Values of N

| Subroutine 100 | 200 | 300 | 400 | 500
DGEMV( N, ... 1] 12] 1] 11] 11
DGEM "N, "N, .. 17| 18] 19] 19] 19
DGETRF, MeN 70 11| 13| 15 16
DGETRI 50 9] 11] 13] 14
DPOTRE( " U, ... 50 11 13] 14] 15
DPOIRF( "L, 5/ 10 11 11| 11
DPOIRI( " U, ... Al 6| 7] 7] 7
DPOIRI( "L7, ... 40 7] 8] 9] 10
DSYTRF( " U, ... 41 8] 10] 12] 13
DSYIRF( "L, ... 41 8| 10| 12] 13
DGEQRF, MEN 6| 11| 13| 14| 14
DGEHRD 7] 8] 10] 10] 11
D5 YIRD 6/ 8| 8] 7] 7T

f—times reported for DLUBR

Table 19: Speed i n nmegaflops, Alliant FX/4, 4 processors
BLAS fromFX/Series Linear Al gebra Library, ver. 5

Val ues of N
| Subroutine 100 | 200 | 300 | 400 | 500
DGEMM "N, ... 10] 12 13] 13] 12
DCEMM "N, 'N, .. 10| 11| 11] 11] 12
DGETRF, MeN 70 10] 11 12] 12
DGETRI 7 9 8] 10| 11
DPOTRF( " U, 7 9 11| 13| 13
DPOTRF( " 1.7, 6 9 10| 11| 11
DPOTRI( U, 6 8 10| 11| 11
DPOTRI ( 1.7, 6 9 10| 11| 11
DSYIRF( " U, 8 10| 11| 11| 12
DSYIRF( " 1., 70 10 11| 12| 13
DGEQRE, MEN 10 12] 13] 14] 14
DGEHRD 10 12] 13] 13] 14
DSYIRD 8 9 10| 11| 11

f—tines reported for DLUBR

Table 20: Speed in negaflops, Stardent 3000

3.01 FCS, Fortran BLAS, -Q2 -inline (vectorization only)
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Val ues of N
| Subroutine 100 | 200 | 300 | 400 | 500
DGEMM "N, ... 241 30 22| 21 21
DCEMM "N, "N, ..] 74| 76| 78] 78] 84
DGETRF, M=N 13| 30| 41| 47| 53
DGETRI 8] 20| 28| 36| 42
DPOTRE( " U, ... 11] 27| 38] 49| 54
DPOTRE( "L, ... 10| 20| 25| 27| 29
DPOIRI( " U, ... 6| 11| 14| 15| 15
DPOTRI( "1, ... 71 15 20| 23| 26
DSYIRE( " U, ... 9 15| 22| 29| 32
DSYIRF( "L, ... 8 15| 23| 29 33
DGEQRE, MEN 11] 28] 39| 47| 50
DGEHRD 13] 20| 25| 27| 27
DSYIRD 13] 18] 18] 19| 18

f—tines reported for DLUBR

Table 17: Speed in megaflops, Alliant FX/80, 8 processors

Val ues of N
| Subroutine 100 | 200 | 300 | 400 | 500
DGEW "N, ... 39| 48] 52 54| 56
DGEMM "N, "N, ... 37| 50| 56| 57| 59
DGICTRF, MN 13 19| 25| 29| 33
DGETRI 18] 32| 42| 47| 52
DPOIRK( " U, ... 20 35| 42 47] 49
DPOIRKF( "1, ... 22| 36| 44| 48] 51
DPOIRI( " U, ... 18] 34] 42| 48] 53
DPOIRI( "L, ... 16| 31| 40| 46| 50
DSYIRE( " U, ... 22| 33| 38 42 45
DSYIRF( "L, ... 22| 32| 39 42| 45
DGEQRF, MEN 27 40| 46| 51| 54
DGEHRD 27| 39| 43| 48] 52
D5 YIRD 15] 24] 29| 32| 34

f—tines reported for DLUBR

Table 18: Speed in nmegaflops, FPS Mbdel 500, 1 processor
Optinized BLAS fromFPS Conputing
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Val ues of N
| Subroutine 100 | 200 | 300 | 400 | 500
DGEW "N, ... 20 | 29 [ 32 ] 30 | 33
DGEM "N, "N, ..] 67 [ 70 [ 70 | 71 [ 72
DGETRF, MEN 22 [ 33 | 39 | 44 | 47
DGETRI 44 [ 56 | 63 | 64 | 66
DPOIRK( " U, ... 34 | 54 | 65 | 65 | 67
DPOIRKF( "1, ... 34 | 54 | 56 | 61 | 65
DPOIRI( " U, ... 34 | 45 | 58 | 59 | 63
DPOIRI( "L, ... 34 | 54 | 62 | 63 | 65
DSYIRE( " U, ... 17 122 [ 27 | 34 | 34
DSYIRF( "L, ... 17 | 27 | 29 | 36 | 36
DGEQRF, MEN 27 | 43 | 45 | 49 | 53
DORGQR, MEN=K 27 | 41 | 46 | 51 | 53
DGEHRD 24 | 36 | 41 | 43 | 45
DSYIRD( " U, ... 27 | 28 | 29 | 29 | 30
DSYIRD( "L, ... 27 | 28 | 28 | 29 | 30
DGEBRD 22 | 24 | 27 | 30 | 32

