
Values of N

Subroutine 100 200 300 400 500

DGEMV( 'N' , .. . 11 12 11 11 11

DGEMM( ' N' , ' N' , . . . 17 18 19 19 19

DGETRF, M=N y 7 11 13 15 16

DGETRI 5 9 11 13 14

DPOTRF( ' U' , . . . 5 11 13 14 15

DPOTRF( ' L' , . . . 5 10 11 11 11

DPOTRI ( ' U' , . . . 4 6 7 7 7

DPOTRI ( ' L' , . . . 4 7 8 9 10

DSYTRF( ' U' , . . . 4 8 10 12 13

DSYTRF( ' L' , . . . 4 8 10 12 13

DGEQRF, M=N 6 11 13 14 14

DGEHRD 7 8 10 10 11

DSYTRD 6 8 8 7 7

y{ t i mes r epor t ed f or DLUBR

Tabl e 19: Speed i n megaops , Al l i ant FX/4, 4 pr oces s or s

BLAS f r omFX/Ser i es Li near Al gebr a Li br ar y, ver . 5

Val ues of N

Subr out i ne 100 200 300 400 500

DGEMV( ' N' , . . . 10 12 13 13 12

DGEMM( ' N' , ' N' , . . . 10 11 11 11 12

DGETRF, M=N y 7 10 11 12 12

DGETRI 7 9 8 10 11

DPOTRF( ' U' , . . . 7 9 11 13 13

DPOTRF( ' L' , . . . 6 9 10 11 11

DPOTRI ( ' U' , . . . 6 8 10 11 11

DPOTRI ( ' L' , . . . 6 9 10 11 11

DSYTRF( ' U' , . . . 8 10 11 11 12

DSYTRF( ' L' , . . . 7 10 11 12 13

DGEQRF, M=N 10 12 13 14 14

DGEHRD 10 12 13 13 14

DSYTRD 8 9 10 11 11

y{ t i mes r epor t ed f or DLUBR

Tabl e 20: Speed i n megaops , St ar dent 3000

3. 01 FCS, For t r an BLAS, -O2 - i nl i ne ( vect or i zat i on onl y)
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Val ues of N

Subr out i ne 100 200 300 400 500

DGEMV( ' N' , . . . 24 30 22 21 21

DGEMM( ' N' , ' N' , . . . 74 76 78 78 84

DGETRF, M=N y 13 30 41 47 53

DGETRI 8 20 28 36 42

DPOTRF( ' U' , . . . 11 27 38 49 54

DPOTRF( ' L' , . . . 10 20 25 27 29

DPOTRI ( ' U' , . . . 6 11 14 15 15

DPOTRI ( ' L' , . . . 7 15 20 23 26

DSYTRF( ' U' , . . . 9 15 22 29 32

DSYTRF( ' L' , . . . 8 15 23 29 33

DGEQRF, M=N 11 28 39 47 50

DGEHRD 13 20 25 27 27

DSYTRD 13 18 18 19 18

y{ t i mes r epor t ed f or DLUBR

Tabl e 17: Speed i n megaops , Al l i ant FX/80, 8 pr oces s or s

Val ues of N

Subr out i ne 100 200 300 400 500

DGEMV( ' N' , . . . 39 48 52 54 56

DGEMM( ' N' , ' N' , . . . 37 50 56 57 59

DGETRF, M=N y 13 19 25 29 33

DGETRI 18 32 42 47 52

DPOTRF( ' U' , . . . 20 35 42 47 49

DPOTRF( ' L' , . . . 22 36 44 48 51

DPOTRI ( ' U' , . . . 18 34 42 48 53

DPOTRI ( ' L' , . . . 16 31 40 46 50

DSYTRF( ' U' , . . . 22 33 38 42 45

DSYTRF( ' L' , . . . 22 32 39 42 45

DGEQRF, M=N 27 40 46 51 54

DGEHRD 27 39 43 48 52

DSYTRD 15 24 29 32 34

y{ t i mes r epor t ed f or DLUBR

Tabl e 18: Speed i n megaops , FPS Model 500, 1 pr oces s or

Opt i mi zed BLAS f r omFPS Comput i ng
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Val ues of N

