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9 Future Work

We have recentl y begun work on a newversi on of LAPACK. We i ntend to pursue al l the

goal s l i sted above, i n parti cul ar

� Produci ng a versi on f or di str i buted memory paral l el machi nes,

� Addi ng more routi nes sati s f yi ng newcomponentwi se rel ati ve stabi l i ty bounds,

� Addi ng condi ti on esti mators and error bounds f or al l quanti t i es computabl e by the

l i brary,

� Produci ng routi nes desi gned to expl oi t excepti on handl i ng f eatures of IEEE ari th-

meti c, and

� Produci ng Fortran 90 and Cversi ons of the sof tware.

We hope the i nsi ght we gai ned i n thi s proj ect wi l l i nuence f uture devel opers of hard-

ware, compi l ers and systems sof tware so that they provi de tool s to f aci l i tate devel opment

of hi gh qual i ty portabl e numeri cal sof tware.
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smal l constant si ze submatri x of the whol e matri x. Asecond exampl e i s to l et M and N

growwi th N = O(M) , and P and I constant. Thi s corresponds to addi ng memory to

each processor, and l etti ng the probl emsi ze growproporti onal l y. Here the data l ayout

requi res each memory to hol d a constant f racti on of the enti re matri x, perhaps a growi ng

submatri x or growi ng number of col umns. Athi rd exampl e i s to l et P , M and N grow

wi thM=O(P ) and N =O(P 2) , and I constant. Thi s corresponds to keepi ng a constant

number of col umns (or rows) per memory. Fi nal l y, we can keepN andM constant and l et

I and P =O(I ) grow. Thi s corresponds to sol vi ng more i ndependent probl emi nstances of

the same si ze, and keepi ng the same si zed submatri x on each processor. Thus, dependi ng

on what ki nds of scal abi l i ty we wi sh to support, we may have to support many data

l ayouts.

I f ever there were a case f or semi - automati cal l y generated pol yal gori thms, thi s may be

i t . The danger i n choosi ng to support onl y a f ewof the pl ethora of possi bi l i t i es i s that the

deci s i on may turn i nto a sel f - f ul �l l i ng prophecy renderi ng the other memory mappi ngs of

l i tt l e use.

I t i s st i l l uncl ear whi ch programmi ng model i s best, and howmany of these di verse

data l ayouts need to be supported.

8 Sugges t ions f or Ar chi t ect ur es and Progr ammi ng

Languages

We have l i sted a number of suggesti ons f or archi tectures and programmi ng l anguages i n

earl i er secti ons; we summari ze themhere:

1. Abi l i ty to express paral l el i smi n a hi gh l evel l anguage.

2. Abi l i ty to perf ormoati ng poi nt operati ons reasonabl y e�ci entl y i n doubl e the

l argest i nput preci s i on, even i f onl y si mul ated i n sof tware usi ng that i nput preci s i on

excl usi vel y. Even better i s a doubl ed preci s i on f ormat wi th wi der exponent range.

3. Access to e�ci entl y i mpl emented excepti on handl i ng f aci l i t i es , parti cul arl y i n�ni ty

ari thmeti c. Trap handl ers are a poor substi tute.

4. Caref ul l y i mpl emented compl ex ari thmeti c and BLAS.

5. Astandard set of oati ng poi nt enqui ri es su�ci entl ydetai l ed to descri be the f eatures

of the l ast i tems, and unambi guousl y. Perhaps NextAf ter [ 3] i s the key. We are

currentl y worki ng on a standard f or these enqui ri es .

6. BLAS f or deal i ng wi th quasi - tr i angul ar matri ces.

Note that a compl ete i mpl ementati on of IEEEari thmeti c woul d sati s f y suggesti ons 2

and 3 above.
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b i s a bl ocki ng parameter. Vari ous exampl es are shown bel owf or 0 � i �15; each box

represents a data i tem, and the number i nsi de i s the number of the memory i n whi ch i t

i s stored:

Al l i n one (p =1, b =1)

Bl ocked (p =4, b =4)

Cycl i c (p =4, b =1)

Bl ock cycl i c (p =4, b =2)

Irregul ar

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

1 1 1 1 2 2 2 2 3 3 3 3 4 4 4 4

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

1 1 2 2 3 3 4 4 1 1 2 2 3 3 4 4

1 4 1 3 2 4 1 1 3 2 4 4 1 3 2 3

Amul ti di mensi onal array may have each di mensi on stored i n a di �erent one of the

l ayouts above, as shown i n the f ol l owi ng exampl es, l abel ed as above:

1212 1212 1212 1212

3434 3434 3434 3434

1212 1212 1212 1212

3434 3434 3434 3434

1212 1212 1212 1212

3434 3434 3434 3434

1212 1212 1212 1212

3434 3434 3434 3434

1 1 1 1 1 1 1 1

2 2 2 2 2 2 2 2

3 3 3 3 3 3 3 3

4 4 4 4 4 4 4 4

1 1 1 1 1 1 1 1

2 2 2 2 2 2 2 2

3 3 3 3 3 3 3 3

4 4 4 4 4 4 4 4

The �rst versi on of LAPACKwas desi gned to handl e single probleminstances, e. g. a

si ngl e systemof l i near equati ons to sol ve. On massi vel y paral l el machi nes one can expect

users to want to sol ve many probl ems si mul taneousl y. One way to do thi s i s to use a

mul ti - di mensi onal array, where two of the di mensi ons are the matri x di mensi ons and the

others i ndex i ndependent probl ems.