Table 15: Speed in negaflops, IBMRISC/6000- 550

Val ues of N
| Subroutine 100 | 200 | 300 | 400 | 500 | 600 | 700 | 800 | 900 | 1000
DGEW "N, ... 18 1 19 [ 19 [ 20 [ 20 | 20 [ 20 [ 20 | 20 | 20
DGEMM "N, "N, ..] 42 | 44 [ 44 | 43 | 43 | 43 | 43 | 43 | 44 | 43
DGETRE, MEN 19 | 26 | 29 | 32 | 34 | 34 | 36 | 36 | 37 | 37
DGETRI 22 | 31 [ 35 | 36 | 38 | 38 | 39 [ 39 | 40 | 40
DPOIRK( " U, ... 24 [ 29 | 34 [ 36 | 38 [ 39 | 40 | 40 | 41 [ 41
DPOIRKF( "L, ... 19 | 25 | 29 | 32 | 34 | 34 | 35 | 36 | 37 | 37
DPOIRI( " U, ... 17 123 [ 26 | 27 | 27 | 27 [ 28 | 28 | 27 | 28
DPOIRI( "L, ... 17 | 22 | 25 | 25 | 25 | 25 | 26 | 26 | 26 | 26
DSYIRE( " U, ... 15120 23 [ 25 [ 27|29 29[ 2930 31
DSYIRF( "L, ... 13 119 | 23 | 24 | 26 | 28 | 28 | 29 | 30 | 30
DGEQREF, MEN 19 | 26 | 30 | 32 | 34 | 34 | 35 | 36 | 36 | 37
DGEHRD 16 | 21 [ 22 [ 23 | 24 | 24 [ 25 | 25 | 26 | 26
D5 YIRD 1516 | 17 | 17 | 17 | 18 [ 18 | 18 | 18 | 18

- tinmes reported for DLUBR

Table 16: Speed in negaflops, IBMRISC/6000- 530
AIX 3.1, XL FORTRAN, Opti ni zed BLAS froml BMECSEC
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Val ues of N
| Subroutine 100 | 200 | 300 | 400 | 500
DGEW "N, ... 64| 73] 66| 71| 74
DGEM "N, "N, ..] 87 102|103 | 103 | 107
DGICTRF, MN 25| 42| 53| 59| 66
DGETRI 16| 24 28] 30| 32
DPOIRK( " U, ... 30| 44 56| 62| 67
DPOIRKF( "1, ... 48 | 63| 65| 66 67
DPOIRI( " U, ... 14 22| 25| 27| 28
DPOIRI( "L, ... 13 20| 26| 29| 31
DSYIRE( " U, ... 37 55 65| 71| 75
DSYIRF( "L, ... 37| 55 64 71| 75
DGEQRF, MEN 34] 60| 71| 75| 80
DGEHRD 37 59| 65| 70| T4
D5 YIRD 19 28] 32] 35| 37

f—tines reported for DLUBR

Table 13: Speed in negaflops, I BM3090J- 6VF, 1 processor
Optinized BLAS fromESSL

Val ues of N
| Subroutine 100 | 200 | 300 | 400 | 500
DGEW "N, ... 44 45] 46| 48] 51
DGEMW "N, "N, ... 70| 70| 70| 71| 73
DGICTRF, MN 28 | 39| 47| 52| b5
DGETRI 18] 32| 42| 47| 52
DPOIRK( " U, ... 20 35| 42 47] 49
DPOIRKF( "1, ... 22| 36| 44| 48] 51
DPOIRI( " U, ... 18] 34] 42| 48] 53
DPOIRI( "L, ... 16| 31| 40| 46| 50
DSYIRE( " U, ... 22| 33| 38 42 45
DSYIRF( "L, ... 22| 32| 39 42| 45
DGEQRF, MEN 27 40| 46| 51| 54
DGEHRD 27| 39| 43| 48] 52
D5 YIRD 15] 24] 29| 32| 34

