (:,[2 3])=T.dirichlet (:, [3 2]);
T.neumann(:, [2 3])=T.neumann(:, [3 2]);

end

o

¥ Construction of a list of all faces

shape=[1 3 2;1 2 4;1 4 3;2 3 4];

nelts=size(T.elements,1);

faces=zeros (4*nelts, 3);

for k=l:nelts

nodes=T.elements (k, :); %$1x4
faces (4x(k—1)+(1:4), :)=nodes (shape); % 1x3

end

copyoffaces=faces; % 4 nelts x 3 (in local positive orientation)
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faces=sort (faces, 2);
[allfaces,i, jl=unique (faces, 'rows"');

o

% Lists of interior and boundary faces with references

bdfaces=sort ([T.dirichlet; T.neumannl], 2);
[intfaces,i]l=setdiff (allfaces,bdfaces, 'rows"');
[bdfaces, ii, jjl=intersect (allfaces,bdfaces, 'rows');

nintfaces=size (intfaces,1);
ndirfaces=size (T.dirichlet,1);
nneufaces=size (T.neumann, 1) ;
nbdfaces =size (bdfaces,1);
nfaces =nintfaces+nbdfaces;

T.faces=[intfaces zeros (nintfaces,1); ...

T.dirichlet ones(ndirfaces,1);...

T.neumann 2=xones (nneufaces,1)];
T.dirfaces=(nintfaces+1) : (nintfaces+ndirfaces);
T.neufaces=(nintfaces+ndirfaces+1) : (nintfaces+ndirfaces+nneufaces);

% Backward referencing to construct T.facebyele

u=zeros (nfaces, 1);
v=nintfaces+l:nintfaces+nbdfaces;
u(i)=1l:nintfaces;
u(ii)=v(jj);

j=u(j);

faces=T.faces (j,1:3);
j=reshape (j, [4 nelts]);
T.facebyele=7j";

o
S
o
S

pointer from T.faces to the copyoffaces
4 nelts x 3, with global numbering of nodes

o

% Matrix with orientations

A=T.facebyele';

faces=T.faces(A(:),1:3);

t=sum (faces==copyoffaces, 2)==ones (4*nelts, 1) ;
t=1-2xt; t=reshape (t, [4,nelts]);
T.orientation=t"';

[

% Matrix with permutation order

eq = @(u,v) sum(u==v,2)==3; % checks what rows are equal
rot=[1 2 3;. % permutations
13 2;
31 2;.
32 1;
2 3 1;..
21 31;
pattern=[1 2 3;. $ (s,t,0)
12 4;. % (s,0,t)
13 4;. $ (0,s,t)
4 2 31; % (s,t,1—s—t)
orient=zeros (nelts,4);
for f=1:4 % counter over faces

faceGlobal=T.faces (T.facebyele(:,£f),1:3);
faceLocal =T.elements(:,pattern(f,:));
for j=1:6
orient (:, f)=orient (:, f)+jreg(faceGlobal, faceLocal (:,rot(j,:)));
end
end
T.perm=orient;

o

% Volumes and areas
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T.volume=(1/6)x*...

) )) -
(T.coordinates (T.elements(:,3),2)—T.coordinates (T.elements (:,1),2))
(T.coordinates (T.elements(:,4),3)—T.coordinates (T.elements(:,1),3))—
(T.coordinates (T.elements(:,2),1)—T.coordinates(T.elements (:,1),1)) .*...
(T.coordinates (T.elements(:,3),3)—T.coordinates (T.elements(:,1),3)) ..
(T.coordinates (T.elements(:,4),2)—T.coordinates (T.elements(:,1),2))—
(T.coordinates (T.elements(:,2),2)—T.coordinates(T.elements(:,1),2)) .%x...
(T.coordinates (T.elements(:,3),1)—T.coordinates (T.elements(:,1),1)) .*.
(T.coordinates (T.elements(:,4),3)—T.coordinates (T.elements(:,1),3))+.
(T.coordinates (T.elements(:,2),2)—T.coordinates(T.elements (:,1),2)) .*...
(T.coordinates (T.elements(:,3),3)—T.coordinates (T.elements(:,1),3)) .*.
(T.coordinates (T.elements(:,4),1)—T.coordinates(T.elements(:,1),1))+.
(T.coordinates (T.elements(:,2),3)—T.coordinates(T.elements (:,1),3)) .*...
(T.coordinates (T.elements(:,3),1)—T.coordinates (T.elements(:,1),1)) ..
(T.coordinates (T.elements(:,4),2)—T.coordinates (T.elements(:,1),2))—
(T.coordinates (T.elements(:,2),3)—T.coordinates(T.elements(:,1),3)) .%x...
(T.coordinates (T.elements(:,3),2)—T.coordinates (T.elements(:,1),2)) .*.
(T.coordinates (T.elements(:,4),1)—T.coordinates(T.elements(:,1),1)));

T.area=(1/2)*sqgrt (...
faces (:

((T.coordinates (T. ,2),2)—T.coordinates (T.faces(:,1),2)) .%...
(T.coordinates (T.faces(:,3),3)—T.coordinates(T.faces(:,1),3))—...
(T.coordinates (T.faces(:,2),3)—T.coordinates (T.faces(:,1),3)) .%...
(T.coordinates (T.faces(:,3),2)—T.coordinates (T.faces(:,1),2))). 2+...

((T.coordinates (T.faces(:,2),1)—T.coordinates(T.faces(:,1),1)).*...
(T.coordinates (T.faces(:,3),3)—T.coordinates (T.faces(:,1),3))—...
(T.coordinates (T.faces(:,2),3)—T.coordinates (T.faces (:,1),3)) .*...
(T.coordinates (T.faces(:,3),1)—T.coordinates (T.faces(:,1),1))). 2+...

((T.coordinates (T.faces(:,2),1)—T.coordinates (T.faces(:,1),1)) .*...
(T.coordinates (T.faces(:,3),2)—T.coordinates (T.faces(:,1),2))—...
(T.coordinates (T.faces(:,2),2)—T.coordinates (T.faces (:,1),2)) .*...
(T.coordinates (T.faces(:,3),1)—T.coordinates (T.faces(:,1),1)))."2);

%$Normals to the faces

for f=1:4
oneface=T.faces (T.facebyele(:,f),1:3);
x=T.coordinates (oneface(:),1);
y=T.coordinates (oneface(:),2);
z=T.coordinates (oneface(:),3);
x12=x(nelts+l:2*nelts)—x(l:nelts); %$x_2—x_1
x13=x (2+*nelts+l:end)—x(1l:nelts); $x_3—x_1
yl2=y (nelts+l:2%nelts)—y(l:nelts); Sy-2—y_1
y13=y (2xnelts+l:end)—y (l:nelts); Sy-3—y-1
z12=z (nelts+l:2+nelts)—z (l:nelts); %$z.2—z_1
z13=z (2*nelts+l:end)—z (l:nelts); $z_3—z_1

o

normals=(1/2)*[y12.%z13—y13.xz12, ...
212 .%x13—2z13.xx12, ...
x12.xy13—=x13.%y12];
normals=bsxfun (@times, normals, T.orientation(:,f));