Data l ayout i s cl osel y rel ated to e�ci ency, because i t i s rel ated to scal abi l i ty. To be

more preci se, l et E(N;P ; M; I ) be the e�ci ency of the code as a f uncti on of probl emsi ze

N =n 2 (n =matri x di mensi on), number of processors P , memory si ze per processor M

and number of i ndependent probl emi nstances I . Scal abi l i ty means that as these f our

parameters grow, E shoul d stay acceptabl y l arge, say at l east 0. 5 (i . e. at l east hal f as f ast

as the best possi bl e code f or that machi ne). Wi th f our parameters, there are several ways

they coul d grow, reecti ng di �erent uses of the l i brary. For exampl e, suppose P and N

growwi th N =O(P ) , and M and I remai n constant. Thi s corresponds to addi ng more

i denti cal processors to the systemand l etti ng the probl emsi ze growproporti onal l y to the

total memory. Thi s can onl y be done wi th a data l ayout where each memory contai ns a
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ware" model descri bed above recogni zes that code devel oped on one machi ne i s of ten

embedded (and hi dden) i n an appl i cati on on another machi ne, and then used on a thi rd.

Consequentl y, i t woul d be unreasonabl e to expect a user acqui ri ng a code to modi f y al l i ts

subparts to ensure they run correctl y on her machi ne. Si nce no standard l anguage mech-

ani smexi sts yet f or maki ng envi ronmental enqui ri es about oati ng poi nt properti es , etc. ,

al l thi s must be done at run ti me. Thi s expl ai ns i f not j usti �es the enormous i ntel l ectual

e�ort that has been spent on codes l i ke SLAMCH[ 27 , 21] .

However, there i s a tradeo� between thi s ki nd of portabi l i ty on the one hand and

e�ci ency, accuracy and robustness on the other. Most machi nes nowsuppl y IEEEari th-

meti c. As menti oned above, there are numerous pl aces where si gni �cantl y f aster, more

accurate and more robust code coul d have been wri tten had we been abl e to assume that

IEEE ari thmeti c and standard high level language access to its exception handling fea-

tures were avai l abl e. Unf ortunatel y, no such standard hi gh l evel l anguage access exi sts

yet. There have been attempts at such a standard [ 31, 28] but they f al l f ar short of what

i s needed and coul d even make wri t i ng e�ci ent portabl e code harder by mandati ng a

standard envi ronment antagoni st i c to what we need.

Adel eteri ous by- product of the present si tuati on i s the near absence of any payo� f or

the many manuf acturers who have suppl i ed caref ul and compl ete IEEEari thmeti c i mpl e-

mentati ons, because l i tt l e sof tware exi sts that takes advantage of i ts f eatures. Unl ess such

sof tware i s wri tten, manuf acturers wi l l have l i tt l e i ncenti ve to i mpl ement these f eatures,

whi ch then may even di sappear f romf uture versi ons of the standard.

We i ntend to produce IEEE- expl oi t i ng versi ons of those LAPACKcodes whi ch coul d

bene�t f romspeci al f eatures of IEEE ari thmeti c. Thi s i ncl udes condi ti on esti mators,

ei genvector al gori thms, and others. Not onl y wi l l thi s code perf ormmuch better than the

current portabl e code, but i t wi l l provi de i ncenti ves to manuf acturers to i mpl ement IEEE

ari thmeti c wi th f ul l access to i ts excepti on- handl i ng f eatures.

7 ew oal s and et hods : Scope

In conventi onal l i brari es , as wel l as i n the �rst versi on of LAPACK, dense rectangul ar

matri ces are stored i n essenti al l y one standard data structure: A statement l i ke \DI -

MENSIONA(20, 10)" used to i ndi cate that Ai s a rectangul ar array stored i n consecuti ve

memory l ocati ons (or contai ns a matri x stored i n groups of evenl y spaced consecuti ve

memory l ocati ons). Thi s i s no l onger a reasonabl e model on di str i butedmemorymachi nes,

because there i s no l onger any such standard memory mappi ng. There are a number of

competi ng paral l el programmi ng model s (SPMDvs. MPMD, SIMDvs. MIMD, expl i ci t

message passi ng vs. i mpl i ci t message passi ng, send/recei ve vs. put/get, etc. ) and a l arge

number of ways i n whi ch data can be di str i buted among memori es [ 22 , 26] . For exampl e,

a one- di mensi onal array coul d be l ai d out i n at l east f our di �erent regul ar ways, wi th

datumi stored i n memory bi =b cmodp + 1, where p i s the number of memori es used, and
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manuf acturer.