f—tines reported for DLUBR

Table 14: Speed in negaflops, IBM3090- 600 E/VF, 1 processor
VM XASP, VS Fortran ver. 2.4, Optinized BLAS from
ESSLrel. 4, Unea Uni versity, NAGNMirk 13, and I BMECSEC
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Val ues of N
| Subroutine 100 | 200 | 300 | 400 | 500
SGEMW "N, ... 260 | 268 | 287 | 285 [ 291
SGEM "N, "N, .. 281279290 289 | 292
SGETRF, M=N | 129 | 208 | 241 | 256 | 266
SGETRI 200 | 242 | 270 | 274 | 282
SPOIRF( " U, ... | 123 208 242 259 | 268
SPOIRF( "L’, ... | 123 208|243 | 259 | 268
SPOIRI( " U, ... | 136 212] 252263274
SPOIRI( "L’, ... | 136 216|252 266 | 274
SSYIRF( "U, ... 89| 161199 221 235
SSYIRF( "L, ... 94 | 167 | 206 | 227 | 238
SGEQRF, MEN 162 | 234 | 256 | 266 | 272
SORGOQR, MEN=K 194 | 250 | 265 | 271 | 276
SGEHRD 195 | 244 | 268 | 271 | 278
SSYIRD( " U, ... | 145 219 247|261 | 269
SSYIRD 'L’, ... | 147|221 248 262 269
SGEBRD 161 | 234 | 256 | 266 | 272

- tinmes reported for Grout LU

Table 11: Speed in negaflops, CRAY Y- MP, 6.41 nsec clock, 1 processor
UNLCOB 7.0, CFI77 5.0, libsci BLAS

Val ues of N
| Subroutine 100 | 200 | 300 | 400 | 500
DGEW "N, ... 44 70 ]102] 128] 150
DGEM "N, "N, .. 151 155| 156 | 154 | 159
DGETRF, M=N 39 71] 90101/ 111
DPOIRK( " U, ... 32 63| 82] 96103
DPOIRF( " L7, ... 32| 61| 82| 96 106
DSYIRE( " U, ... 24| 46| 56| 66| 76
DSYIRF( "L, ... 23| 45| 53| 66| 76
DGEQRF, MEN A1] 65| 82| 97106
DGEHRD 45 61| 77| 89108
D5 YIRD 25| 36| 41| 46| 48

f—tines reported for DLUBR

Table 12: Speed in negaflops, Convex (240, 4 processors
Optinized BLAS fromConvex Conputer Corp.
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Val ues of N
| Subroutine 100 | 200 | 300 | 400 | 500
DGEW "N, ... 262 554 791 9451012
DGEM "N, "N, .. 327] 633 882] 994 1080
DGETRE, MEN 66 | 175| 303 | 423 526
DGETRI 40 | 109] 183 ] 255| 324
DPOIRK( " U, ... 53| 145] 237] 312 369
DPOIRF( L', ... 49 | 136 222| 302 376
DPOIRI( " U, ... 38 | 102 179 253 | 325
DPOIRI( "1, ... 32| 90| 155 210 264
DSYIRK( " U, ... 36 | 90| 140 182 217
DSYIRF( "L, ... 32| 82| 130 171 206
DGEQRF, MEN 101] 237] 329] 388] 457
DGEHRD 141] 307 411] 481] 517
D5 YIRD 37| 89| 138] 183 223

- tinmes reported for DLUBR

Table 9: Speed in negaflops, Sienans/Fuji tsu VP 400- EX 1 processor
Optinized BLAS fromUni versitat Karlsruhe

Val ues of N
| Subroutine 100 | 200 | 300 | 400 | 500
SGEMW "N, ... 289 | 324 | 354 | 353 | 365
SGEM "N, "N, .. 415 411] 446 | 436 | 450
SGETRF, MEN T 117|234 | 300 340 | 357
SGEIRL | 204 | 296 | 360 | 375 | 399
SPOIRF( U, ...T | 105|216 | 289 | 317 | 358
SPOIRE( "1, .. 1 | 105| 215|288 | 311 | 357
SPOIRI( *U, ..T [ 119] 241|315 349 | 379
SPOIRI( * 1, .1 | 117|239 311 | 347 | 379
SSYIRF( " U, ... 59 | 131 189 | 225 | 254
SSYIRF( "L, ... 62 | 130 | 186 | 222 | 249
SGEQRF, MEN 133 ] 218 | 269 | 308 | 330
SORGOR, MEN=K 152|229 279 | 312 335
SGEHRD 158 [ 232 290 | 310 | 338
SSYIRD( " U, ... | 123 214260 | 280 | 302
SSYIRD( "L7, ... | 122 210 262 | 284 | 300
SGEBRD 132 ] 203 | 227 | 258 | 278