Subr out i ne 100 200 300 400 500

DGEMV( ' N' , . . . 29 29 32 30 33

DGEMM( ' N' , ' N' , . . . 67 70 70 71 72

DGETRF, M=N 22 33 39 44 47

DGETRI 44 56 63 64 66

DPOTRF( ' U' , . . . 34 54 65 65 67

DPOTRF( ' L' , . . . 34 54 56 61 65

DPOTRI ( ' U' , . . . 34 45 58 59 63

DPOTRI ( ' L' , . . . 34 54 62 63 65

DSYTRF( ' U' , . . . 17 22 27 34 34

DSYTRF( ' L' , . . . 17 27 29 36 36

DGEQRF, M=N 27 43 45 49 53

DORGQR, M=N=K 27 41 46 51 53

DGEHRD 24 36 41 43 45

DSYTRD( ' U' , . . . 27 28 29 29 30

DSYTRD( ' L' , . . . 27 28 28 29 30

DGEBRD 22 24 27 30 32

Tabl e 15: Speed i n megaops , I BMRI SC/6000- 550

Val ues of N

Subr out i ne 100 200 300 400 500 600 700 800 900 1000

DGEMV( ' N' , . . . 18 19 19 20 20 20 20 20 20 20

DGEMM( ' N' , ' N' , . . . 42 44 44 43 43 43 43 43 44 43

DGETRF, M=N y 19 26 29 32 34 34 36 36 37 37

DGETRI 22 31 35 36 38 38 39 39 40 40

DPOTRF( ' U' , . . . 24 29 34 36 38 39 40 40 41 41

DPOTRF( ' L' , . . . 19 25 29 32 34 34 35 36 37 37

DPOTRI ( ' U' , . . . 17 23 26 27 27 27 28 28 27 28

DPOTRI ( ' L' , . . . 17 22 25 25 25 25 26 26 26 26

DSYTRF( ' U' , . . . 15 20 23 25 27 29 29 29 30 31

DSYTRF( ' L' , . . . 13 19 23 24 26 28 28 29 30 30

DGEQRF, M=N 19 26 30 32 34 34 35 36 36 37

DGEHRD 16 21 22 23 24 24 25 25 26 26

DSYTRD 15 16 17 17 17 18 18 18 18 18

y{ t i mes r epor t ed f or DLUBR

Tabl e 16: Speed i n megaops , I BMRI SC/6000- 530

AI X3. 1, XL FORTRAN, Opt i mi zed BLAS f r omI BMECSEC
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Val ues of N

Subr out i ne 100 200 300 400 500

DGEMV( ' N' , . . . 64 73 66 71 74

DGEMM( ' N' , ' N' , . . . 87 102 103 103 107

DGETRF, M=N y 25 42 53 59 66

DGETRI 16 24 28 30 32

DPOTRF( ' U' , . . . 30 44 56 62 67

DPOTRF( ' L' , . . . 48 63 65 66 67

DPOTRI ( ' U' , . . . 14 22 25 27 28

DPOTRI ( ' L' , . . . 13 20 26 29 31

DSYTRF( ' U' , . . . 37 55 65 71 75

DSYTRF( ' L' , . . . 37 55 64 71 75

DGEQRF, M=N 34 60 71 75 80

DGEHRD 37 59 65 70 74

DSYTRD 19 28 32 35 37

y{ t i mes r epor t ed f or DLUBR

Tabl e 13: Speed i n megaops , I BM3090J- 6VF, 1 pr oces s or

Opt i mi zed BLAS f r omESSL

Val ues of N

Subr out i ne 100 200 300 400 500

DGEMV( ' N' , . . . 44 45 46 48 51

DGEMM( ' N' , ' N' , . . . 70 70 70 71 73

DGETRF, M=N y 28 39 47 52 55

DGETRI 18 32 42 47 52

DPOTRF( ' U' , . . . 20 35 42 47 49

DPOTRF( ' L' , . . . 22 36 44 48 51

DPOTRI ( ' U' , . . . 18 34 42 48 53

DPOTRI ( ' L' , . . . 16 31 40 46 50

DSYTRF( ' U' , . . . 22 33 38 42 45

DSYTRF( ' L' , . . . 22 32 39 42 45

DGEQRF, M=N 27 40 46 51 54

DGEHRD 27 39 43 48 52

DSYTRD 15 24 29 32 34

y{ t i mes r epor t ed f or DLUBR

Tabl e 14: Speed i n megaops , I BM3090- 600 E/VF, 1 pr oces s or

VM/XASP, VS For t r an ver . 2. 4, Opt i mi zed BLAS f r om

ESSL r e l . 4, Ume�a Uni ver s i t y, NAGMark 13, and I BMECSEC
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Val ues of N

Subr out i ne 100 200 300 400 500

SGEMV( ' N' , . . . 260 268 287 285 291

SGEMM( ' N' , ' N' , . . . 281 279 290 289 292

SGETRF, M=N y 129 208 241 256 266

SGETRI 200 242 270 274 282

SPOTRF( ' U' , . . . 123 208 242 259 268

SPOTRF( ' L' , . . . 123 208 243 259 268

SPOTRI ( ' U' , . . . 136 212 252 263 274

SPOTRI ( ' L' , . . . 136 216 252 266 274

SSYTRF( ' U' , . . . 89 161 199 221 235

SSYTRF( ' L' , . . . 94 167 206 227 238

SGEQRF, M=N 162 234 256 266 272

SORGQR, M=N=K 194 250 265 271 276

SGEHRD 195 244 268 271 278

SSYTRD( ' U' , . . . 145 219 247 261 269

SSYTRD( ' L' , . . . 147 221 248 262 269

SGEBRD 161 234 256 266 272

y{ t i mes r epor t ed f or Cr out LU

Tabl e 11: Speed i n megaops , CRAYY- MP, 6. 41 ns ec c l ock, 1 pr oces s or

UNI COS 7. 0, CFT77 5. 0, l i bs c i BLAS

Val ues of N

Subr out i ne 100 200 300 400 500

DGEMV( ' N' , . . . 44 70 102 128 150

DGEMM( ' N' , ' N' , . . . 151 155 156 154 159

DGETRF, M=N y 39 71 90 101 111

DPOTRF( ' U' , . . . 32 63 82 96 103

DPOTRF( ' L' , . . . 32 61 82 96 106

DSYTRF( ' U' , . . . 24 46 56 66 76

DSYTRF( ' L' , . . . 23 45 53 66 76

DGEQRF, M=N 41 65 82 97 106

DGEHRD 45 61 77 89 108

DSYTRD 25 36 41 46 48

y{ t i mes r epor t ed f or DLUBR

Tabl e 12: Speed i n megaops , Convex C240, 4 pr oces s or s

Opt i mi zed BLAS f r omConvex Comput er Cor p.
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Val ues of N