The routi ne f or determi ni ng oati ng poi nt properti es at run ti me, SLAMCH, has

several other di �cul t tasks. I t must al so determi ne the overowand underowthreshol ds

ovfl and unfl , i n parti cul ar wi thout overowi ng. ovfland unfl are used f or scal i ng to

avoi d overowor harmf ul underowduri ng subsequent cal cul ati ons. Unf ortunatel y, there

can be di �erent e�ecti ve over/underowthreshol ds dependi ng on the operati on and on the

sof tware. For exampl e, the Cray di vi des a= b essenti al l y usi ng reci procal approxi mati on

andmul ti pl i cati ona �(1= b ) . I f a and b are both ti ny, then 1= b mayoveroweventhough the

true quoti ent a = b i s qui te moderate i n val ue. The Cray andNECmachi nes both i mpl ement

compl ex di vi s i on i n the si mpl est possi bl e way, wi thout branches:a+ib
c+id

= ac+bd
c2+d 2

+i bc�ad
c2+d 2

.

Thus even i f the true quoti ent i s modest i n si ze, the computati on can overowi f ei ther c or

d exceeds ovfl1=2 i n magni tude or both are su�ci entl y l ess than unfl1=2 i n magni tude.

Thi s e�ecti vel y cuts the exponent range i n hal f . Si mi l arl y, there i s a Level 1 BLAS

routi ne cal l ed SNRM2 [ 29] whi ch computes the Eucl i dean l ength of a vector: (i x
2
i )
1=2 .

The Cray uses thi s strai ghtf orward i mpl ementati on whi ch can agai n f ai l unnecessari l y i f

any jx ij > ovfl
1=2 or al l j xij < unfl

1=2 . As a resul t of al l these and other detai l s , and the

f act that newhardware and compi l ers are constantl y appeari ng, SLAMCHi s currentl y

2000 l i nes l ong and growi ng.

Al l tol d, a surpri s i ngl y l arge f racti on of the programmi ng e�ort and l i nes of code

were devoted to cl ever al gori thms usi ng onl y the i nput preci s i on to compute vari ous

quanti t i es whi l e avoi di ng overow, harmf ul underowand unacceptabl e roundo�. In al l

these cases, there were obvi ous al gori thms based on hi gher preci s i on andwider exponent

range. Si mul ati ng doubl ed preci s i on usi ng si ngl e can onl y suppl y hi gher preci s i on, not the

wi der exponent range. Thi s means the extra programmi ng e�ort to avoi d over/underow

by scal i ng woul d sti l l remai n. By f ar the best sol uti on woul d be the avai l abi l i ty of a f ormat

wi th hi gher preci s i on and wi der exponent range f or the rel ati vel y f ewcri t i cal operati ons.

One approach to consi der i n f uture l i brari es i s i denti f yi ng a f ewhi gh preci s i on and/or wi de

exponent range pri mi ti ves f romwhi ch the ones we need can be bui l t . Li ke the BLAS,

one coul d suppl y (at l east partl y) portabl e versi ons whi ch mi ght depend on preci s i on

doubl i ng techni ques and scal i ng, but expect the manuf acturers to suppl y more e�ci ent

ones f or each machi ne.

ew oal s and et hods : Por t a i l i t

As stated above, we can ask f or portabi l i ty of correctness (or of accuracy and robustness),

or of perf ormance. We have nearl y abandoned portabi l i ty of perf ormance because of

the need f or machi ne dependent BLAS and bl ock si zes. However, we do suppl y stri ct l y

portabl e Fortran BLAS and def aul t bl ock si zes whi ch may provi de adequate perf ormance

i n some cases, but probabl y not peak perf ormance on many archi tectures.

We have tri ed stri ct l y to mai ntai n portabi l i ty of correctness. The \mai l order sof t-
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answer, and onl y occasi onal l y resort to the sl ower al ternati ve. For exampl e, consi der

�ndi ng the ei genval ues of an n by n symmetri c tr i di agonal matri x T wi th di agonal entri es

a1; . . .; an and o�di agonal entri es b1; . . .; bn�1 . Astandard bi secti on- based method uses

the f act that the number of ei genval ues of T l ess than � i s the number of negati ve di where

di =(a i � � ) �b2i�1= di�1 (we take b0 =0 and d 0 =1) [ 24] . Eval uati ng thi s recurrence

strai ghtf orwardl y requi res O(n ) t i me and i s stabl e. Usi ng a paral l el - pre�x al gori thmthe

di can be eval uated i n O( l ogn ) t i me but no stabi l i ty proof exi sts . So we need ei ther

a stabi l i ty proof f or the O( l ogn ) al gori thmor a f ast way to check the accuracy of the

computed ei genval ues at the end of the computati on. Si mi l ar i ssues ari se wi th other

tree- based al gori thms.