f—1libsci routine

Table 10: Speed in negaflops, CRAY-2, 1 processor
UNLCOB 7.0, CFI77 5.0, libsci BLAS
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Val ues of N
| Subroutine 100 | 250 | 500 | 750 | 1000 | 1250 | 1500 | 1750 | 2000
SGEMW "N, ... 740 | 863 [ 891 [ 894 | 898 [ 897 | 899 | 899 | 900
SGEMW "N, "N, ... 860|893 [ 897899 ] 899 | 900 | 901 | 901 | 901
SGETRF, MEN T 327 | 650 789 | 832 | 851 | 862 | 871 | 875 | 878
SGEIRL | 522 | 781 855 | 875 | 883 | 887 | 890 | 892 | 894
SPOIRF( " U, ...T | 272 607 | 778|829 | 851 | 863 | 871 | 876 | 879
SPOIRF( 17, .. | 257|596 | 774|829 | 852 | 864 | 872 | 876 | 880
SPOIRI( " U, ..1 | 275 624 | 797 | 845 | 864 | 875 | 881 | 885 | 888
SPOIRI( 17, ..L | 270 | 619 | 794 | 845 | 865 | 875 | 882 | 886 | 889
SSYIRF( U, ... | 149|396 | 580 | 655| 700 | 722 | 735 | 753 | 772
SSYIRF( "L’, ... | 161 414|589 651 | 682 | 701 | 714 | 725 | 747
SGEQRF, MEN 349|669 | 781 | 812 | 827 | 834 | 842 | 846 | 844
SORGOR, MEN=K 435 [ 712 797 820 831 | 836 | 835 | 846 | 846
SGEHRD 456 | 738 [ 817 | 833 | 842 | 845 | 844 | 842 | 847
SSYIRD( "U, ... | 276|573[ 730 | 788 ] 816 | 833 | 846 | 852 | 860
SSYIRD( "L’, ... | 278 | 571|727 | 783 | 813 | 827 | 838 | 846 | 853
SGEBRD 346 | 671 ] 783 | 815 | 828 | 834 | 842 | 844 | 842

f—1ibsci LAPACKwith best bl ocksize

Table 7: Speed in negaflops, CRAY Y- MP (90, 1 processor
UNLCOB 7. C CFI77 5.0, 1ibsci BLAS

Val ues of N
| Subroutine 100 | 200 | 300 | 400 | 500
DGEW "N, ... 706 | 1152 9171202 1263
DGEM "N, "N, ..] 7841206 927 1216 1272
DGICTRE, MEN 150 | 292 | 356 423 495
DGETRI 40 | 99 156| 198 232
DPOIRK( " U, ... 155 387 ] 589 719| 819
DPOIRF( L', ... 102 | 224 334 406 463
DPOIRI( " U, ... AT 110] 169] 216| 252
DPOIRI( "1, ... 49 | 114 ] 173 ] 211 | 243
DSYIRK( " U, ... 104 | 235 346 417] 471
DSYIRF( "L, ... 100 | 221 325| 394| 444
DGEQRF, MEN 217 | 498] 617] 690 768
DGEHRD 338 | 662] 664 787 862
D5 YIRD 117] 244 335] 392 430

- tinmes reported for DLUBR

Table 8: Speed in negaflops, NECSX2-400, 1 processor
SXOb Ver. R4. 11, FORIRANT7SXrev. 041
Optinized BLAS fromHNSX Super conputers
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Val ues of N

| Subroutine 100 | 250 | 500 | 750 | 1000 | 1250 | 1500 | 1750 | 2000
SGEMW "N, .. 434 |1 1398 | 5229 | 6422 | 6757 | 6610 | 6776 | 6874 | 6940
SGEMM "N, "N, ... 5954 | 6768 | 7039 | 7085 | 7077 | 7091 | 7125 7123 | 7119
SGETRF, MEN f 372 | 1506 | 3216 | 4192 | 4871 | 5196 | 5501 | 5680 | 5838
SGETRL T 902 | 2656 | 4308 | 5121 | 5375 | 5860 | 6058 | 6216 | 6366
SPOIRF( " U, .. A 361 | 1463 | 3078 | 4162 | 4863 | 5269 | 5612 | 5866 | 6052
SPOIRF( " L7, .. 1 355 | 1389 | 3074 | 4101 | 4814 | 5292 | 5625 | 5855 | 6038
SPOIRI( " U, . A 355 | 1441 | 3073 | 4176 | 4877 | 5283 | 5619 | 5846 | 6023
SPOIRI( " L7, . g 356 | 1456 | 3112 | 4183 | 4852 | 5320 | 5629 | 5862 | 6034
SSYIRF( " U, 134 | 584 | 1502 | 2321 | 2829 | 3300 | 3658 | 3890 | 4118
SSYIRF( " L7, 136 | 647 | 1701 | 2585 | 3229 | 3695 | 4006 | 4275 | 4468
SGEQRF, MEN 322 | 1361 | 3239 | 4368 | 5297 | 5635 | 5906 | 6080 | 6226
SORCOR, MEN=K 377 | 1588 | 3525 | 4755 | 5480 | 5748 | 6003 | 6157 | 6298
SGEHRD 422 1 1757 | 3915 | 5098 | 5735 | 5919 | 6181 | 6300 | 6425
SSYIRD( " U, 267 | 1120 | 2693 | 3907 | 4689 | 5088 | 5414 | 5664 | 5846
SSYIRD( "L, 258 | 1127 | 2716 | 3924 | 4705 | 5095 | 5421 | 5654 | 5848
SGEBRD 320 | 1359 | 3224 | 4488 | 5278 | 5616 | 5861 | 6063 | 6214