Subr out i ne 100 200 300 400 500

DGEMV( ' N' , . . . 262 554 791 945 1012

DGEMM( ' N' , ' N' , . . . 327 633 882 994 1080

DGETRF, M=N y 66 175 303 423 526

DGETRI 40 109 183 255 324

DPOTRF( ' U' , . . . 53 145 237 312 369

DPOTRF( ' L' , . . . 49 136 222 302 376

DPOTRI ( ' U' , . . . 38 102 179 253 325

DPOTRI ( ' L' , . . . 32 90 155 210 264

DSYTRF( ' U' , . . . 36 90 140 182 217

DSYTRF( ' L' , . . . 32 82 130 171 206

DGEQRF, M=N 101 237 329 388 457

DGEHRD 141 307 411 481 517

DSYTRD 37 89 138 183 223

y{ t i mes r epor t ed f or DLUBR

Tabl e 9: Speed i n megaops , Si emans /Fuji t s u VP 400- EX, 1 pr oces s or

Opt i mi zed BLAS f r omUni ver s i t �at Kar l s r uhe

Val ues of N

Subr out i ne 100 200 300 400 500

SGEMV( ' N' , . . . 289 324 354 353 365

SGEMM( ' N' , ' N' , . . . 415 411 446 436 450

SGETRF, M=N y 117 234 300 340 357

SGETRI y 204 296 360 375 399

SPOTRF( ' U' , . . .y 105 216 289 317 358

SPOTRF( ' L' , . . .y 105 215 288 311 357

SPOTRI ( ' U' , . . .y 119 241 315 349 379

SPOTRI ( ' L' , . . .y 117 239 311 347 379

SSYTRF( ' U' , . . . 59 131 189 225 254

SSYTRF( ' L' , . . . 62 130 186 222 249

SGEQRF, M=N 133 218 269 308 330

SORGQR, M=N=K 152 229 279 312 335

SGEHRD 158 232 290 310 338

SSYTRD( ' U' , . . . 123 214 260 280 302

SSYTRD( ' L' , . . . 122 210 262 284 300

SGEBRD 132 203 227 258 278

y{ l i bs c i r out i ne

Tabl e 10: Speed i n megaops , CRAY- 2, 1 pr oces s or

UNI COS 7. 0, CFT77 5. 0, l i bs c i BLAS
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Val ues of N

Subr out i ne 100 250 500 750 1000 1250 1500 1750 2000

SGEMV( ' N' , . . . 740 863 891 894 898 897 899 899 900

SGEMM( ' N' , ' N' , . . . 860 893 897 899 899 900 901 901 901

SGETRF, M=N y 327 650 789 832 851 862 871 875 878

SGETRI y 522 781 855 875 883 887 890 892 894

SPOTRF( ' U' , . . .y 272 607 778 829 851 863 871 876 879

SPOTRF( ' L' , . . .y 257 596 774 829 852 864 872 876 880

SPOTRI ( ' U' , . . .y 275 624 797 845 864 875 881 885 888

SPOTRI ( ' L' , . . .y 270 619 794 845 865 875 882 886 889

SSYTRF( ' U' , . . . 149 396 580 655 700 722 735 753 772

SSYTRF( ' L' , . . . 161 414 589 651 682 701 714 725 747

SGEQRF, M=N 349 669 781 812 827 834 842 846 844

SORGQR, M=N=K 435 712 797 820 831 836 835 846 846

SGEHRD 456 738 817 833 842 845 844 842 847

SSYTRD( ' U' , . . . 276 573 730 788 816 833 846 852 860

SSYTRD( ' L' , . . . 278 571 727 783 813 827 838 846 853

SGEBRD 346 671 783 815 828 834 842 844 842

y{ l i bs c i LAPACKwi t h bes t bl ocks i ze

Tabl e 7: Speed i n megaops , CRAYY- MPC90, 1 pr oces s or

UNI COS 7. C, CFT77 5. 0, l i bs c i BLAS

Val ues of N

Subr out i ne 100 200 300 400 500

DGEMV( ' N' , . . . 706 1152 917 1202 1263

DGEMM( ' N' , ' N' , . . . 784 1206 927 1216 1272

DGETRF, M=N y 150 292 356 423 495

DGETRI 40 99 156 198 232

DPOTRF( ' U' , . . . 155 387 589 719 819

DPOTRF( ' L' , . . . 102 224 334 406 463

DPOTRI ( ' U' , . . . 47 110 169 216 252

DPOTRI ( ' L' , . . . 49 114 173 211 243

DSYTRF( ' U' , . . . 104 235 346 417 471

DSYTRF( ' L' , . . . 100 221 325 394 444

DGEQRF, M=N 217 498 617 690 768

DGEHRD 338 662 664 787 862

DSYTRD 117 244 335 392 430

y{ t i mes r epor t ed f or DLUBR

Tabl e 8: Speed i n megaops , NECSX2- 400, 1 pr oces s or

SXOS Ver . R4. 11, FORTRAN77SXr ev. 041

Opt i mi zed BLAS f r omHNSXSuper comput er s
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Val ues of N