Fi f th, there i s at l east one i mportant routi ne whi ch requiresdoubl e the i nput preci s i on

i n some i ntermedi ate cal cul ati ons to compute the answer correctl y [ 34] . Thi s i s the sol uti on

of the so- cal l ed secul ar equati on i n the di vi de and conquer al gori thmf or the symmetri c

tr i di agonal ei genprobl em. Thi s i s somewhat surpri s i ng, s i nce al l other al gori thms f or thi s

probl emrequi re onl y the i nput preci s i on i n al l i ntermedi ate cal cul ati ons. In f act, we

must be caref ul to say what i t means to requi re doubl e preci s i on, s i nce i n pri nci pal al l

computati ons coul d be done si mul ati ng arbi trary preci s i on usi ng i ntegers: We mean i n f act

that there i s an i ntermedi ate quanti ty i n the al gori thmwhi ch must be computed to hi gh

rel ati ve accuracy despi te catastrophi c cancel l ati on i n order to guarantee stabi l i ty. (There

are other exampl es where we were abl e to �nd an adequate si ngl e preci s i on al gori thm

onl y af ter great e�ort, whereas an al gori thmusi ng a l i tt l e doubl e preci s i on ari thmeti c was

obvi ous. So even though doubl e preci s i on i s not necessary i n these cases, i t woul d have

made sof tware desi gn much easi er. )

Thi s requi rement f or doubl e the i nput preci s i on i mpacts l i brary desi gn as f ol l ows. Our

ori gi nal desi gn goal was not to use mi xed preci s i on ari thmeti c. Thi s tradi t i onal goal arose

both because standard Fortran compi l ers were not requi red to suppl y a doubl e preci s i on

compl ex data type, and because of the desi re to use the same al gori thmwhether the i nput

preci s i on were si ngl e preci s i on or doubl e preci s i on. (The use of mi xed preci s i on woul d

have requi red quadrupl e preci s i on f or doubl e preci s i on i nput, and quadrupl e i s rarel y

avai l abl e. ) An al ternati ve i s to si mul ate doubl e preci s i on usi ng si ngl e (and quadrupl e

usi ng doubl e). Provi ded the underl yi ng ari thmeti c i s accurate enough, there are a number

of standard techni ques f or si mul ati ng \doubl ed preci s i on" ari thmeti c usi ng a f ew si ngl e

preci s i on operati ons [ 12, 30, 34, 32] . However, thi s means that we must ei ther assume

the ari thmeti c i s su�ci entl y accurate, not true on al l machi nes, or deci de at run ti me

whether the ari thmeti c i s su�ci entl y accurate and then ei ther do the si mul ated preci s i on

doubl i ng or return an error ag. Maki ng thi s deci s i on at run- ti me i s qui te chal l engi ng,

because there i s no si mpl e characteri zati on of whi ch ari thmeti cs are su�ci entl y accurate.

The desi red si mul ati on works, f or exampl e, wi th IEEE ari thmeti c, IBM370 ari thmeti c,

or VAXari thmeti c, but requi res di �erent correctness proof s i n each case. I t does not

work wi th Cray ari thmeti c. Thus i t al most appears that we must be abl e to determi ne

the oati ng poi nt archi tecture at run- ti me i n su�ci ent detai l to determi ne the machi ne
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i ntend to do so i n f uture versi ons. Thi s rai ses the questi on of portabi l i ty, whi ch we return

to i n Secti on 6.

5 ew oal s and et hods : Accur ac and Ro us t -

nes s

Duri ng work on LAPACKwe have f ound better, or at l east di �erent, ways to understand

the tradi t i onal goal s descri bed i n Secti on 2. The �rst i mprovement i n accuracy and

stabi l i ty i nvol ved repl aci ng the norms tradi t i onal l y used f or backward stabi l i ty anal ysi s .

For exampl e, consi der sol vi ng Ax = b . As we sai d bef ore, tradi t i onal l y we have onl y

guaranteed that the computed x̂ sati s�ed (A+E ) ^x =b +f where E and f were smal l i n

normcompared to A and b , respecti vel y. I f A were sparse, there was no guarantee that E

woul d be sparse. Si mi l arl y, i f A had both very l arge and very smal l entri es , some entri es

of E coul d be very l arge compared to the correspondi ng entri es of A. In other words, the

usual methods di d not respect the sparsi ty or scal i ng of the ori gi nal probl em.

Instead, LAPACKuses a method whi ch (except f or certai n rare cases) guarantees

componentwise relative backward stability: thi s means that j E ijj =O(") jAijj and j fkj =

O(" ) j bkj . Thi s respects both sparsi ty and scal i ng, and can resul t i n a much more accu-

rate x̂. We have done thi s f or vari ous probl ems i n LAPACK, i ncl udi ng the bi di agonal

s i ngul ar val ue decomposi t i on and symmetri c tr i di agonal ei genprobl em. Future rel eases of

LAPACKwi l l extend thi s to other routi nes as wel l [ 14] .

Second, we i ntend to suppl y condi ti on esti mators (i . e. error bounds) f or every quan-

ti ty computed by the l i brary. Thi s i ncl udes, f or exampl e, ei genval ues, ei genvectors and

i nvari ant subspaces [ 6] . Some probl ems remai n f or f uture rel eases (the general i zed non-

symmetri c ei genprobl em).

Thi rd, we determi nedthat Strassen- based matri xmul ti pl i cati on i s adequatel y accurate

to achi eve tradi t i onal normwi se backward stabi l i ty [ 15] . Strassen' s method i s not as

accurate as conventi onal matri xmul ti pl i cati onwhen the matri ces are badl y rowor col umn

scal ed, but i f ei ther the matri ces are al ready reasonabl y scal ed or i f the bad scal i ng i s �rst

removed, i t i s adequate. Thus i t may be used i n Level 3 BLAS i mpl ementati ons [ 25, 7] .

Fourth, there i s possi bl y a tradeo� between stabi l i ty and speed i n certai n al gori thms.