= 1ibsci LAPACKwi th best bl ocksize
Table 5: Speed in negaflops, CRAY Y- MP (90, 8 processors, dedicated

UNLCOS 7. C, CFI77 5.0, 1ibsci BLAS

Val ues of N
| Subroutine 100 | 200 | 300 | 400 | 500 | 600 | 700 | 800 | 900 | 1000
DGEW "N, ... 1043 | 2316 | 3329 | 3839 | 4315 | 4217 | 4566 | 4416 | 4441 | 4589
DGEM "N, "N, ..] 1567 | 2871 | 3545 4096 | 4550 | 4417 | 4743 | 4504 | 4554 | 4710
DGICTRE, MEN 217 | 648 | 1123 | 1603 | 2036 | 2323 | 2667 | 2837 | 3010 | 3179
DGETRI 134 391] 663 925| 1167 1392] 1605 | 1762 1928 | 2073
DPOIRK( " U, 164 | 454 | 7531030 1263 | 1454 ] 1607 | 1725 | 1827 | 1966
DPOIRK( "1, 148 | 351 | 627 | 901 | 1158 1398 1615 | 1797 | 1955 | 2108
DPOIRI( " U, 129 332 562 7911026 1232 1430 1609 1771 1918
DPOIRI ( "1, 109 | 305| 536 | 746 | 945 1128 1277 | 1406 1509 | 1615
ISYIRF( * U, 126 | 335] 521 | 671| 787 874] 945]1001] 1089 | 1174
DSYIRKF( "1, 123 | 303 | 485| 632| 751 | 841| 917| 978 1027 1109
DGEQRF, MEN 309 | 779 | 1165 | 1455 | 1653 | 1849 | 2075 | 2267 | 2404 | 2554
DGEHRD A70 [ 1094 | 1558 | 1859 | 2091 | 2197 | 2336 | 2449 | 2585 | 2734
D5 YIRD 116 | 268 | 413 | 547| 668 | 777] 876| 962 1045 1120

- tines reported for DLUBR

Table 6: Speed in negaflops, Sienans/Fujitsu VP 2600- EX 1 processor

Optinized BLAS fromUni versit at Karl sruhe




Machi ne DGEMM DGEW DGETREF Ratio
CRAY Y- MP (90 (8 proc) 7039 5229 3216 | 0.46
Fajitsu VP2600 4550 4315 2036 0.45
CRAY Y- MP (8 proc) 2449 2244 1422 0.58
CRAY- 2 (4 proc) 1797 1276 822 0.46
NEC 5X2 1272 1263 495 0.39
Fajitsu VP-400 EX 1080 1012 526 0.49
CRAY: 2 (1 proc) 451 364 357 | 0.79
CRAY Y- MP (1 proc) 312 311 284 0.91
Convex (240 (4 proc) 159 150 111 0.70
IBM3090J 107 74 66 0.62
Al'liant FX/80 84 21 53 0.63
IBM3090- 600E 73 51 56 0.77
FPS Mbdel 500 59 56 33 0.56
I BMRISC/6000- 530 43 20 34 0.79
Alliant FX/4 19 11 16 0.80

Table 3: Speeds in negaflops and the ratio DGETRF/DGEMM N =500

Michi ne DGEMM DGEMV DGETRF Ratio
CRAY Y- MP (90 (8 proc) 7077 6757 4871 0.69
Fajitsu VP2600 4710 4589 3179 0.67
CRAY Y- MP (8 proc) 2448 2399 1926 0.79
CRAY 2 (4 proc) 1810 1386 1245 0.69
I BMRI SC/6000- 530 43 20 37 0.86

Table 4: Speeds in negaflops and the rati o DGETRF/DGEMM N =1000



Machi ne DLUBL DLUBC DLUBR NB
(Left)| (Crout)| (Right)
Fujitsu VP2600 1238 1572 2036 64
CRAY Y- MP (8 proc) 1101 1261 1422 128
CRAY- 2 (4 proc) 696 796 822 48
NEC SX2 423 577 495 1
Fujitsu VP-400 EX 344 398 526 64
CRAY: 2 (1 proc) 340 361 331 | 64
CRAY Y- MP (1 proc) 278 284 286 16
Convex (240 (4 proc) 116 112 111 32
IBM3090J 63 64 66 32
Al'liant FX/80 35 52 53 32
IBM3090- 600FE 53 50 56 32
FPS Mbdel 500 20 47 33 1
IBMRISC/6000- 530 32 34 34 48
Alliant FX/4 13 15 16 | 32