3
S

Give the normals correctly orientated

ol

T.normals (:, (f—1)*3+(1:3))=normals;
end

return
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12 Matrices for convection-diffusion

12.1 Variable convection

In order to compute convection matrices with a variable coefficient
K K oL
/ CPi a*Pj 27,77_17"'ad37 K€777,7 *E{xayaz}a
K

we proceed like in Section 5.5, but looping on quadrature nodes. Using notation of Section 5.5, we can
write

\
B
il
#W

S

=

O

&)
3
o
o
3

/ cPEPK
K

)ij = ‘:’qPi(ﬁq)Pj,#(ﬁq)'

Q
[N
(]«

\d

S
*
H
8
e}
=R
[o)
=)
=
a
RS

This means that we need to compute 3Nqq (d3 X d3) matrices on the reference element (the matrices 6‘#)
and use them for 3/Vyq Kronecker products in order to compute a particular value of x. In total, there
will be 9Nyq Kronecker products.

As for the vector involved in the Kronecker products, they are the columns of a,x ® ¢(X,Y,Z), where
a,4 are the column vectors with the geometric coefficients of the change of variables and X,Y,Z are the
Nga X Nt matrices with the coordinates of the quadrature points.

Implementation notes. Thinking of convection-diffusion problems, the code provides convection ma-
trices with different parameter functions for each of the variables, that is

/ v, PO, Pf / v, P 0, P / v.PFo.Pf.
K K K

The variables a, b, c,... are used to tag the nine components of det Bg BI}T read by rows (see Section
5.5) as Neiy X 1 vectors. The capitalized forms A, B, ... correspond to Ney, X Ngq arrays with the values
of the variable coefficient at all quadrature points. For instance a, b, c corresponding to elements of
the first row (and thus to a C* matrix), they have to be multiplied by the value of v, at quadrature
points.

function [convx,convy,convz]=VariableConv (T,vx,vy,vz,k, formula)

o

[convx, convy, convz]=VariableConv (T, vx,vy,vz,k, formula)

o

oe

Input:

o

T: expanded tetrahedrization
vx,vy,vz: vectorized functions of three variables
k: polynomial degree
formula: quadrature formula in 3d (N x 5 matrix)

o o o° o

oo

Output:
convx: d3 x d3 x Nelts ( \int.K vx P_i"K \partialx P_j"
convy: d3 x d3 x Nelts ( \int.K vy P_i"K \partial.y P_j"
convz: d3 x d3 x Nelts ( \int-K vz P_i"K \partial_z P_j"

o\°

)
)
)

oo e
= XN

o

o\

Last modified: May 31, 2012
Nelts=size (T.elements,1);

Nnodes=size (formula,l);
d3=nchoosek (k+3, 3) ;
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x=T.coordinates (:,1);x=x(T.elements) «formula(:,1:4)";

%Nelts x Nnodes

y=T.coordinates (:,2);y=y(T.elements)+formula(:,1:4)"';
z=T.coordinates (:,3);z=z(T.elements) *formula(:,1:4)"';

convx=zeros (d3,Nelts*d3) ;
convy=zeros (d3,Nelts*d3);
convz=zeros (d3,Nelts*d3);

xhat=formula (:,2);
yhat=formula(:,3);
zhat=formula (:,4);

[p,px,py,pz]=dubiner3d(2+xhat—1, 2xyhat—1, 2+«zhat—1,k); %

PX=2*pX;
PY=2+*py;
pPz=2*pz;

x12=T.
x13=T.
x14=T.
y12=T.
y13=T.
y1l4=T.
z12=T.
z13=T.
z14=T.

a=yl3.
b=yl4.
c=yl2.
d=x14.
e=x12.
f=x13.
g=x13.
h=x14.
i=x12.

A=pbsxfun (@times,a,vx (x,vVy,
B=bsxfun(@times, b, vx(x,vy,
C=bsxfun (@times, c,vx(x,Vy,
D=bsxfun (@times, d, vy (x,Vy,
E=bsxfun(@times, e, vy (x,Vy,
F=bsxfun (@times, £, vy (x,Vy,
G=bsxfun (@times, g, vz (x,Vy,
H=bsxfun (@times, h,vz (x,vy,
I=bsxfun(@times, i, vz (x,vy,

coordinates (T.
coordinates (T.
coordinates (T.
coordinates (T.
coordinates (T.
coordinates (T.
coordinates (T.
coordinates (T.
coordinates (T.

xz14—yl4.
*z12—yl2.
*z13—=y13.
*z13—x13.
*z14—x14.
*212—x12.
*yl4d—x14.
*yl2—x12.
*y13—x13.

elements (
elements (
elements (
elements (
elements (
elements (
elements (
elements (
elements (

*z13;
*z14;
*z12;
*z14;
*z12;
*z13;
*y13;
xyl4;
*y12;

’

’

’

z))
z))
z))
z));
z));
z));
z))
z))
z))

’

’

’

for i=1:Nnodes
convx=convx+tkron(A(:,1)",
kron(B(:,1)"',
kron(C(:,1)"',
convy=convy+kron(D(:,1)"',
kron(E(:,1)"',
kron(F(:,1)"',
convz=convz+kron(G(:,1)",
kron(H(:,1)"',
kron(I(:,1)"',

end

:,2),1)—T.
:,3),1)—T.
:,4),1)—T.
:,2),2)—T.
:,3),2)—T.
:,4),2)—T.
:,2),3)—T.
:,3),3)—T.
:,4),3)—T.

1/6xformula
1/6xformula
1/6+«formula
1/6xformula
1/6+formula
1/6xformula
1/6xformula
1/6xformula
1/6xformula

e

)

)

[
~

=
~

35)
5)
S5)
5)
P 5)
35)
5)
35)
5)

[
~

convx=reshape (convx, [d3,d3,Nelts]) ;
convy=reshape (convy, [d3,d3,Nelts]);
convz=reshape (convz, [d3,d3,Nelts]) ;

return

coordinates
coordinates
coordinates
coordinates
coordinates
coordinates
coordinates
coordinates
coordinates

r3) '*py

Nnodes x d3

.elements(:,1),1);

(T

(T.elements(:,1),
(T.elements (:,1),
(T.elements (:,1),
(T.elements (:,1),
(T
(T
(T
(T

’

’

1)
1)
1)
2);
2);
2);
3)
3)
3)

’

.elements(:,1),
.elements(:,1),
.elements(:,1),
.elements (:,1),

’

’

’

i,:))+...
i,:0))+...
i,:))5
i,:0))+...
i,:))+. ..
i,:))5
i,:0))+. ..
i,:))+...
i,:));

1) "xpx
1) 'xpy
1) "*pz
1) "xpx

1) "xpz
1) THpx
1) '*py
1) "xpz
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12.2 Face matrices related to convection

The first collection of matrices is a generalization of what we called the Type (c¢) matrices in Section 6.4.
The goal is the approximate computation of

54%( e pK
St [ o pet pl .
Tl S A S

€{1,2,3,4}, KEeT,

where & € Py(9Tr), and « is a function of three variables. The result will be presented as a (4dz) X dg X Neit
array, by stacking the blocks for ¢ € {1,2,3,4} on top of each other (¢ = 1 on top). Most of what we
next explain is an easy generalization of what appears in Section 6.4.