Some modern paral l el archi tectures are desi gned to support parti cul ar communi cati on

patterns and so may execute one al gori thm, cal l i t Al gori thmA, much l ess e�ci entl y

than another, Al gori thmB, even though on conventi onal computers Amay have been as

f ast or f aster than B. I f Al gori thmAi s stabl e and Al gori thmBi s not, thi s means that the

newarchi tecture wi l l not be abl e to run si mul taneousl y as f ast as possi bl e and correctl y

i n al l cases. Thus one i s tempted, i n the i nterest of speed, to use an unstabl e al gori thm.

Si nce \the f ast dri ves out the sl ow even i f the f ast i s wrong", many users wi l l pref er

the f aster al gori thmdespi te occasi onal i naccuracy. So we are moti vated to �nd a way

to use unstabl e al gori thmBprovi ded we can check qui ckl y whether i t got an accurate
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di mensi on, and other probl emparameters such as l eadi ng matri x di mensi on. We have a

mechani sm(subrouti ne ILAENV) f or choosi ng the bl ock si ze based on al l thi s i nf orma-

ti on. But we sti l l need a better way to choose the bl ock si ze. We used brute f orce duri ng

beta testi ng of LAPACK, runni ng exhausti ve tests on di �erent machi nes, wi th ranges of

bl ock si zes and probl emdi mensi ons. Thi s has produced a l arge vol ume of test resul ts , too

l arge f or thorough human i nspecti on and eval uati on.

There appear to be at l east three ways to choose bl ock parameters. Fi rst , we coul d take

the exhausti ve tests we have done, �nd the opti mal bl ock si zes, and store themi n tabl es

i n subrouti ne ILAENV; each machi ne woul d requi re i ts own speci al tabl es. Second, we

coul d devi se an automati c i nstal l ati on procedure whi ch coul d run j ust a f ewbenchmarks

and automati cal l y produce the necessary tabl es. Thi rd, we coul d devi se al gori thms whi ch

tuned themsel ves at run- ti me, choosi ng parameters automati cal l y [ 9, 10] . The choi ce of

method depends on the degree of portabi l i ty we desi re; we return to thi s i n Secti on 6

bel ow.

Fi nal l y, we have determi ned that oati ng poi nt excepti on handl i ng i mpacts e�ci ency.

Si nce overowi s a f atal excepti on on some machi nes, compl etel y portabl e code must avoi d

i t at al l costs . Thi s means extra tests , branches, and scal i ng must be i nserted i f spuri ous

overow i s possi bl e at al l , and these sl ow down the code. For exampl e, the condi ti on

esti mators i n LAPACKprovi de error bounds, and more general l y warn about i naccurate

answers to i l l - condi ti oned probl ems. I t i s theref ore i mportant that these routi nes resi st

overow. Si nce thei r mai n operati on i s (general l y) sol vi ng a tri angul ar systemof equa-

ti ons, we cannot use the standard Level 2 BLAS tri angul ar equati on sol ver [ 17] because

i t i s unprotected agai nst overow. Instead, we have another tri angul ar sol ver wri tten i n

Fortran i ncl udi ng scal i ng i n the i nner l oop. Thi s gi ves us a doubl e perf ormance penal ty,

s i nce we cannot use opti mi zed BLAS, and si nce we must do many more oati ng poi nt

operati ons and branches. The same i ssues ari se i n computi ng ei genvectors.

I f we coul d assume we had IEEE ari thmeti c [ 3] , none of thi s woul d be necessary.

Instead, we woul d run wi th the usual BLAS routi ne. I f an overowoccurred, we coul d

ei ther trap, or el se substi tute an1 symbol , set an \overowag" and conti nue computi ng

usi ng the rul es of i n�ni ty- ari thmeti c. I f we trapped, we coul d i mmedi atel y deduce that the

probl emi s very i l l - condi ti oned, and termi nate earl y returni ng a l arge condi ti on number.

I f we conti nued wi th i n�ni ty- ari thmeti c, we coul d check the overowag at the end of

the computati on and agai n deduce that the probl emi s very i l l - condi ti oned. I f we use

trappi ng, we need to be abl e to handl e the trap and resume executi on, not j ust termi nate.

To be f ast, thi s cannot i nvol ve an expensi ve operati ng systemcal l . Si mi l arl y, i n�ni ty-

ari thmeti c must be done at normal hardware oati ng poi nt speed, not vi a sof tware, l est

perf ormance su�er devastati on.