Table 1: Speeds in negaflops and bl ock size of best variant, N=500

Machi ne DGETRF DGETEF2 DGEFA Speedup
(BLAS 3) | (BLAS 2) | (BLAS 1)
Fujitsu VP2600 2036 1199 229 8.9
CRAY Y- P (8 proc) 1422 1400 173 8.2
CRAY- 2 (4 proc) 822 584 93 8.8
NEC SX2 495 406 258 1.9
Fujitsu VP-400 EX 526 350 85 6.2
CRAY- 2 (1 proc) 357 183 93 3.8
CRAY Y- WP ( 1 proc) 284 283 170 1.7
Convex (240 (4 proc) 111 68 14 7.9
IBM3090J 66 25 24 2.8
Al'liant FX/80 53 8 5.6 9.5
IBM3090- 600FE 56 17 20 2.8
FPS Mbdel 500 33 23 12 2.7
IBMRISC/6000- 530 34 13 11 3.1
Alliant FX/4 16 4 3.2 4.9

Table 2: LAPACKvs. LINPACK LUfactorization, N=500
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whi ch is generally the sustainable peak speed of these nachines. W see that the speed of
DGEIRF'is typically around 80% for the snaller nachines, and aninpressive 91%{or one
processor of a CRAY Y- MP, but the effliciency declines for the larger superconputers. In
part this is because N=5001is not a very big problem so Table 4 extends the probl emsize
to N=1000 for a fewselected nachines, with better results. For sufftiently large N, the
speed of DGETRF and nany other bl ock al gori thms shoul d approach that of DGEMM

W conclude this report by listing in Tables 5-20 the best negaflop rates for a selection
of LAPACK routines on the computers in this study. W include data for the matrix
factorizations DGETRF, DPOIRF, DSYIRF, and DGEQRF, t he matri xinversionroutines
DGETRI and DPOIRI, the reduction routines DGEHRD, DSYIRD, and DGEBRD, and,
if available, the orthogonal transformation routine DORGOR. All of these are blocked
routines, and we use the best blocksize for each routine. This assunes that the routine to
set the block size, ILAENV, will be optinized for each environnent, and in fact a block
size other than the five choices tested in the standard LAPACK ti mi ng sui te nay be the
optinnl one. The purpose here is not to benchnark the different conputers, since nost of
this data was obtained under less than ideal conditions on a busy nachine, but sinply to
denonstrate the perfornmance of these bl ock al gori thns and, where the performance is | ow,
identify areas for inprovement in the BLAS or LAPACKroutines. W specify “optimnized
BLAS” if anything other than the Fortran BLAS are used, but in many cases only sone
of the BLAS have been optimnized and further i nprovements in the BLAS coul d be nade
(and nay have been nade since these tinings were obtained).

Several changes that becane effective with the August 1991 test release of LAPACK
do not appear in the older data fromthe April 1990 test release. The LU factorization
subrouti ne DATIRF was changed to a right-1ooking variant after the August 1991 test
release, so the data reported for DGEIRF is generally taken fromDLUBR (which is no
longer provided with LAPACK). The LUinverse routine DGEIRI was changed for the
August 1991 release to a faster variant which does more of its workin the Level 3 BLAS
routines DAMM T mi ngs for the orthogonal transformation routine DORAQR and for
the band reduction routine DABRDare available only in the August 1991 and | ater test
releases. Also, an UPLOparanmeter was added to ISYIRD resul ts reported for DSYIRD
with no indication of UPLOZ U or UPLO=Z I are fromthe April 1990 version which
assuned l ower triangul ar storage.

Mst of the datauses the standard LAPACKdata sets, which specifies natrices of order
100, 200, 300, 400, and 500, but in a fewcases we have data for larger problens as well.
For the CRAY Y- MP (90, sone of the LAPACKroutines are taken fromCRAY s scienti fic
library (libsci), but the block size was varied as in the other exanples and the tines for the
best block size are shown.
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nethod (a block CGrout LUfactorization calling a right-looking algorithmw thin the
bl ock, for exanple) may gi ve the best perfornance on a particul ar nachine.

The choi ce of bl ock size can have a significant effect on perfornance, but sinilar results are
of ten observed for a range of block sizes. For exanple, on one processor of a CRAY Y- MP

(90, the difference between the perfornance of a bl ock al gorithmfor the worst block size
is usually wi thin about 10%of the performance wi th the best block size, and resul ts wi thin
5%of the best block size are common, so careful optinizations for each problemsize my
not be necessary.

Precise performance tuningis adiffcult task. In principal, the optinal blocksizes could
depend on t he machi ne configurati on, probl emdi nensi ons, and user-controllable paraneters
such as the leading matrix dinension. In sone environments, the nachine configuration
can change dynamni cally, further conplicating this process. W used brute force during beta
testing of LAPACK running exhaustive tests on di flerent machines, with ranges of block
sizes and probl emdi mensions. This has produced a large vol une of test results, toolarge
for thorough human i nspection and eval uati on.