We first compute the evaluation matrices (see Section 3.3 for the quadrature nodes on the boundary of
the reference tetrahedron)

PL=P(@) i=1,...,ds, r=1,...,Nya, Le€{1,2,34},
D" = Dy(F,(@,)) i=1,...,dy, r=1,...,Ngaz, p€{1,2,3,4,56}.

We next consider the piecewise constant functions &,, € Po(0Tx) given by

K _ ey _ [ & ifperm(K, () = p,
m ¢ ‘tperm(K.6)=p 0, otherwise.

If X7, YT ,Z7 are the 4 x N, matrices with the coordinates of the vertices of the elements and € is the
Nga2 x 4 matrix with the barycentric coordinates of the points {af}, we then construct the Nqqa2 X Neie
matrices

A= Oz(QgXT,QgXT,QgXT) {e {1,2,3,4},

containing the values of « in all quadrature points. The computation is then

6
Z(azr ° 517,) ® ((D“)T(w ® Pe))7 aZr := Row(Ay, 1), E;r = Row(§,,, 1),

p=1
where the symbol e has been used to denote the element-by-element muyltiplication of two arays.
Implementation notes. Instead of doing the computation for a single function a paired with a single

piecewise constant function &, the code runs for a cell array of functions « paired with a cell array of
piecewise constant functions &.

function mat=matricesVariableFaceA(T,al,pw,k, formula)

% {ml,m2,...}=matricesFaceVariable(T,{al,a2,...},{pwl,pw2...}, %k, form)

% Input:

% T : full tetrahedrization

% al,az2, ... : vectorized function of three variables

% pwl,pw2, ... : pilecewise constant function on skeleton 4 x Nfaces
% k : polynomial degree

% form : 2—dimensional quadrature rule

% Output:

% ml, m2,... : 4d2 x d3 x Nelts

o\

o

Last modified: April 5, 2013
% Evaluations of Dubiner3d functions on all faces
Nelts=size (T.elements, 1l);

Nnodes=size (formula,l);
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T.perm=T.perm'; % 4 x Nelts

d2=nchoosek (k+2,2) ;
d3=nchoosek (k+3, 3) ;

s=formula(:,2);
t=formula(:,3);
O=zeros (size(s));
points3d=[s,t,0; ...
s,0,t; ...
O,s,t;...
s,t,1—s—t];

P =dubiner3d (2xpoints3d(:,1)—1,2*points3d(:,2)—1,2+points3d(:,3)—1,k);
wP=bsxfun (@times, [formula(:,4); ...

formula(:,4); ...

formula(:,4); ...

formula(:,4)],P);

o

% Evaluations of alpha on all faces

x=T.coordinates (:,1);
y=T.coordinates (:,2);
z=T.coordinates (:, 3);

points3d=[l—sum(points3d, 2) points3d]; % barycentric coordinates
x=points3d+x (T.elements');

y=points3d+y (T.elements"');

z=points3d*z (T.elements');

o

% Evaluations of Dubiner2d polynomials on six different configurations

points2d=[s,t; ...

t,s;...

l—s—t,s; ...

s, l—s—t; ...

t,l1—s—t; ...

l—s—t,t];
D=dubiner2d(2*points2d(:,1)—1,2+points2d(:,2)—1,k); % 6*Nnodes x d2

o

% Construction of the matrix

for c=1:length(al)
alpha=al{c};
alpha=alpha(x,y,z); % 4Nnodes X Nelts
puct =pw{c};
matrix=zeros (4+xd2,d3*Nelts);
for 1=1:4
rows=1+(1—1)+d2: (1%d2);
for mu=1:6
pwctmu=pwct (1, :) .x (T.perm(1l, :)==mu) ;
for r=1:Nnodes
rowP=(1—1)*Nnodes+r;
rowD= (mu—1) *Nnodes+r;

matrix (rows, :)=matrix (rows, :)...
t+kron (pwctmu.*alpha (rowP, :),D(rowD, :) "«wP (rowP, :));
end
end
end
mat{c}=reshape (matrix, [4xd2,d3,Nelts]);
end

The following step concenrs the generalization of the Type (b) matrices of Section 6.4 to variable coeffi-
cients. We show how to approximate

&

K K
o] Kanf Dyt i,j=1,...,dy  £€{1,2,3,4}, K e,
1 Jeg
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where & € Py(07h), and « is a function of three variables. The result will be given as a block diagonal
(4d2) x (4d2) X Neyt array, by daigonally stacking the blocks for different values of £. We start by computing
the values of a on all quadrature nodes: the Nyq2 X N, matrix

A= a(EX%,225,2Y%)

(where X¢ , Y? , Z¢ are 3 x Ng, with the coordinates of all vertices of all faces and = is the Nga2 X 3 matrix

with the barycentric coordinates of the quadrature points q..), is organized by global number of faces.

We can then construct (by choosing columns in a proper way) for Nqq2 X Nej;, matrices A, such that
Af =A, r=1,...,Nyaz2, K €Th, 0 e {1,2,3,4}.