Manybut not al l machi nes support IEEEari thmeti c. Many that cl ai mto do so support

nei ther the user readabl e overowag they shoul d nor user handl eabl e traps. And those

that do support these thi ngs of ten use i ntol erabl y sl owsof tware i mpl ementati ons. Thus,

we di d not suppl y IEEE- expl oi t i ng routi nes i n the �rst versi on of LAPACK. However, we

6



Besi des dependi ng upon l ocal l y i mpl emented Level 3 BLAS, good perf ormance al so

requi res knowl edge of certai n machi ne- dependent block sizes, whi ch are the si zes of the

submatri ces processed by the Level 3 BLAS. For exampl e, i f the bl ock si ze i s 32 f or the

Gaussi an El i mi nati on routi ne on a parti cul ar machi ne, then the matri x wi l l be processed

i n groups of 32 col umns at a ti me. Detai l s of the memory hi erarchy determi ne the bl ock

si ze that opti mi zes perf ormance [ 1] .

ew oal s and et hods : c i enc

The most i mportant f act i s that the Level 3 BLAS have turned out to be a sati s f actory

mechani smf or produci ng f ast transportabl e code f or most dense l i near al gebra computa-

ti ons on hi gh perf ormance sharedmemorymachi nes. (Deal i ng wi th di str i buted memory

machi nes i s f uture work we descri be bel ow. ) Gaussi an el i mi nati on and i ts vari ants, QR

decomposi t i on, and reducti ons to Hessenberg, tr i di agonal and bi di agonal f orms (as prepa-

rati on f or �ndi ng ei genval ues and si ngul ar val ues) al l admi t e�ci ent bl ock i mpl ementati ons

[ 1, 2] . Such codes are of ten nearl y as f ast as f ul l assembl y l anguage i mpl ementati ons f or

su�ci entl y l arge matri ces, but approach thei r asymptoti c speeds more sl owl y. Paral l el i sm,

embedded i n the BLAS, i s general l y usef ul onl y on su�ci entl y l arge probl ems, and can i n

f act sl owdown processi ng on smal l probl ems. Thi s means that the number of processors

exerci sed shoul d i deal l y be a f uncti on of the probl emsi ze, somethi ng not al ways taken

i nto account by exi st i ng BLAS i mpl ementati ons.

However, the BLAS do not deal wi th al l probl ems, even i n the shared memory worl d.

Fi rst , the real nonsymmetri c ei genval ue probl emi nvol ves sol vi ng systems wi th quasi -

tr i angul ar matri ces (bl ock tri angul ar matri ces wi th 1 by 1 and 2 by 2 bl ocks). These

are not handl ed by the BLAS and so must be wri tten i n Fortran. As a resul t , the real

nonsymmetri c ei genprobl emruns rel ati vel y sl owl y compared to the compl exnonsymmetri c

ei genprobl em, whi ch has onl y standard tri angul ar matri ces.

Second, �ndi ng ei genval ues of a symmetri c tr i di agonal matri x, and si ngul ar val ues of

a bi di agonal matri x, can not expl oi t bl ocki ng. For these probl ems, we i nvented other

methods whi ch are potenti al l y qui te paral l el [ 20, 4] . However, s i nce the paral l el i smi s not

embedded i n the BLAS, and si nce standard Fortran 77 cannot express paral l el i sm, these

methods are currentl y i mpl emented onl y as seri al codes. We i ntend to suppl y paral l el

versi ons i n f uture rel eases.

Thi rd, the Hessenberg ei genval ue al gori thmhas proven qui te di �cul t to paral l el i ze.

We have a parti al l y bl ocked i mpl ementati on of the QR al gori thmbut the speedup i s

modest [ 5] . There has been qui te recent progress [ 19] , but i t remai ns an open probl emto

produce a hi ghl y paral l el and rel i abl y stabl e and convergent al gori thmf or thi s probl em

and f or the general i zed Hessenberg ei genval ue probl em.

Fourth i s the i ssue of perf ormance tuni ng, i n parti cul ar choosi ng the bl ock si ze pa-

rameters. In pri nci pal , the opti mal bl ock si ze coul d depend on the machi ne, probl em
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archi tecture be di scovered at runti me wi thi n the con�nes of a Fortran code. For exampl e,

i f the overowthreshol d i s i mportant to knowf or scal i ng purposes, i t must be di scoveredat

runti me without over owing, s i nce overowi s general l y f atal . Such demands have resul ted

i n qui te l arge and sophi st i cated programs [ 27, 21] whi ch must be modi �ed conti nual l y

to deal wi th newarchi tectures and sof tware rel eases. The mai l order sof tware noti on of

portabi l i ty al so means that codes general l y must be wri tten f or the worst possi bl e machi ne

expected to be used, thereby of ten degradi ng perf ormance on al l the others.

Fi nal l y, wide scope ref ers to the range of i nput probl ems and data structures the code

wi l l support. For exampl e, LINPACKand EISPACKdeal wi th dense matri ces (stored i n

a rectangul ar array), packedmatri ces (where onl y the upper or l ower hal f of a symmetri c

matri x i s stored), and band matri ces (where onl y the nonzero bands are stored). In

addi ti on, there are some speci al i nternal l y used f ormats such as Househol der vectors to

represent orthogonal matri ces. Then there are sparse matri ces whi ch may be stored i n

i nnumerabl e ways; but i n thi s paper we wi l l l i mi t oursel ves to dense and band matri ces,

the mathemati cal types addressed by LINPACK, EISPACKand LAPACK.

LAPA vervi ew

Teams at the Uni versi ty of Cal i f orni a at Berkel ey, the Uni versi ty of Tennessee, the Courant

Insti tute of Mathemati cal Sci ences, the Numeri cal Al gori thms Group, Ltd. , Ri ce Uni ver-

s i ty, Argonne Nati onal Laboratory, and Oak Ri dge Nati onal Laboratory are devel opi ng a

transportabl e l i near al gebra l i brary cal l ed LAPACK(short f or Li near Al gebra Package).