Subr out i ne 100 250 500 750 1000 1250 1500 1750 2000

SGEMV( ' N' , . . 434 1398 5229 6422 6757 6610 6776 6874 6940

SGEMM( ' N' , ' N' , . . . 5954 6768 7039 7085 7077 7091 7125 7123 7119

SGETRF, M=N y 372 1506 3216 4192 4871 5196 5501 5680 5838

SGETRI y 902 2656 4308 5121 5375 5860 6058 6216 6366

SPOTRF( ' U' , . . .y 361 1463 3078 4162 4863 5269 5612 5866 6052

SPOTRF( ' L' , . . .y 355 1389 3074 4101 4814 5292 5625 5855 6038

SPOTRI ( ' U' , . . .y 355 1441 3073 4176 4877 5283 5619 5846 6023

SPOTRI ( ' L' , . . .y 356 1456 3112 4183 4852 5320 5629 5862 6034

SSYTRF( ' U' , . . . 134 584 1502 2321 2829 3300 3658 3890 4118

SSYTRF( ' L' , . . . 136 647 1701 2585 3229 3695 4006 4275 4468

SGEQRF, M=N 322 1361 3239 4368 5297 5635 5906 6080 6226

SORGQR, M=N=K 377 1588 3525 4755 5480 5748 6003 6157 6298

SGEHRD 422 1757 3915 5098 5735 5919 6181 6300 6425

SSYTRD( ' U' , . . . 267 1120 2693 3907 4689 5088 5414 5664 5846

SSYTRD( ' L' , . . . 258 1127 2716 3924 4705 5095 5421 5654 5848

SGEBRD 320 1359 3224 4488 5278 5616 5861 6063 6214

y{ l i bs c i LAPACKwi t h bes t bl ocks i ze

Tabl e 5: Speed i n megaops , CRAYY- MPC90, 8 pr oces s or s , dedi cat ed

UNI COS 7. C, CFT77 5. 0, l i bs c i BLAS

Val ues of N

Subr out i ne 100 200 300 400 500 600 700 800 900 1000

DGEMV( ' N' , . . . 1043 2316 3329 3839 4315 4217 4566 4416 4441 4589

DGEMM( ' N' , ' N' , . . . 1567 2871 3545 4096 4550 4417 4743 4504 4554 4710

DGETRF, M=N y 217 648 1123 1603 2036 2323 2667 2837 3010 3179

DGETRI 134 391 663 925 1167 1392 1605 1762 1928 2073

DPOTRF( ' U' , . . . 164 454 753 1030 1263 1454 1607 1725 1827 1966

DPOTRF( ' L' , . . . 148 351 627 901 1158 1398 1615 1797 1955 2108

DPOTRI ( ' U' , . . . 129 332 562 791 1026 1232 1430 1609 1771 1918

DPOTRI ( ' L' , . . . 109 305 536 746 945 1128 1277 1406 1509 1615

DSYTRF( ' U' , . . . 126 335 521 671 787 874 945 1001 1089 1174

DSYTRF( ' L' , . . . 123 303 485 632 751 841 917 978 1027 1109

DGEQRF, M=N 309 779 1165 1455 1653 1849 2075 2267 2404 2554

DGEHRD 470 1094 1558 1859 2091 2197 2336 2449 2585 2734

DSYTRD 116 268 413 547 668 777 876 962 1045 1120

y{ t i mes r epor t ed f or DLUBR

Tabl e 6: Speed i n megaops , Si emans /Fuj i t s u VP 2600- EX, 1 pr oces s or

Opt i mi zed BLAS f r omUni ver s i t �at Kar l s r uhe
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Machi ne DGEMM DGEMV DGETRF Rat i o

CRAYY- MPC90 ( 8 pr oc) 7039 5229 3216 0. 46

Fuj i t s u VP2600 4550 4315 2036 0. 45

CRAYY- MP (8 pr oc) 2449 2244 1422 0. 58

CRAY- 2 ( 4 pr oc) 1797 1276 822 0. 46

NECSX2 1272 1263 495 0. 39

Fuj i t s u VP- 400 EX 1080 1012 526 0. 49

CRAY- 2 ( 1 pr oc) 451 364 357 0. 79

CRAYY- MP (1 pr oc) 312 311 284 0. 91

Convex C240 ( 4 pr oc) 159 150 111 0. 70

I BM3090J 107 74 66 0. 62

Al l i ant FX/80 84 21 53 0. 63

I BM3090- 600E 73 51 56 0. 77

FPS Model 500 59 56 33 0. 56

I BMRI SC/6000- 530 43 20 34 0. 79

Al l i ant FX/4 19 11 16 0. 80

Tabl e 3: Speeds i n megaops and t he r at i o DGETRF/DGEMM, N=500

Machi ne DGEMM DGEMV DGETRF Rat i o

CRAYY- MPC90 ( 8 pr oc) 7077 6757 4871 0. 69

Fuj i t s u VP2600 4710 4589 3179 0. 67

CRAYY- MP (8 pr oc) 2448 2399 1926 0. 79

CRAY2 ( 4 pr oc) 1810 1386 1245 0. 69

I BMRI SC/6000- 530 43 20 37 0. 86

Tabl e 4: Speeds i n megaops and t he r at i o DGETRF/DGEMM, N=1000
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Machi ne DLUBL DLUBC DLUBR NB

(Lef t ) (Cr out ) (Ri ght )

Fuj i t s u VP2600 1238 1572 2036 64

CRAYY- MP (8 pr oc) 1101 1261 1422 128

CRAY- 2 ( 4 pr oc) 696 796 822 48

NECSX2 423 577 495 1

Fuj i t s u VP- 400 EX 344 398 526 64

CRAY- 2 ( 1 pr oc) 340 361 331 64

CRAYY- MP (1 pr oc) 278 284 286 16

Convex C240 ( 4 pr oc) 116 112 111 32

I BM3090J 63 64 66 32

Al l i ant FX/80 35 52 53 32

I BM3090- 600E 53 50 56 32

FPS Model 500 20 47 33 1

I BMRI SC/6000- 530 32 34 34 48

Al l i ant FX/4 13 15 16 32

Tabl e 1: Speeds i n megaops and bl ock s i ze of bes t var i ant , N=500

Machi ne DGETRF DGETF2 DGEFA Speedup

(BLAS 3) (BLAS 2) (BLAS 1)