7‘,6[

(The information needed for this is contained in T.facebyele(:,1).) Finally we compute

> (a/,0&) @ (wd,d)),  a],:=Row(A,r), & :=Row(£ (), d:=Row(D,r).

r

Implementation notes. Instead of doing the computation for a single function a paired with a single
piecewise constant function &, the code runs for a cell array of functions « paired with a cell array of
piecewise constant functions .

function mat=matricesVariableFaceB(T,al,pw,k, formula)

% {ml,m2,...}=matricesFaceVariable(T,{al,a2,...},{pwl,pw2,...},k, form)
% Input:

% T : full tetrahedrization

% al, a2, ... : vectorized function of three variables

% pwl,pw2, ... : piecewise constant function on skeleton 4 x Nfaces
% k : polynomial degree

% form : 2—dimensional quadrature rule

% Output:

% ml, m2, ... : 4d2 x 4d2 x Nelts

Last modified: April 2, 2013

ol

Parameters

Nelts=size(T.elements, 1l);
Nnodes=size (formula,l);
d2=nchoosek (k+2,2) ;
O=zeros (d2,d2,Nelts);

o

% Evaluations of alpha and Dubiner 2d on all faces

x=T.coordinates (:,1);x=formula(:,1:3)*x(T.faces(:,1:3)");
y=T.coordinates (:,2);y=formula(:,1:3)*y(T.faces(:,1:3)");
z=T.coordinates (:,1);z=formula(:,1:3)*z(T.faces(:,1:3)");

D=dubiner2d(2+formula(:,2)—1,2+formula(:,3)—1,k);

o

% Construction of the matrix

for c=1l:length(al);

alpha=al{c};
alpha=alpha (x,y,z); % Nnodes X Nfaces
pwct=pw{c};
for 1=1:4

dgm{l}=zeros (d2,d2*Nelts) ;

for r=1:Nnodes

dgm{1l}=dgm{1}+. ..
kron (pwct (1, :) .~alpha(r,T.facebyele(:,1)), ...
formula(r,4)*«D(xr,:)"«D(xr,:));
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end
dgm{1l}=reshape (dgm{1}, [d2,d2,Nelts]);

end
mat{c}=[dgm{1} O 0 0 PR
0 dgm{2} © o] PR
0 0 dgm{3} © PR
o] ¢ 0 dgm{4}1;
end
return

13 Postprocessing

13.1 Local stiffness matrices

The goal of this section is the computation of the matrices
/ VPE.-VPE  ij=1,....ds, K €Ty
K

For differentiation indices, let us identify the sets (z,y,2) = (1,2, 3). We consider the canonical basis of
the space of matrices

E*# 26*8;7 *7#6 {x,y,z}.
For instance
0 1 0
E,y=10 0 0
0 0 O
We need to compute six 3 x 3 geometric matrices:
Gl = |det B "B By Bi",  w#€{nya},  KeT

We will give explicit formulas for these matrices below. Note that
(Gf#)—r = |d€t BK|2(B;(1E*#B;(T>T _ \det BK|2 B;(lEI#B;(T _ GK*,

which is the reason why only six of them are needed/computed. Besides, the matrices G, are symmetric.
Once we have computed these matrices, we can obtain

(S = /Ka*PiKa#PJK:/K(VPiK).(E*#VPJK)

| det Bx| /I? (Bx'VP) - (E.xBx VP)

detBi| ! [ (VP)- (G195

detBe T S (GK)ag / (VE) - (BasVP)

a,fe{z,y,z} K
= |detBK|71 Z (Gf#)aﬁ /A 8aﬁi 85ﬁj.
a,pefzy,z} K

The elements of the matrices Gf# are polynomial expressions of the elements of By

2
® (y13 214 — 213 ¥14)
ek — _ _
zx (v13 214 — 213 ¥14) (—¥12 214 + 212 Y14)
(¥13 214 — z13 ¥14) (Y12 213 — #12 ¥13)

(v13 214 — 213 ¥14) (—¥12 214 F 212 V14)
(—v12 214 + 212 ¥14)
(—v12 214 + 212 ¥14) (V12 213 — 212 ¥13)
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(y13 214 — 213 ¥14) (V12 213 — 212 ¥13)
(—v12 214 + 212 ¥14) (Y12 213_— 212 ¥13)
(y12 213 — 212 ¥13)



% (y13 214 — 213 ¥14) (—213 214 + 213 ®14) (v13 214 — 213 ¥14) (P12 214 — 212 T14) (y13 214 — 213 ¥14) (—T12 213 + 212 T13)
Gry = | (213214 +z13214) (~v12 214 + 212 914) (=12 714 + 212 ¥14) (212 214 — 212 214)  (—¥12 214 + 212 ¥14) (212 213 + 212 ©13)
(=213 214 + 213 z14) (V12 213 — 212 ¥13) (w12 214 — 212 214) (V12 213 — 212 ¥13) (y12 213 — 212 ¥13) (—212 213 + 212 #13)
K (v13 214 — 213 ¥14) (13 Y14 — Y13 T14) (y13 214 — 213 ¥14) (—®12 Y14 + ¥12 14) (y13 214 — 213 ¥14) (T12 ¥13 — Y12 £13)
Gr. = | (@13via —vizeia) (V12214 + 212 v14) (—v12 214 + 212 ¥14) (212 v14 T v12214) (—v12 214 + 212 ¥14) (T12 Y13 — Y12 T13)
(v13¥14 — v13 ®14) (Y12 213 — 212 ¥13) (—=12 y14 + v12 ®14) (V12 213 — 212 ¥13) (y12 213 — 212 ¥13) (12 Y13 — Y12 ©13)
2
® (=x13 214 + 213 %14) (==13 214 + 213 714) (T12 214_— 212 ®14) (=213 214 + 213 14) (—®12 213 + z12 ©13)
vy = (w13 214 + 213 214) (T12 214 — 212 ©14) (z12 714 — 212 214) (z12 214 — 212 #14) (—212 213 + 212 ©13)
(=®13 214 + z13 214) (212 213 + 212 213) (@12 214 — 212 214) (@12 213 + Z12 213) (=w12 213 + 212 213)
K (=213 214 + 213 #14) (13 ¥14 — Y13 214)  (—=13 214 + 213 ®14) (—Z12¥14 + Y12 214)  (—713 214 + 213 ®14) (T12 Y13 — Y12 T13)
Gy = (213 Y14 — v13 ®14) (212 214 — 212 ©14) (212 214 — 212 214) (=212 Y14 + Y12 214) (z12 214 — 212 ®14) (212 Y13 — Y12 #13)
(z13¥14 —v13w14) (—®12 213 + 212 213)  (—=12v14 T v12214) (—®12 213 + 212 213)  (—=12213 + 212 213) (®12 Y13 — Y12 #13)
2
® (13 Y14 — Y13 ©14) (13 ¥14 — v13 w14) (@12 y14;-y12 T14) (13 ¥14 — v13 ©14) (T12 ¥13 — Y12 ©13)
Gz = | (13v14a —v13®14) (—T12 Y14 + V12 ®14) (=®12 y14 + v12 ®14) (=712 y14 + v12 #14) (T12 ¥13_— Y12 #13)

(13 ¥14 — v13 *14) (12 ¥13 — Y12 ©13) (=212 y14 + v12®14) (T12 ¥13 — ¥12 13) (z12 ¥13 — v12 ©13)

The stiffness matrix is the sum
Sk +Sh, + SK.

function S=Stiffness (T, k, formula)

$ S=stiffness (T, k, formula)

% Input:

% T tetrahedrization

% k polynomial degree

% formula quadrature formula

% Output:

% S : d3 x d3 x Nelts stiffness matrix
% Last modified: March 27, 2013

o

Computations in the reference element

)
)
)

xhat=formula (:
vhat=formula (:

, 2
, 3
zhat=formula(:, 4

’
’
’

[, px,pY,pz]l=dubiner3d(2«xhat—1,2+«yhat—1,2xzhat—1,k) ;

PR=2*pX;
PY=2+*py;
pPz=2%pz;

wpx=bsxfun (@times, formula(:,5),px);
wpy=bsxfun (@times, formula(:,5),py);
wpz=bsxfun (Ctimes, formula(:,5),pz);

Kxx=(1/6) xpx "' *wpx;
Kxy=(1/6) xpx' *wpy;
Kxz=(1/6) xpx'*wpz;
Kyy=(1/6) «py' *xwpy;
Kyz=(1/6) xpy' *wpz;
Kzz=(1/6) *xpz' *wWpz;

el

Geometric constructions

x12=T.coordinates (T.elements(:,2),1)—T.coordinates(T.elements(:,1),1);
y1l2=T.coordinates (T.elements(:,2),2)—T.coordinates (T.elements(:,1),2);
z12=T.coordinates (T.elements(:,2),3)—T.coordinates (T.elements(:,1),3);
x13=T.coordinates (T.elements(:,3),1)—T.coordinates(T.elements(:,1),1);
y13=T.coordinates (T.elements(:,3),2)—T.coordinates (T.elements(:,1),2);
z13=T.coordinates (T.elements(:,3),3)—T.coordinates(T.elements(:,1),3);
x14=T.coordinates (T.elements(:,4),1)—T.coordinates(T.elements(:,1),1);
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y1l4=T.coordinates (T.elements(:,4),2)—T.coordinates(T.elements(:,1),2);
z14=T.coordinates (T.elements(:,4),3)—T.coordinates (T.elements(:,1),3);
x12=x12"; x13=x13"; x14=x14"';
yl2=yl2"'; yl3=yl1l3'; yld=yl4d"';
z12=2z12"; 2z13=z13'; z14=z14'; % row vectors with differences of coords

idetB=1./(x12.xy13.%214—x12.%y14.%213—y12.xx13.%x2z14...
+y12.%xx14.x2134212.%xx13.xy14—212.xx14.xy13);

dxdx=kron (idetB.x* (y13.x2z14—213.xy1l4) . 2,Kxx) ...

+kron (idetB.x (y13.x214—2z13.%y1l4) .x (—yl2.%xz14+212.%yl4) ,Kxy+Kxy') ...

+kron (idetB.x (y13.x214—2z13.%y1l4) . % (y12.%213—212.xy13) ,Kxz+Kxz"') ...
t+kron (idetB.* (—yl2.%z14+2z12.xy14) . 2,Kyy) ...

+kron (idetB.* (—yl2.%xz14+2z12.%xy14) .x (y12.%213—2z12.%y13) ,Kyz+Kyz') ...

t+kron(idetB.* (y12.%2z13—2z12.xy13).72,Kzz);
dydy=kron (idetB.x (—x13.xz14+2z13.%x14)."2,Kxx) ...

tkron (idetB.* (—x13.%2z14+213.%x14) .x (x12.%x214—212.%x14) ,Kxy+Kxy') ...
+kron (idetB.* (—x13.x2144+213.xx14) .x(—x12.%213+212.%x13),Kxz+Kxz"') ...

+kron (idetB.x (x12.x214—2z12.%x14) .7 2,Kyy) ...

t+kron (idetB.x (x12.x214—212.%x14) .x (—x12.%x2z13+212.%x13) ,Kyz+Kyz') ...

+kron (idetB.x (—x12.%z13+212.xx13).72,Kzz);
dzdz=kron (idetB.* (x13.xy14—y13.xx14)."2,Kxx) ...

+kron (idetB.» (x13.xy14—y13.%x14) .x (—x12.xy1l4+yl2.%x14) ,Kxy+Kxy') ...

+kron
+kron
+kron
+kron

(idetB.* (x13.xy14—y13.%x14) . (x12.%yl3—y12.xx13),Kxz+Kxz"') ...
(idetB.* (—x12.xyl4+yl2.%x14)."2,Kyy) ...

(

(idetB.* (x12.xy13—y1l2.%x13)."2,Kzz);

S=dxdx+dydy+dzdz;
d3=nchoosek (k+3, 3) ;
Nelts=size (T.elements,1);
S=reshape (S, [d3 d3 Nelts]);

return
% These matrices are not needed

dxdy=kron (idetB.* (y13.%214—2z13.xy14) .« (—x13.%z14+213.%x14) ,Kxx) ...
+kron (idetB.x (y13.x214—2z13.%y1l4) . % (x12.%214—212.xx14) ,Kxy) ...
tkron(idetB.x (y13.x214—2z13.%y1l4) .x (—x12.%x2z13+212.%x13),Kxz) ...
+kron (idetB.* (—x13.%2z14+213.%x14) .x (—y1l2.x2z14+2z12.%y14) ,Kxy"') ...
t+kron (idetB.* (—y12.%z14+212.%xy14) .x (x12.%x214—212.%x14) ,Kyy) . ..
t+kron (idetB.* (—yl2.%z14+212.xy14) .* (—x12.x2z13+2z12.%x13) ,Kyz) ...
+kron (idetB.* (—x13.%214+2z13.%x14) . % (y12.%213—2z12.%y13),Kxz") ...
tkron (idetB.x (x12.x214—2z12.%x14) . % (y12.%213—2z12.%xy13),Kyz") ...
+kron (idetB.x (y12.x213—212.%y13) .x (—x12.%2z13+212.%x13) ,Kzz);
dxdz=kron (idetB.x* (y13.%2z14—2z13.*xy14) .» (x13.xy14—y13.%x14),Kxx) ...
t+kron (idetB.x (y13.x214—2z13.%y1l4) .x (—x12.xyl4+yl2.%x14) ,Kxy) ...
+kron (idetB.* (y13.%214—213.xy14) .x (x12.xy13—y12.%x13),Kxz) ...
t+kron (idetB.x (x13.xy14—y13.%x14) .x(—yl2.%xz14+2z12.%yl4) ,Kxy") ...
+kron (idetB.x (—y12.x2z14+212.%xy14) .x (—x12.xy14+y12.xx14) ,Kyy) ...
tkron (idetB.* (—=yl2.%z14+212.xy14) .x (x12.xy13—y1l2.%x13),Kyz) ...
+kron (idetB.x (x13.xy14—y13.%x14) .+ (y1l2.%213—2z12.%xy13),Kxz") ...
tkron (idetB.* (—x12.*y14+y12.%x14) .x (y1l2.%213—2z12.%y13),Kyz") ...
+kron (idetB.x (y12.x213—2z12.%y13) . % (x12.%y13—y12.xx13),Kzz);
dydz=kron (idetB.x (—x13.%z14+2z13.*x14) .* (x13.*xy1l4—y13.%x14),Kxx) ...
t+kron (idetB.* (—x13.%z14+2z13.%x14) .* (—x12.xy1l4+yl2.%x14) ,Kxy) ...
t+kron (idetB.* (—x13.%214+213.%x14) . *x (x12.%xy13—y12.%x13),Kxz) ...
t+kron (idetB.x (x13.xy14—y13.%x14) . % (x12.%x214—212.%x14),Kxy") ...
+kron (idetB.x (x12.x214—212.%x14) .x (—x12.xy1l4+y1l2.%x14) ,Kyy) ...
tkron (idetB.x (x12.x214—212.%x14) . % (x12.%y13—y12.%x13),Kyz) ...
(
(
(