There appear to be at least three ways to choose bl ock paraneters. First, we coul d take
the exhaustive tests we have done, find the optiml block sizes, and store themin tables in
subroutine I LAENV; each machi ne woul d require its own special tables. Second, we coul d
devise an autonntic installation procedure which could run just a few benchnarks and
autonatically produce the necessary tables. Third, we coul d devise al gorithns which tuned
thensel ves at run-tine, choosing paraneters automatic@ll yIhé choice of nethod
depends on the degree of portability we desire.

4 Timing and Perfornance Results

Over the course of the LAPACKproject we have tested and tuned various al gorithns and

sof tware i n a nunber of diflerent platfords.[3his was done with the hel p of test sites,

includi ng researchers fromuni versities, research centers, and i ndustry at over 50 locati ons
in the United States, Canada, and 10 other countries. W are grateful to our friends and
colleagues who have so generously contri buted their tinme and conputing resources to this
project. W report sone of their results in the tables that follow.

Table 1 conpares the performance of the bl ock vari ants of the LUfactorizationfor N=
500 on a nunber of different machi nes. W observe that the right-1ooking vari ant DLUBR
gives the best performance in 10 of the 14 cases, and this was the variant finally chosen for
the LAPACKrouti ne DGEEIRF.

Table 2 conpares the performance of the block LU factorization routi ne DGEIRF
(using Level 3 BLAS) with its best blocksize to the unbl ocked routine DGETF2 (using
Level 2 BLAS) and to the LINPACKroutine DGEFA, which uses only Level 1 BLAS. W
al so conpute the speedup over LINPACKto showthe actual inprovement of LAPACK s
DGETRF over DGEFA. The speedups range fromaround 2 on single processors of a CRAY
Y- WP and NECSX2 to 10 on a single processor of an Alliant FX/80. In particular, we see
consi derable i nprovenents for the nul ti processors in this study.

Tabl e 3 gi ves a neasure of the effei ency of the LAPACKrouti ne DGETRF at N=500.

The effciency is neasured against the matrix mal tiply DGEMMfromthe Level 3 BLAS,



processed by the Level 3 BLAS. For exanple, if the block size is 32 for the Gaussian
K imination routine on a particul ar machine, then the matrix will be processed in groups
of 32 colums at a tine. Al of the tuning parameters in LAPACKare set via the integer
function subprograml LAENV, which can be nodi fied for the local envirojmek{&ils

of the menory hierarchy deternine the bl ock size that optinizes performnce.

3 Perfornmance Tming

Performance tuni ng nay not be of interest to users who wish to regard LAPACKas mail -
order software. For those users, the Fortran BLAS, standard LAPACK, and the defaul t
bl ocki ng paraneters in the auxiliary routi ne [LAENV are al ways an option. However, opti-
mi zation of one or all three of these pieces nay be necessary to achieve the best al gorithm
Thanks to strong support of the BLAS standard, the LAPACKapproach of using the
BLAS as building blocks has turned out to be a satisfactory nechani smfor producing
fast transportable code for dense linear al gebra conputations on shared memory nachines.
(hussianelimnationandits variants, QRdeconposition, and the reductions to Hessenberg,
tridiagonal and bidiagonal forns for eigenval ue or singul ar val ue conputations all adnit
efftient block inplenentations using Level 3 BLAYJ4 Such codes are often nearly
as fast as full assenbly language i npl ementations for suffciently large natrices, although
assenbl y l anguage versions are typically better for small problens. Parallelism enbedded
in the BLAS, is generally useful only on sufftiently large problens, and can in fact slow
down processing on snall problems. This neans that the nunber of processors exercised
shoul d ideally be a function of the problemsize, sonething not al ways taken i nto account
by existing BLAS i npl ement ati ons.
If alibrary of optinized BLAS exists and an LAPACKroutine has been selected, the
installer may wish to experinent with tuning parameters such as the block size. The nost
inmportant issues affecting the choice of block size are

o Afull set of optimized BLAS: Sonetimes thereisn’t an advantage to using a bl ocked
(Level 3 BLAS) al gorithmover an unbl ocked (Level 2 BLAS) al gorithmbecause sone
of the necessary BLAS have not been optinized.

o Level 3 BLAS vs. Level 2 BLAS: On sone nachines, the nenory bandw dth is high
enough that the Level 2 BLAS are as efftient as the Level 3 BLAS, and choosing
NB=1 (i.e., using the unbl ocked al gorithm) gives nuch better performance. This
is particularly true for the block forml ati ons of the QRfactorization and reduction
routines, since the block al gorithmrequires more operations than the unbl ocked al -
gorithm and the extra workis justified onlyif the Level 3 BLAS are faster than the
Level 2 BLAS.

o Choi ce of block al gori thm Studies with different bl ock al gori thns for operations such
as the LUfactorization ( DGETRF) often showed nore dranatic di flerences than the
choice of block size within the sane algorithm Details are given in the follow ng
section.