Fuj i t s u VP2600 2036 1199 229 8. 9

CRAYY- MP (8 pr oc) 1422 1400 173 8. 2

CRAY- 2 ( 4 pr oc) 822 584 93 8. 8

NECSX2 495 406 258 1. 9

Fuj i t s u VP- 400 EX 526 350 85 6. 2

CRAY- 2 ( 1 pr oc) 357 183 93 3. 8

CRAYY- MP (1 pr oc) 284 283 170 1. 7

Convex C240 ( 4 pr oc) 111 68 14 7. 9

I BM3090J 66 25 24 2. 8

Al l i ant FX/80 53 8 5. 6 9. 5

I BM3090- 600E 56 17 20 2. 8

FPS Model 500 33 23 12 2. 7

I BMRI SC/6000- 530 34 13 11 3. 1

Al l i ant FX/4 16 4 3. 2 4. 9

Tabl e 2: LAPACKvs . LI NPACK, LU f act or i zat i on, N=500
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whi ch i s gener al l y t he s us t ai nabl e peak s peed of t hes e machi nes . We s ee t hat t he s peed of

DGETRF i s t ypi cal l y ar ound 80% f or t he smal l er machi nes , and an i mpr es s i ve 91%f or one

pr oces s or of a CRAYY- MP, but t he e�ci ency dec l i ne s f or t he l ar ger s uper comput er s . I n

par t t hi s i s becaus e N=500 i s not a ver y bi g pr obl em, s o Tabl e 4 ext ends t he pr obl ems i ze

t o N=1000 f or a f ew s e l ect ed machi nes , wi t h bet t er r es ul t s . For s u�ci ent l y l ar ge N, t he

s peed of DGETRF and many ot her bl ock al gor i t hms s houl d appr oach t hat of DGEMM.

We concl ude t hi s r epor t by l i s t i ng i n Tabl es 5{20 t he bes t megaop r at es f or a s e l ect i on

of LAPACK rout i nes on t he comput er s i n t hi s s t udy. We i nc l ude dat a f or t he mat r i x

f act or i zat i ons DGETRF, DPOTRF, DSYTRF, and DGEQRF, t he mat r i x i nver s i on r out i nes

DGETRI and DPOTRI , t he r educt i on r out i nes DGEHRD, DSYTRD, and DGEBRD, and,

i f avai l abl e , t he or t hogonal t r ans f ormat i on r out i ne DORGQR. Al l of t hes e ar e bl ocked

r out i nes , and we us e t he bes t bl ocks i ze f or each r out i ne. Thi s as s umes t hat t he r out i ne t o

s et t he bl ock s i ze , I LAENV, wi l l be opt i mi zed f or each envi r onment , and i n f act a bl ock

s i ze ot her t han t he �ve choi ces t es t ed i n t he s t andar d LAPACKt i mi ng s ui t e may be t he

opt i mal one. The pur pos e her e i s not t o benchmar k t he di �er ent comput er s , s i nce mos t of

t hi s dat a was obt ai ned under l es s t han i deal condi t i ons on a bus y machi ne, but s i mpl y t o

demons t r at e t he per f ormance of t hes e bl ock al gor i t hms and, wher e t he per f ormance i s l ow,

i dent i f y ar eas f or i mpr ovement i n t he BLAS or LAPACKrout i nes . We spec i f y \opt i mi zed

BLAS" i f anyt hi ng ot her t han t he For t r an BLAS ar e us ed, but i n many cas es onl y s ome

of t he BLAS have been opt i mi zed and f ur t her i mpr ovement s i n t he BLAS coul d be made

( and may have been made s i nce t hes e t i mi ngs wer e obt ai ned) .

Sever al changes t hat became e�ect i ve wi t h t he Augus t 1991 t es t r e l eas e of LAPACK

do not appear i n t he ol der dat a f r omthe Apr i l 1990 t es t r e l eas e . The LU f act or i zat i on

s ubr out i ne DGETRF was changed t o a r i ght - l ooki ng var i ant af t er t he Augus t 1991 t es t

r e l eas e , s o t he dat a r epor t ed f or DGETRF i s gener al l y t aken f r omDLUBR (whi ch i s no

l onger pr ovi ded wi t h LAPACK) . The LU i nver s e r out i ne DGETRI was changed f or t he

Augus t 1991 r e l eas e t o a f as t er var i ant whi ch does mor e of i t s wor k i n t he Level 3 BLAS

r out i nes DGEMM. Ti mi ngs f or t he or t hogonal t r ans f ormat i on r out i ne DORGQR and f or

t he band r educt i on r out i ne DGEBRDar e avai l abl e onl y i n t he Augus t 1991 and l at er t es t

r e l eas es . Al s o, an UPLOpar amet er was added t o DSYTRD; r es ul t s r epor t ed f or DSYTRD

wi t h no i ndi cat i on of UPLO=' U' or UPLO=' L' ar e f r om the Apr i l 1990 ver s i on whi ch

as s umed l ower t r i angul ar s t or age.

Mos t of t he dat a us es t he s t andar d LAPACKdat a s et s , whi ch s pec i �es mat r i ces of or der

100, 200, 300, 400, and 500, but i n a f ew cas es we have dat a f or l ar ger pr obl ems as wel l .

For t he CRAYY- MPC90, s ome of t he LAPACKrout i nes ar e t aken f r omCRAY' s s c i ent i �c

l i br ar y ( l i bs c i ) , but t he bl ock s i ze was var i ed as i n t he ot her exampl es and t he t i mes f or t he

bes t bl ock s i ze ar e s hown.
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method ( a bl ock Cr out LU f act or i zat i on cal l i ng a r i ght - l ooki ng al gor i t hmwi t hi n t he

bl ock, f or exampl e) may gi ve t he bes t per f ormance on a par t i cul ar machi ne.