(
(
(
(
(
(

+kron (idetB.» (x13.xy14—y13.%x14) .x (—x12.%2z13+2z12.%x13) ,Kxz") ...
idetB.x (—x12.%yl4+y12.xx14) . % (—x12.%213+212.%x13),Kyz"') ...

idetB.*x (—x12.%2z13+212.%x13) . x (x12.xy13—y12.%x13),Kzz);

+kron
+kron
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Local postprocessing Once we have computed the solution (g, un,un) € Vi, x Wy, x My, for the
HDG equations, we can use some of the known superconvergence property to justify why (for & > 1) the
following local postprocessing is superconvergent. We compute

up € [[ Prsa(X)

KeTh
satisfying
(Vup, Vup)g = —(k g, Vun)k Ywy, € Prt1(K),
(up, Ve = (un, k-
The HDG code provides decompositions:
ds (k) ds (k)
wnlic = D0 w P apalc =D af Pf
Jj=1 j=1

We then use the fact that

DEDE =0 Vi>2  VKeT,
K

to decompose
ds(k+1)

* K pK K
up|lg =uy Pyt + E w;,
i=2

and write the system

ds(k+1) ds (k)

3y (/KVP]K~VPiK)wJK:— > s (/KH*lJDZ.Ka#PJK)qu i=2,...,ds(k+1).

Jj=2 #e{z,y,z} j=1

Therefore, we only need to locally solve systems with the stiffness matrix (eliminating first row and
columns) using variable convection matrices to build the right hand side. This is the only place in the
code where we explicitly use orthogonality properties of the polynomial basis.

function uhstar=postprocessing (T, km, ghx, ghy, ghz, uh, k, formula)

o\

uhstar=postprocessing (T, km, ghx, ghy, ghz, uh, k, formula)

o

oo

Last modified: April 9, 2013

o

% Dimensions

d3plus=nchoosek (k+1+3, 3) ;
d3 =nchoosek (k+3, 3) ;
Nelts =size(T.elements,1);

o

% Matrices

S=Stiffness(T,k+1, formula);

S(1,:,:)=1[1;

S(:,1,:)=1[1;
[Cx,Cy,Cz]=VariableConv (T, km, km, km, k+1, formula) ;
Cx=permute (Cx, [2 1 3]);

Cy=permute (Cy, [2 1 3]);

Cz=permute (Cz, [2 1 3]);

Cx(:,d3+1l:end, :)=1[];

Cy(:,d3+1l:end, :)=[1;
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Cz(:,d3+1l:end, :)=[1;
Cx(l,:,:)=I[1;
Cy(l,:,:)=I[1;
Cz(l,:,:)=I[];

% Solution of local problems

uhstar=zeros (d3plus—1,Nelts);
parfor K=1:Nelts

uhstar(:,K):—S(:,:,K)\(CX(:,:,K)*qhx(:,K)+...
Cy(:,:,K)*xghy(:,K)+...
Cz(:,:,K)*ghz (:,K));
end
uhstar=[uh (1, :); uhstar];

14 Convection-difussion
The convection-diffusion equations are written as
K lq+ Vu—0, and V(g+uB)+cu=f in Q.

On the Neumann boundary, the condition is given as —(q + u3) - v = uy - v.
The local HDG equations are

(Y ap,mh) K — (un, V- 73) i + (Un, 74 - V)or =0 Vry € Vi,
(V-qp,,wn)x — (un, B - Vwn)x + (cun, wn)x
H(1(up —up) + (B - v)an, wn)ox = (f,wn)x  Ywp, € Wi,

The induced flux on the boundary is
gy v+ 7(up —Up) + (8- v)up.

Most of the derivations are straightforward extensions of the pure diffusion problem. The local solvers
contain the 4ds X 4d3 X Ngj; array

ME, O O —(CK)T
O MK, O —(CK)T
K ._ K1
Al T 0 0) MnKﬂ _( Iz/<)'l' )

K
Cf:( C:LI}( C’f/( M(I:( +7PP" — Z*E{x,y,z} B*Cf(

where 3,CK is the transpose of the variable convection matrix with entries
/Kﬁ*P,-KaxPJK ii=1,...ds.

The 4ds x 4dy x N array with slices

(ne DPE)T

(n,DPF)T

(TLZDPK)T )
_<TDPK)T + Z*G{x,y,z} (n*B*DPK)T

Aé( =

where n,5,DPX is the matrix with entries

K
B D" P i=1,...,dy, j=1,....ds, (c{1,23,4}
K

€
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The matrices AX and Afc{ are the same as in the purely diffusive problem. Finally, the local solvers
include the 4ds x 4ds X Ngj; array with slices

CX = AF(A[)T'AS +7DDX = Y~ n,8,DDX,
*xe{z,y,z}

where n,5,DD¥ has elements
/KB*V*Di D; i,j=1,...,dy, €€{1,2,3 4}.
€

The local solver related to source terms (Cff are defined with the same formulas as in the diffusive case.
Everything else is taken verbatim from the diffusive HDG code.

function [C,Cf,Al,A2,Af]=localsolvers3dCD (km,c, f,beta,tau, T, k, formulas)

[c,Cf,Al,A2,Af]=1localsolvers3dCD (km, c, £, {betax,betay,betaz}, ...
tau,T,k, {forl, for2, for3, ford})

Input:
km, c, f: vectorized functions of three wvariables
{betax,betay,betaz}: vectorized functions of three variables
tau: penalization parameter for HDG (Nelts x 4)
T: expanded tetrahedrization
k: polynomial degree
forl: quadrature formula 3d (for mass matrix)
for2: quadrature formula 3d (for convection matrices)
for3: quadrature formula 2d
ford: quadrature formula 2d (variable coefficients and errors)