o Choi ce of unbl ockedal gori thm In LAPACK the unbl ocked al gori thmis al ways chosen
to be the Level 2 BLAS equi val ent of the hi gher level blocked al gorithm but a hybrid



degrade for large problens; this propertyis frequentlycalledscal abil it y. For the subrout

in LAPACK running time depends al nost entirel y on aproblenis di nension al one, not just

for algorithns with fixed operation counts 1ike Gaussian elinination, but also for routines

that iterate (to find ei genval ues). Hence we can do performnance tuning for the average case

wi th sone confidence that our optinizations will hold independent of the actual data.
Portabilityinits nost inclusive sense nmeans that the codeis writtenin astandard]l az

guage (say Fortran), and that the source code can be conpiled onanarbitrary nachine wi th

an arbitrary Fortran conpiler to produce a programthat will run correctly and effciently.

W call this the “muil order software” mndel of portability, since it reflects the nodel used

by software servers like netl {lhi plbtion of portabilityis quite demanding. It requires

that all relevant properties of the conputer’s arithnetic and architecture be discovered at

runtine wi thin the confines of a Fortran code. For exanple, if the overflowthresholdis im

portant to knowfor scaling purposes, it nust be discovered at runtine wi t hout over flowi ng

since overflowis generally fatal. Such demands have resulted in quite large and sophis-

ticated prograns [ 18hi ch nust be nodified continually to deal with newarchitectures

and sof tware rel eases. The nmail order software notion of portability also neans that codes

generally nust be written for the worst possible nachine expected to be used, thereby often

degradi ng perfornmance on all the others.

2 LAPXCK Overview

Teans at the Uni versity of Tennessee, The Uni versity of California at Berkeley, the Courant
Institute of Mithematical Sciences, the Numerical Al gorithnms Goup, Ltd., Cray Research
Inc., Rice University, Argonne National Laboratory, and Qak Ri dge National Laboratory
have devel oped a transportable linear algebra library called LAPACK (short for Linear
Al gebra Package) [1 The library is intended to provide a coordinated set of subroutines
to sol ve the nost common linear al gebra problens and to run efftiently on a wi de range of

hi gh- performance conputers.

LAPACK provi des routines for sol ving systens of simmltaneous linear equations, least-
squares solutions of linear systens of equations, eigenvalue problens and singul ar val ue
problens. The associated mtrixfactorizations (LU, Cholesky, QR, SVD, Schur, generalized
Schur) are provi ded, as are rel ated conputations such as reordering the Schur factorizations
and estimating condition nunbers. Mitrices nay be dense or banded, but there is no
provisions for general sparse matrices. In all areas, sinilar functionality is provided fo
real and conplex matrices, in both single and double precision. LAPACKis in the public
domnin and available fromnet i b.

The library is written in standard Fortran 77. "The high performance is attained by
doi ng most of the computationin the BLAS §9 a standardized set of matrix-vector and
matri x- matri x subroutines. Although Fortran inplenentations of the BLAS are provided
wi th LAPACK, and many optimnizing conpilers can recognize sone of the parallel con-
structs in these codes, consistent high performance can generally be attained only by using
inplenentations optimnized for a specific nachine. In particul ar, nost of the parallelismin
LAPACKi s embedded in the BLAS andis invisible tothe user.

Besides dependi ng upon locally inplenented BLAS, good perfornance also requires
know edge of certain nachine-dependent bl ocksi zes, which are the sizes of the submatrices
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1 Introduction

The goal of the LAPACK project was to nmodernize the widely used LINPACK piid

FISPACK[ 14 , 13 nunerical linear algebralibraries to make themrun efftiently on shared
menory vector and parallel processors. On these machines, LINPACK and FISPACK

are ineffcient because their nenory access patterns disregard the multil ayered nenory
hierarchies of the nachi nes and spend too mich time nmoving data i nstead of doing useful
floating poi nt operations. LAPACKtries to cure this by reorganizing the algorithns to use
a standardized set of block matrix operations known as the BLAS (Basic Linear Algebra
Subprograms). These bl ock operations can be optinized for each architecture to account
for the memory hierarchy, and so provide a transportable way to achieve high effti ency on
di verse nodern nachi nes.

W say “transportable” instead of “portable” because for fastest possible perfornance
LAPACKrequi res that hi ghl y optinized block matri x operations be al readyinpl enented on
each machi ne. Mwny conputer vendors and researchers have devel oped optinized versions
of the BLAS for specific environnents, and we report sone of their results in the context
of LAPACKin this paper. Anong other things, e ffici ency neans that the performance
(neasured in nillions of floating point operations per second, or negaflops) shoul d not

*This work was s upportedi npart by NSF Grant No. ASC-8715728, Applied Mat hematical Sciences st
programoft he Office of Energy Research, U. S. Department of Energy, under Contract DE- AC05
and Cray Research Inc.