The choi ce of bl ock s i ze can have a s i gni �cant e�ect on per f ormance, but s i mi l ar r es ul t s ar e

of t en obs er ved f or a r ange of bl ock s i zes . For exampl e , on one pr oces s or of a CRAYY- MP

C90, t he di �er ence between t he per f ormance of a bl ock al gor i t hmf or t he wor s t bl ock s i ze

i s us ual l y wi t hi n about 10%of t he per f ormance wi t h t he bes t bl ock s i ze , and r es ul t s wi t hi n

5%of t he bes t bl ock s i ze ar e common, s o car ef ul opt i mi zat i ons f or each pr obl ems i ze may

not be neces s ar y.

Pr ec i s e per f ormance t uni ng i s a di �cul t t as k. I n pr i nc i pal , t he opt i mal bl ock s i zes coul d

depend on t he machi ne con�gur at i on, pr obl emdi mens i ons , and us er - cont r ol l abl e par amet er s

s uch as t he l eadi ng mat r i x di mens i on. I n s ome envi r onment s , t he machi ne con�gur at i on

can change dynami cal l y, f ur t her compl i cat i ng t hi s pr oces s . We us ed br ut e f or ce dur i ng bet a

t es t i ng of LAPACK, r unni ng exhaus t i ve t es t s on di �er ent machi nes , wi t h r anges of bl ock

s i zes and pr obl emdi mens i ons . Thi s has pr oduced a l ar ge vol ume of t es t r es ul t s , t oo l ar ge

f or t hor ough human i ns pect i on and eval uat i on.

Ther e appear t o be at l eas t t hr ee ways t o choos e bl ock par amet er s . Fi r s t , we coul d t ake

t he exhaus t i ve t es t s we have done, �nd t he opt i mal bl ock s i zes , and s t or e t hemi n t abl es i n

s ubr out i ne I LAENV; each machi ne woul d r equi r e i t s own spec i al t abl es . Second, we coul d

devi s e an aut omat i c i ns t al l at i on pr ocedur e whi ch coul d r un j us t a f ew benchmar ks and

aut omat i cal l y pr oduce t he neces s ar y t abl es . Thi r d, we coul d devi s e al gor i t hms whi ch t uned

t hems el ves at r un- t i me, choos i ng par amet er s aut omat i cal l y [ 5, 6] . The choi ce of met hod

depends on t he degr ee of por t abi l i t y we des i r e .

4 Timi ng and Perf ormance Results

Over t he cour s e of t he LAPACKproj ect we have t es t ed and t uned var i ous al gor i t hms and

s of twar e i n a number of di �er ent pl at f orms [ 3, 4] . Thi s was done wi t h t he hel p of t es t s i t es ,

i nc l udi ng r es ear cher s f r omuni ver s i t i es , r es ear ch cent er s , and i ndus t r y at over 50 l ocat i ons

i n t he Uni t ed St at es , Canada, and 10 ot her count r i es . We ar e gr at ef ul t o our f r i ends and

col l eagues who have s o gener ous l y cont r i but ed t he i r t i me and comput i ng r es our ces t o t hi s

pr oj ect . We r epor t s ome of t he i r r es ul t s i n t he t abl es t hat f ol l ow.

Tabl e 1 compar es t he per f ormance of t he bl ock var i ant s of t he LUf act or i zat i on f or N=

500 on a number of di �er ent machi nes . We obs er ve t hat t he r i ght - l ooki ng var i ant DLUBR

gi ves t he bes t per f ormance i n 10 of t he 14 cas es , and t hi s was t he var i ant �nal l y chos en f or

t he LAPACKrout i ne DGETRF.

Tabl e 2 compar es t he per f ormance of t he bl ock LU f act or i zat i on r out i ne DGETRF

(us i ng Level 3 BLAS) wi t h i t s bes t bl ocks i ze t o t he unbl ocked r out i ne DGETF2 (us i ng

Level 2 BLAS) and t o t he LI NPACKrout i ne DGEFA, whi ch us es onl y Level 1 BLAS. We

al s o comput e t he s peedup over LI NPACKto s how the act ual i mpr ovement of LAPACK' s

DGETRFover DGEFA. The s peedups r ange f r omar ound 2 on s i ngl e pr oces s or s of a CRAY

Y- MPand NECSX2 t o 10 on a s i ngl e pr oces s or of an Al l i ant FX/80. I n par t i cul ar , we s ee

cons i der abl e i mpr ovement s f or t he mul t i pr oces s or s i n t hi s s t udy.

Tabl e 3 gi ves a meas ur e of t he e�ci ency of t he LAPACKrout i ne DGETRFat N=500.

The e�ci ency i s meas ur ed agai ns t t he mat r i x mul t i pl y DGEMMf r omthe Level 3 BLAS,
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pr oces s ed by t he Level 3 BLAS. For exampl e , i f t he bl ock s i ze i s 32 f or t he Gaus s i an

El i mi nat i on r out i ne on a par t i cul ar machi ne, t hen t he mat r i x wi l l be pr oces s ed i n gr oups

of 32 col umns at a t i me. Al l of t he t uni ng par amet er s i n LAPACKar e s et vi a t he i nt eger

f unct i on s ubpr ogr amI LAENV, whi ch can be modi �ed f or t he l ocal envi r onment [ 2] . Det ai l s

of t he memor y hi er ar chy det ermi ne t he bl ock s i ze t hat opt i mi zes per f ormance.

3 Perf ormance Tuni ng

Per f ormance t uni ng may not be of i nt er es t t o us er s who wi s h t o r egar d LAPACKas mai l -

or der s of twar e. For t hos e us er s , t he For t r an BLAS, s t andar d LAPACK, and t he def aul t

bl ocki ng par amet er s i n t he auxi l i ar y r out i ne I LAENVar e al ways an opt i on. However , opt i -

mi zat i on of one or al l t hr ee of t hes e pi eces may be neces s ar y t o achi eve t he bes t al gor i t hm.