Output:
C: 4+d2 x 4xd2 x Nelts
Cf: 4+xd2 x Nelts
Al: 4%d3 x 4%xd3 x Nelts
A2: 4%d3 x 4xd2 x Nelts
Af: 4xd3 x Nelts

o o° o o o O° o° O° O A AP A A A A o O o o° o° o° o

Last modified: April 11, 2013

Nelts=size(T.elements, 1l);
d2=nchoosek (k+2,2) ;
d3=nchoosek (k+3, 3) ;

f=testElem (£, T, k, formulas{1l});
Af=zeros (4+d3,Nelts);
Af (3xd3+1:4%d3, :)=f;

Mass=MassMatrix (T, {km, c}, k, formulas{1});

Mk=Mass{1l};Mc=Mass{2};

[Cx,Cy,Cz]=ConvMatrix (T, k, formulas{2});

[convx, convy, convz]=VariableConv (T,beta{l},beta{2},beta{3}, k, formulas{1l});
convbeta=permute (convx+convy+convz, [2 1 3]);

[tauPP, tauDP, nxDP, nyDP, nzDP, tauDD]=matricesFace (T, tau, k, formulas{3}) ;
nx=T.normals (:, [1 4 7 10])"';

ny=T.normals(:,[2 5 8 11]1)';

nz=T.normals (:,[3 6 9 12])"';
bnDP=matricesVariableFaceA (T, beta, {nx,ny,nz}, k, formulas{4});
bnDP=bnDP{1}+bnDP{2}+bnDP{3};
bnDD=matricesVariableFaceB (T, beta, {nx,ny,nz}, k, formulas{4});
bnDD=bnDD{1 }+bnDD{2 }+bnDD{3};

O=zeros (d3,d3,Nelts);
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Al=[Mk , 0 , 0 ,—permute (Cx, [2 1 3]1);...
0] ,» Mk , 0 ,—permute (Cy, [2 1 3]1);...
O , 0 , Mk ,—permute (Cz, [2 1 3]);...
Cx ,Cy ,Cz ,Mc+tauPP—convbetal;

A2=[permute (nxDP, [2 1 3]1);...
permute (nyDP, [2 1 3]);...
permute (nzDP, [2 1 3]); ...
—permute (tauDP, [2 1 3])+permute (bnDP, [2 1 31)1;

C=zeros (4%d2,4%xd2,Nelts) ;
Cf=zeros (4+«d2,Nelts);

parfor i=1:Nelts
C(:,:,1)=[nxDP(:,:,1i) nyDP(:,:,1) nzDP(:,:,1) tauDP(:,:,1)1/...

Al(:,:,1)*A2(:,:,1)+tauDD(:, :,1)—bnDD(:, :,1);
cf(:,i) =[nxDP(:,:,1i) nyDP(:,:,1) nzDP(:,:,1) tauDP(:,:,1)1/...
Al (:,:,i)*Af(:,1);
end
return

function [Uh, Qxh,Qyh,Qzh,Uhat, system, solvers]=...
HDG3dCD (km, ¢, f,beta, tau, T, k, formulas,uD, gx,qgy,gz,varargin)

[Uh, Oxh, Qyh, Qzh, Uhat ]1=HDG3dCD (km, c, £, {bx,by, bz}, ...

tau, T, k, formulas,uD,gx,gy,gz)
[Uh, Oxh, Qyh, Qzh, Uhat]=HDG3dCD (km, c, £, {bx,by, bz}, ...

tau, T, k, formulas,uD,gx,qgy,gz,0)
[-,—,7,7, 7, system, solvers]=HDG3dCD (km, ¢, £, {bx, by, bz}, ...

tau, T, k, formulas,uD,gx,gy,gz, 1)

Input:

km : vectorized function (kappaA{—l}; kappa=diffusion parameter)
c : vectorized function (reaction parameter)
f : vectorized function (source term)

{bx,by,bz} : vectorized functions (convection field)
tau : penalization parameter for HDG (Nelts x 4)
T : expanded tetrahedrization
k : polynomial degree

formulas: {forl, for2,for3,for4d}
(quadrature formulas as used by localsolvers3dCD)

uD : Dirichlet data; vectorized function
gx,9gy,gz : Neumann data (corresponds to kappaxgrad(u)); vectorized fns
Output:

Uh : d3 x Nelts, matrix with uh

Oxh : d3 x Nelts, matrix with gxh

Qvyh : d3 x Nelts, matrix with gyh

Qzh : d3 x Nelts, matrix with gzh

Uhat : d2 x Nelts matrix with uhhat
system : {HDGmatrix, HDGrhs,list of free d.o.f.,list of dir d.o.f.}
solvers : {Al,A2,Af} local solvers

o0 00 o d° A A A° A O A0 O O I A A A A A A A O S O I A A A° OO o o

Last modified: April 11, 2013

if nargin==13
export=varargin{1l};
else
export=0;
end

d2=nchoosek (k+2, 2) ;
d3=nchoosek (k+3, 3) ;

block3=Q@ (x) (1+(x—1)*d3): (x*d3);
Nelts =size(T.elements,1);
Nfaces=size (T.faces, 1);

52




Ndir =size(T.dirichlet,1);
Nneu =size(T.neumann,l);

%$Matrices for assembly process

face=T.facebyele'; % 4 x Nelts

face=(face(:)—1)+*d2; % First degree of freedom of each face by element
face=bsxfun (@plus, face, 1:d2); %$4+xNelts x d2 (d.o.f. for each face)
face=reshape (face', 4xd2,Nelts); $d.o.f. for the 4 faces of each element

[J, I]=meshgrid(1:4xd2);
R=face(I(:),:); R=reshape(R,4%d2,4xd2,Nelts);
C=face(J(:),:); C=reshape(C,4xd2,4+d2,Nelts);
%$ R.1jJ"K d.o.f. for local (i,j) d.o.f. in element K ; R_ij"K=C_ji"K
RowsRHS=reshape (face, 4*d2xNelts, 1) ;

dirfaces=(T.dirfaces(:)—1)*d2;
dirfaces=bsxfun (@plus,dirfaces,1:d2);
dirfaces=reshape (dirfaces',d2«Ndir, 1) ;

free=((1l:Nfaces)'—1)*d2;
free=bsxfun (@plus, free,1:d2);
free=reshape (free',d2xNfaces, 1);
free(dirfaces)=[];

neufaces=(T.neufaces (:)—1)*d2;
neufaces=bsxfun (@plus, neufaces,1:d2);

neufaces=reshape (neufaces',d2xNneu, 1) ;

%Local solvers and global system
[M1,Cf,Al,A2,Af]=1localsolvers3dCD (km,c, f,beta,tau, T, k, formulas);
M=sparse (R(:),C(:),ML(:));

phif=accumarray (RowsRHS,Cf (:));

[uhatD, ghatN]=BC3d (uD, gx, gy, gz, T, k, formulas{3});

$Dirichlet BC
Uhatv=zeros (d2«Nfaces, 1) ;