The l i brary i s i ntended to provi de a coordi nated set of subrouti nes to sol ve the most com-

mon l i near al gebra probl ems and to run e�ci entl y on a wi de range of hi gh- perf ormance

computers.

LAPACKwi l l provi de routi nes f or sol vi ng systems of si mul taneous l i near equati ons,

l east- squares sol uti ons of l i near systems of equati ons, ei genval ue probl ems and si ngul ar

val ue probl ems. The associ ated matri x f actori zati ons (LU, Chol esky, QR, SVD, Schur,

general i zed Schur) wi l l al so be provi ded, as wi l l rel ated computati ons such as reorderi ng

of the Schur f actori zati ons and esti mati ng condi ti on numbers. Dense and bandedmatri ces

wi l l be handl ed, but not general sparse matri ces. In al l areas, s i mi l ar f uncti onal i ty wi l l be

provi ded f or real and compl ex matri ces, i n both si ngl e and doubl e preci s i on. LAPACK

wi l l be i n the publ i c domai n and avai l abl e f romNetl i b some ti me i n 1991.

The l i brary i s wri tten i n standard Fortran 77. The hi gh perf ormance i s attai ned by

cal l s to bl ock matri x operati ons, such as matri x-mul ti pl y, i n the i nnermost l oops [ 14, 2] .

These operati ons are standardi zed as Fortran subrouti nes cal l ed the Level 3 BLAS (Basi c

Li near Al gebra Subprograms [ 16] ) . Al though standard Fortran i mpl ementati ons of the

Level 3 BLAS are avai l abl e on Netl i b, hi gh perf ormance can general l y be attai ned onl y

by usi ng i mpl ementati ons opti mi zed f or each parti cul ar archi tecture. In parti cul ar, al l

paral l el i sm(i f any) i s embedded i n the BLAS and i nvi s i bl e to the user.
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� wi de scope.

Let us consi der these i n more detai l i n the context of l i brari es f or numeri cal l i near al gebra,

parti cul arl y LINPACKand EISPACK. The terms have tradi t i onal i nterpretati ons:

In l i near al gebra, stability ref ers speci �cal l y to backwardstabilitywithrespect tonorms

as devel oped by Wi l ki nson [ 35, 24] . In the context of sol vi ng a l i near systemAx =b , f or

exampl e, thi s means that the computed sol uti on ^x sol ves a perturbed system(A+E ) ^x =

b +f where kEk =O(" )kAk and kf k =O(" )kb k.1 Si mi l arl y, i n �ndi ng ei genval ues of

a matri x A the computed ei genval ues are the exact ei genval ues of A +E where agai n

kEk =O(" )kAk.2 Robustness the abi l i ty of a computer programto detect and gracef ul l y

recover f romabnormal si tuati ons wi thout unnecessary i nterrupti on of the computer run

such as i n overows and dangerous underows. In parti cul ar, i t means that i f the i nputs

are \f ar" f romover/underow, and the true answer i s f ar f romover/underow, then the

programshoul d not overow(whi ch general l y hal ts executi on) or underowi n such a way

that the answer i s much l ess accurate than i n the presence of roundo� al one. For exampl e,

i n standard Gaussi an el i mi nati on wi th pi voti ng, i ntermedi ate underows do not change

the bounds f or kEk and kf k above so l ong as A, b and x are f ar enough f romunderow

themsel ves [ 13] .

Among other thi ngs, e ciencymeans that the perf ormance (oati ng poi nt operati ons

per second, or ops) shoul d not degrade f or l arge probl ems; thi s property i s f requentl y

cal l ed scalability. When usi ng di rect methods as i n LINPACKand EISPACK, i t al so

means that the runni ng ti me shoul d not vary greatl y f or probl ems of the same si ze (though

occasi onal exampl es where thi s occurs are someti mes di smi ssed as \pathol ogi cal cases").

Mai ntai ni ng perf ormance on l arge probl ems means, f or exampl e, avoi di ng unnecessary

page f aul ts . Thi s was a probl emwi th EISPACK, and was �xed i n LINPACKby usi ng

col umn ori ented code whi ch accesses matri x entri es i n consecuti ve memory l ocati ons i n

col umns (si nce Fortran stores matri ces by col umn) i nstead of by rows. Runni ng ti me

depends al most enti rel y on a probl em' s di mensi on al one, not j ust f or al gori thms wi th

�xed operati on counts l i ke Gaussi an el i mi nati on, but al so f or routi nes that i terate (to

�nd ei genval ues). Why thi s shoul d be so f or some ei genrouti nes i s st i l l not compl etel y

understood; worse, some nonconvergent exampl es have been di scovered onl y recentl y [ 8] .