Thanks t o s t r ong s uppor t of t he BLAS s t andar d, t he LAPACKappr oach of us i ng t he

BLAS as bui l di ng bl ocks has t ur ned out t o be a s at i s f act or y mechani sm f or pr oduci ng

f as t t r ans por t abl e code f or dens e l i near al gebr a comput at i ons on s h a r e d me mo r y machi nes .

Gaus s i an e l i mi nat i on and i t s var i ant s , QRdecompos i t i on, and t he r educt i ons t o Hes s enber g,

t r i di agonal and bi di agonal f orms f or e i genval ue or s i ngul ar val ue comput at i ons al l admi t

e�ci ent bl ock i mpl ement at i ons us i ng Level 3 BLAS [ 4, 11] . Such codes ar e of t en near l y

as f as t as f ul l as s embl y l anguage i mpl ement at i ons f or s u�ci ent l y l ar ge mat r i ces , al t hough

as s embl y l anguage ver s i ons ar e t ypi cal l y bet t er f or smal l pr obl ems . Par al l e l i sm, embedded

i n t he BLAS, i s gener al l y us ef ul onl y on s u�ci ent l y l ar ge pr obl ems , and can i n f act s l ow

down pr oces s i ng on smal l pr obl ems . Thi s means t hat t he number of pr oces s or s exer c i s ed

s houl d i deal l y be a f unct i on of t he pr obl ems i ze , s omet hi ng not al ways t aken i nt o account

by exi s t i ng BLAS i mpl ement at i ons .

I f a l i br ar y of opt i mi zed BLAS exi s t s and an LAPACKrout i ne has been s e l ect ed, t he

i ns t al l er may wi s h t o exper i ment wi t h t uni ng par amet er s s uch as t he bl ock s i ze . The mos t

i mpor t ant i s s ues a�ect i ng t he choi ce of bl ock s i ze ar e

� Af ul l s et of opt i mi zed BLAS: Somet i mes t her e i s n' t an advant age t o us i ng a bl ocked

(Level 3 BLAS) al gor i t hmover an unbl ocked (Level 2 BLAS) al gor i t hmbecaus e s ome

of t he neces s ar y BLAS have not been opt i mi zed.

� Level 3 BLAS vs . Level 2 BLAS: On s ome machi nes , t he memor y bandwi dt h i s hi gh

enough t hat t he Level 2 BLAS ar e as e�ci ent as t he Level 3 BLAS, and choos i ng

NB = 1 ( i . e . , us i ng t he unbl ocked al gor i t hm) gi ves much bet t er per f ormance. Thi s

i s par t i cul ar l y t r ue f or t he bl ock f ormul at i ons of t he QR f act or i zat i on and r educt i on

r out i nes , s i nce t he bl ock al gor i t hmr equi r es mor e oper at i ons t han t he unbl ocked al -

gor i t hm, and t he ext r a wor k i s j us t i �ed onl y i f t he Level 3 BLAS ar e f as t er t han t he

Level 2 BLAS.

� Choi ce of bl ock al gor i t hm: St udi es wi t h di �er ent bl ock al gor i t hms f or oper at i ons s uch

as t he LUf act or i zat i on (DGETRF) of t en s howed mor e dr amat i c di �er ences t han t he

choi ce of bl ock s i ze wi t hi n t he s ame al gor i t hm. Det ai l s ar e gi ven i n t he f ol l owi ng

s ect i on.

� Choi ce of unbl ocked al gor i t hm: I n LAPACK, t he unbl ocked al gor i t hmi s al ways chos en

t o be t he Level 2 BLAS equi val ent of t he hi gher l eve l bl ocked al gor i t hm, but a hybr i d
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degr ade f or l ar ge pr obl ems ; t hi s pr oper t y i s f r equent l y cal l ed s c a l a bi l i t y . For t he s ubr out

i n LAPACK, r unni ng t i me depends al mos t ent i r e l y on a pr obl em' s di mens i on al one, not j us t

f or al gor i t hms wi t h �xed oper at i on count s l i ke Gaus s i an e l i mi nat i on, but al s o f or r out i nes

t hat i t er at e ( t o �nd ei genval ues ) . Hence we can do per f ormance t uni ng f or t he aver age cas e

wi t h s ome con�dence t hat our opt i mi zat i ons wi l l hol d i ndependent of t he act ual dat a.

Po r t a b i l i t y i n i t s mos t i nc l us i ve s ens e means t hat t he code i s wr i t t en i n a s t andar d l an

guage ( s ay For t r an) , and t hat t he s our ce code can be compi l ed on an ar bi t r ar y machi ne wi t h

an ar bi t r ar y For t r an compi l er t o pr oduce a pr ogr amthat wi l l r un cor r ect l y and e�ci ent l y.

We cal l t hi s t he \mai l or der s of tware" model of por t abi l i t y, s i nce i t r eect s t he model us ed

by s of twar e s er ver s l i ke n e t l i b [ 10] . Thi s not i on of por t abi l i t y i s qui t e demandi ng. I t r equi r es

t hat al l r e l evant pr oper t i es of t he comput er ' s ar i t hmet i c and ar chi t ect ur e be di s cover ed at

r unt i me wi t hi n t he con�nes of a For t r an code. For exampl e , i f t he over owthr es hol d i s i m-

por t ant t o knowf or s cal i ng pur pos es , i t mus t be di s cover ed at r unt i me wi t h o u t o ve r o wi n g

s i nce over ow i s gener al l y f at al . Such demands have r es ul t ed i n qui t e l ar ge and s ophi s -

t i cat ed pr ogr ams [ 12] whi ch mus t be modi �ed cont i nual l y t o deal wi t h new ar chi t ect ur es

and s of twar e r e l eas es . The mai l or der s of twar e not i on of por t abi l i t y al s o means t hat codes

gener al l y mus t be wr i t t en f or t he wor s t pos s i bl e machi ne expect ed t o be us ed, t her eby of t en

degr adi ng per f ormance on al l t he ot her s .