Uhatv (dirfaces)=uhatD; %$uhat stored as a vector: d2xNfaces
SRHS

rhs=zeros (d2+xNfaces, 1) ;

rhs (free)=phif (free);

ghatN=reshape (ghatN, d2*Nneu, 1) ; % ghatN stored as a vector: d2xNneu
rhs (neufaces)=rhs (neufaces) +ghatN;
rhs=rhs—M(:,dirfaces) «*Uhatv (dirfaces);

if export
system={M, rhs, free,dirfaces};
solvers={Al,A2,Af};
Uh=[];
Oxh=[];
Qvh=[];
Qzh=[];
Uhat=[];
return

else
system=[1];
solvers=[];

end

Uhatv(free):M(free,free)\rhs(free);
Uhat=reshape (Uhatv, d2,Nfaces) ;

%Uh Qxh Qyh Qzh
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faces=T.facebyele'; faces=faces(:);
uhhataux=reshape (Uhat (:, faces), [4%xd2,Nelts]);

sol=zeros (4+d3,Nelts) ;
parfor K=1l:Nelts

sol (:,K)=A1(:,:,K)\(Af(:,K)—A2(:,

end

Oxh=so0l (block3(
Qyh=sol (block3(
Qzh=sol (block3(
Uh =sol (block3(
return

)I.
)t
),.
)I‘

1
2
3
4

:,K) xuhhataux (:,K));

15 Quadrature rules

The scripts and TableQuadForm.m include TablesQuadForm3d.m matrices with quadrature formulas in
the reference elements in two and three dimensions respectively. The are stored as Nqq X 5 matrices
in the three dimensional case and as Nyq2 X 4 matrices in the two dimensional case. The collection of
formulas that are stored in those files is given in Tables 1 and 2. Once the polynomial degree k is chosen,
the function checkQuadrature3d chooses formulas for all two and three dimensional integrals. We avoid
using the two dimensional quadrature formulas that use nodes on the edges of the reference triangle.

name

degree of precision

number of quadrature nodes = Nqq

tetral
tetrad
tetrad
tetra7
tetra9

co O Ut N

1
4
14
25
45

Table 1: Quadrature formulas on K

name

degree of precision

number of nodes Ngqg2

nodes on edges

matrix(0
matrix2
matrix4
matrixd
matrix7
matrix9
matrix11
matrix13
matrix14
matrix16
matrix18
matrix20
matrix21
matrix23
matrix25

—_ =
el argi=REN NS BN R

14
16
18
20
21
23
25

1
3
6
10
15
21
28
36
45
55
66
78
91
105
120

Table 2: Quadrature formulas on IA(Q

function formulas=checkQuadrature3d(k,constantmass)
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$formulas=checkQuadrature3d (k, constantmass)
$Imput:
k: degree of polynomials
constantmass: 1 constant coefficients in mass matrices
0 non—costant

%Output:

% formulas{l} : 3d quadrature formula for errors and var coeff
% formulas{2} : 3d quadrature formula for constant coefficients
% formulas{3} : 2d quadrature formula

% formulas{4} : 2d quadrature formula for errors

%Last update: March 14, 2013

degrees = {3k, 2k,2k,2k+2} if constant mass = 0
{2k, 2k,2k,2k+2} if constant mass
for k=0, take {2,0,0,2}

Il
s

o° o o

TablesQuadForm3d
TablesQuadForm
switch constantmass
case 1
switch k
case 0
formulas={tetra5, tetral, matrix0,matrix4};
case 1
formulas={tetra3, tetra3,matrix4,matrix4};
case 2
formulas={tetra7,tetra7,matrix9,matrix9};
case 3
formulas={tetra9,tetra9, matrixll, matrix11};
end
case 0
switch k
case O
formulas={tetra5, tetral, matrix0,matrix4};
case 1
formulas={tetrab,tetra3, matrix4,matrix4};
case 2
formulas={tetra7,tetra7,matrix9,matrix9};
case 3
formulas={tetra9,tetra9, matrixll, matrixl1};
end

end
formulas{3}(:,4)=formulas{3}(:,4)/2;
formulas{4} (:,4)=formulas{4}(:,4)/2;
return

16 Main programs and their dependences

Routines needed to start working. Note that implementation of the Dubiner polynomials in two
dimensions uses code for the Jacobi polynomials as a subfunction. This has been adapted from a piece of
code by John Burkardt, distributed under hte GNU LGPL license. Quadrature rules have been pre-stored
in the form that is needed for the code. Instead of having an m—file with the formulas, there is a script
that defines them one by one, and a function that chooses the ones that are going to be used for a given
polynomial degree. This is done only once, so this part of the code can be easily modified. The three
dimensional formulas that have been included can deal with all cases up to k = 3. For higher order, once
can easily construct more formulas and modify the corresponding files.

e HDGgrid3d

e createTau3d
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e checkQuadrature3d

— TablesQuadFrom3d
— TablesQuadForm

Main functions.
e HDG3d

— localsolvers3d

* MassMatrix
- dubiner3d
* ConvMatrix
- dubiner3d
* matricesFace
- dubiner2d
- dubiner3d

— BC3d

¥ dubiner2d
e HDG3dCD

— localsolvers3dCD
* MassMatrix
- dubiner3d
ConvMatrix
- dubiner3d
* VariableConv
- dubiner3d
* matricesVariableFaceA
- dubiner2d
- dubiner3d
* matricesVariableFaceB
- dubiner2d

— BC3d

*

* dubiner2d

Projections and error functions for testing
e L2proj3d

— dubiner3d
— errorElem

* dubiner3d
e L2projskeleton3d

— dubiner2d
— errorFaces

¥ dubiner2d



e projectHDG3d

MassMatrix

* dubiner3d

matricesFace

* dubiner2d

* dubiner3d
— testElem

* dubiner3d
— testFaces

* dubiner2d
e errorElem
— dubiner3d
e errorFaces
— dubiner2d
® postprocessing

— variableConv
* dubiner3d
— Stiffness

* dubiner3d

17 Alphabetical list of all programs
Main programs.

e BC3d

e checkQuadrature3d

e ConvMatrix

e createTau3d

e dubiner2d

e dubiner3d

e errorElem

e errorFaces

e HDG3d

e HDG3dCD

e HDGgrid3d

e L2proj3d

e L2projskeleton3d
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localsolvers3d
localsolvers3dCD
MassMatrix
matricesFace
matricesVariableFaceA
matricesVariableFaceB
postprocessing
projectHDG3d
Stiffness
TablesQuadForm
TablesQuadForm3d
testElem

testFaces

VariableConv

Examples of fully developed meshes

4Tchimney
Corner
FicheraCorneril
FicheraCorner2

sixT3dDir

Scripts

Script_HDG3DCD

scriptHDG3dpaper
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