Portability i n i ts most i ncl usi ve sense means that the code i s wri tten i n a standard

l anguage (say Fortran), and that the source code can be compi l ed on an arbi trary machi ne

wi th an arbi trary Fortran compi l er to produce a programthat wi l l run correctl y and

e�ci entl y. We cal l thi s the \mai l order sof tware" model of portabi l i ty, s i nce i t reects

the model used by sof tware servers l i ke Netl i b [ 18] . Thi s noti on of portabi l i ty i s qui te

demandi ng. I t demands that al l rel evant properti es of the computer' s ari thmeti c and

1The constant s in (" epen on i ens i onali t y i n a way t hat i s i port ant i n pr act i ce ut not her e .
2Thi s i s one ver s i on of ac war s t a i l i t y. or e ener al l y one can s ay t hat an al or i t h i s ac war

s t a l e i f t he answer i s s car ce l y wor s e t han what woul e e co put e exact l y f r o a s l i ht l y per t ur e

i nput , even i f one cannot cons t r uct t hi s s l i ht l y per t ur e i nput .
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We say \transportabl e" i nstead of \portabl e" because f or f astest possi bl e perf ormance

LAPACKrequi res that hi ghl y opti mi zed bl ock matri x operati ons be al ready i mpl emented

on each machi ne by the manuf acturers or someone el se. In other words the correctness of

the code i s portabl e, but hi gh perf ormance i s not i f we l i mi t oursel ves to a si ngl e (Fortran)

source code. Thus we have modi �ed the tradi t i onal and honorabl e goal of portabi l i ty i n use

among numeri cal l i brary desi gners, where both correctness and perf ormance were retai ned

as the source code was moved to newmachi nes, because i t i s no l onger appropri ate on

modern archi tectures.

Portabi l i ty i s j ust one of the many tradi t i onal desi gn goal s of numeri cal sof tware l i -

brari es we reconsi dered and someti mes modi �ed i n the course of desi gni ng LAPACK.

Other goal s are numeri cal stabi l i ty (or accuracy), robustness agai nst over/underow,

portabi l i ty of correctness (i n contrast to portabi l i ty of perf ormance), and scope (whi ch

i nput data structures to support). Recent changes i n computer archi tectures and numer-

i cal methods have permi tted us to to strengthen these goal s i n many cases, resul t i ng i n

a l i brary more capabl e than bef ore. These changes i ncl ude the avai l abi l i ty of massi ve

paral l el i sm, IEEE oati ng poi nt ari thmeti c, new hi gh accuracy al gori thms, and better

condi ti on esti mati on techni ques. We have al so i denti �ed tradeo�s among the goal s , as

wel l as certai n archi tectural and l anguage f eatures whose presence (or absence) makes

achi evi ng these goal s easi er .

Secti on 2 revi ews tradi t i onal goal s of l i brary desi gn. Secti on 3 gi ves an overvi ewof

the LAPACKl i brary. The next three secti ons di scuss howtradi t i onal desi gn goal s and

methods have been modi �ed: Secti on 4 deal s wi th e�ci ency, secti on 5 wi th stabi l i ty and

robustness, secti on 6 wi th portabi l i ty, and secti on 7 wi th scope. Secti on 8 l i sts parti cul ar

archi tectural and programmi ng l anguage f eatures that bear upon the goal s . Secti on 9

descri bes f uture work on di str i buted memory machi nes.

We wi l l use the notati on kx k to ref er to the l argest absol ute component of the vector

x , and kAk to be the correspondi ng matri x norm(the maxi mumabsol ute rowsum). " wi l l

denote the machi ne roundo�, unfl the underowthreshol d (smal l est posi t i ve normal i zed

oati ng poi nt number) and ovfl the overowthreshol d (the l argest �ni te oati ng poi nt

number).

The breadth of materi al we wi l l cover does not permi t us to descri be or j usti f y al l our

cl ai ms i n detai l . Instead we gi ve an overvi ew, and rel egate detai l s to f uture papers.

r adi t i onal Li r ar es i gn oal s

The tradi t i onal goal s of good l i brary desi gn are the f ol l owi ng:

� stabi l i ty and robustness,

� e�ci ency,

� portabi l i ty, and
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1 ntroduct i on

Th e o r i g i n a l g o a l o f t h e LAPACK[ 1 4] p r o j e c t wa s t o mo d e r n i z e t h e wi d e l y u s e d LI N

[ 1 1] a n d EI SPACK [ 3 3, 2 3] n ume r i c a l l i n e a r a l g e b r a l i b r a r i e s t o ma k e t h e mr u

o n s h a r e d me mo r y v e c t o r a n d p a r a l l e l p r o c e s s o r s . On t h e s e ma c h i n e s

EI SPACK a r e i n e �c i e n t b e c a u s e t h e i r me mo r y a c c e s s p a t t e r n s d i s r e g a r d

me mo r y h i e r a r c h i e s o f t h e ma c h i n e s , t h e r e b y s p e n d i n g t o o mu c h t i me mo

o f d o i n g u s e f u l  o a t i n g p o i n t o p e r a t i o n s . LAPACK t r i e s t o c u r e t h i s

a l g o r i t hms t o u s e b l o c k ma t r i x o p e r a t i o n s . Th e s e b l o c k o p e r a t i o n s c

e a c h a r c h i t e c t u r e t o a c c o u n t f o r t h e me mo r y h i e r a r c hy, a n d s o p r o v i

wa y t o a c h i e v e h i g h e �c i e n c y o n d i v e r s e mo d e r n ma c h i n e s .

uppor t e y t he vi a r ant s , an .

uppor t e y t he vi a r ant s an an y t he vi a r ant

.

uppor t e y t he vi a r ant .
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