2 LAPACK Overvi ew

Teams at t he Uni ver s i t y of Tennes s ee , The Uni ver s i t y of Cal i f or ni a at Ber ke l ey, t he Cour ant

I ns t i t ut e of Mathemat i cal Sc i ences , t he Numer i cal Al gor i t hms Group, Lt d. , Cr ay Res ear ch

I nc. , Ri ce Uni ver s i t y, Ar gonne Nat i onal Labor at or y, and Oak Ri dge Nat i onal Labor at or y

have devel oped a t r ans por t abl e l i near al gebr a l i br ar y cal l ed LAPACK ( shor t f or Li near

Al gebr a Package) [ 1] . The l i br ar y i s i nt ended t o pr ovi de a coor di nat ed s et of s ubr out i nes

t o s ol ve t he mos t common l i near al gebr a pr obl ems and t o r un e�ci ent l y on a wi de r ange of

hi gh- per f ormance comput er s .

LAPACKprovi des r out i nes f or s ol vi ng s ys t ems of s i mul t aneous l i near equat i ons , l eas t -

s quar es s ol ut i ons of l i near s ys t ems of equat i ons , e i genval ue pr obl ems and s i ngul ar val ue

pr obl ems . The as s oc i at ed mat r i x f act or i zat i ons (LU, Chol es ky, QR, SVD, Schur , gener al i zed

Schur ) ar e pr ovi ded, as ar e r e l at ed comput at i ons s uch as r eor der i ng t he Schur f act or i zat i ons

and es t i mat i ng condi t i on number s . Mat r i ces may be dens e or banded, but t her e i s no

pr ovi s i ons f or gener al s par s e mat r i ces . I n al l ar eas , s i mi l ar f unct i onal i t y i s pr ovi ded f o

r eal and compl ex mat r i ces , i n bot h s i ngl e and doubl e pr ec i s i on. LAPACKi s i n t he publ i c

domai n and avai l abl e f r omn e t l i b .

The l i br ar y i s wr i t t en i n s t andar d For t ran 77. The hi gh per f ormance i s at t ai ned by

doi ng mos t of t he comput at i on i n t he BLAS [ 9, 8] , a s t andar di zed s et of mat r i x- vect or and

mat r i x- mat r i x s ubr out i nes . Al t hough For t ran i mpl ement at i ons of t he BLAS ar e pr ovi ded

wi t h LAPACK, and many opt i mi z i ng compi l er s can r ecogni ze s ome of t he par al l e l con-

s t r uct s i n t hes e codes , cons i s t ent hi gh per f ormance can gener al l y be at t ai ned onl y by us i ng

i mpl ement at i ons opt i mi zed f or a s pec i �c machi ne. I n par t i cul ar , mos t of t he par al l e l i smi n

LAPACKi s embedded i n t he BLAS and i s i nvi s i bl e t o t he us er .

Bes i des dependi ng upon l ocal l y i mpl ement ed BLAS, good per f ormance al s o r equi r es

knowl edge of cer t ai n machi ne- dependent b l o c k s i ze s , whi ch ar e t he s i zes of t he s ubmat r i ces
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1 Introducti on

The goal of t he LAPACK proj ect was t o moder ni ze t he wi de l y us ed LI NPACK [ 7] and

EI SPACK[ 14 , 13] numer i cal l i near al gebr a l i br ar i es t o make t hemrun e�ci ent l y on s har ed

memor y vect or and par al l e l pr oces s or s . On t hes e machi nes , LI NPACK and EI SPACK

ar e i ne�ci ent becaus e t he i r memor y acces s pat t er ns di s r egar d t he mul t i l ayer ed memor y

hi er ar chi es of t he machi nes and s pend t oo much t i me movi ng dat a i ns t ead of doi ng us ef ul

oat i ng poi nt oper at i ons . LAPACKt r i es t o cur e t hi s by r eor gani z i ng t he al gor i t hms t o us e

a s t andar di zed s et of bl ock mat r i x oper at i ons known as t he BLAS (Bas i c Li near Al gebr a

Subpr ogr ams ) . Thes e bl ock oper at i ons can be opt i mi zed f or each ar chi t ect ur e t o account

f or t he memor y hi er ar chy, and s o pr ovi de a t r ans por t abl e way t o achi eve hi gh e�ci ency on

di ver s e moder n machi nes .

We s ay \t r ans por t abl e" i ns t ead of \por t abl e" becaus e f or f as t es t pos s i bl e per f ormance

LAPACKr equi r es t hat hi ghl y opt i mi zed bl ock mat r i x oper at i ons be al r eady i mpl ement ed on

each machi ne. Many comput er vendor s and r es ear cher s have devel oped opt i mi zed ver s i ons

of t he BLAS f or s pec i �c envi r onment s , and we r epor t s ome of t he i r r es ul t s i n t he cont ext

of LAPACK i n t hi s paper . Among ot her t hi ngs , e c i e n c y means t hat t he per f ormance

(meas ur ed i n mi l l i ons of oat i ng poi nt oper at i ons per s econd, or megaops ) s houl d not

�This work was s upp o r ted i n p a r t by NSF r a n t No . S C-87157 28 , p p li e d a t h e ma t i ca l S c i e n c e s s u

p r o gr a mo f t h e c e o f n e r g y e s e a r c h , . S . e p a r t me n t o f n e r g y , u n d e r Co n t r a c t - C05

a n d Cr a y e s e a r c h In c .
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