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Tensor Contraction-Motivation
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Modern data is inherently multi-dimensional

Cris Cecka (NVIDIA) Tensor Contractions cuBLAS February 25, 2017 2 /30



Tensor Contraction-Motivation

SC&‘&V

Ve ctor

Matrix

—[—ensor

Cris Cecka (NVIDIA)

Hidden 1  Hidden 2 Output

Tensor Contractions cuBLAS

February 25, 2017

2/



Tensor Contraction-Motivation

SCBJGV

VG ctor

M(Atl’ix

—renSor

Cris Cecka (NVIDIA)

Tensor Contractions cuBLAS

February 25, 2017

2/



Tensor Contraction-Motivation

What is tensor contraction?
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Tensor Contraction-Motivation

What is tensor contraction?

€.g. Cmnp = Amnk ka

Why do we need tensor contraction?
@ Core primitive of multilinear algebra.
@ BLAS Level 3: Unbounded compute intensity.
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Tensor Contraction — Motivation

Lots of hot applications at the moment:

Machine learning
Deep learning
e.g. Learning latent variable model with tensor decomposition:

Topic model !
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Lots of hot applications at the moment:

Machine learning
Deep learning
e.g. Learning latent variable model with tensor decomposition:

Topic O R
Topic model ! Mixture,/ |\ ™
h: PDF of topics in a document. [ Topics
A: Topic-word matrix. T TA AT T T
Ajj = P(xm = ilym = j)
Words

Form third-order tensor M3 = E(x ® x ® x) = ) _; hjaj ® a; @ a;

1Tensor Decompositions for Learning Latent Variable Models, Anima Anandkumar,

Rong Ge, Daniel Hsu et. al.
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Tensor Contraction — Motivation

Distributed FFT
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nsor Contraction — Motivation

Distributed FFT
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What do we have?
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Tensor Contraction-Motivation

What do we have?

Tensor computation libraries

© Arbitrary/restricted tensor
operation of any order and
dimension
® Tensortoolbox (Matlab)
@ FTensor (C++)
© Cyclops (C++)
© BTAS (C++)
O All the Python...
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Tensor Contraction-Motivation

What do we have?

Tensor computation libraries

© Arbitrary/restricted tensor Efficient computing frame

operation of any order and @ Static analysis solutions
dimension ® PPCG [ISL] (polyhedral)
@ Tensortoolbox (Matlab) @ TCE (DSL)
@ FTensor (C++) @ Parallel and distributed primitives
© Cyclops (C++) © BLAS, cuBLAS
0 BTAS (C++) @ BLIS, BLASX, cuBLASXT

O All the Python...
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Tensor Contraction-Motivation

Libraries

Explicit permutation dominates.
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Tensor Contraction-Motivation

Libraries

Explicit permutation dominates.

Consider Crmnp = Akm Bpin-
Q Axm — Amk
@ Bpkn — Buipn
© Comp — Copn
O | Cin(pn) = Amk Bi(pn)
Q@ Cropn — Crnp
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otivation

Libraries !
0.8
0.6
0.4
Explicit permutation dominates. 0.2

Consider Cmnp — Akm Bpkn- 100 200rl 300 400 500

o Akm — Amk ‘
Q Bpkn — kan
o Cmnp — Cmpn

O | Cin(pn) = Amk Bi(pn)

100 200
o Cmpn — Cmnp n

(Top) CPU. (Bottom) GPU. The fraction of time
spent in copies/transpositions. Lines are shown with
1, 2, 3, and 6 transpositions.
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Existing Primitives

GEMM

@ Suboptimal for many small matrices.
Pointer-to-Pointer BatchedGEMM

@ Available in MKL 11.35 and cuBLAS 4.1

Clp] = aop(A[p]) op(BI[p]) + B C[p]

cublas<T>gemmBatched(cublasHandle_t handle,
cublasOperation_t transA, cublasOperation_t transB,
int M, int N, int K,
const T* alpha,
const T** A, int 1dA,
const T** B, int 1dB,
const T* beta,
T+* C, int 1dC,
int batchCount)

Cris Cecka (NVIDIA) Tensor Contractions cuBLAS February 25, 2017 9 /30



Existing Primitives

Pointer-to-Pointer BatchedGEMM

CUBLAS SGEMM Performance, K40c GPU CUBLAS SGEMM Performance, P100 GPU
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Existing Primitives

Pointer-to-Pointer BatchedGEMM

Except actually...

CUBLAS SGEMM Performance, K40c GPU CUBLAS SGEMM Performance, P100 GPU
3,000 10,000

8,000

6,000

4,000

Ms N x N
head N - N x N ad N N x N
N — StridedBatchedSGEMM N x N x N o » — StridedBatchedSGEMM N x N x N
0 100 200 300 400 500 600 700 800 900 1.00¢ 0 100 200 300 400 500 600 700 800 900 1.00(
N N

Solution: StridedBatchedGEMM
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StridedBatched GEMM

Exists!
Documentation as of last Tuesday!
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ridedBatchedGEMM

Exists!

Documentation as of last Tuesday!

In cuBLAS 8.0:

$$ grep StridedBatched -A 17 /usr/local/cuda/include/cublas_api.h
2320:CUBLASAPI cublasStatus_t cublasSgemmStridedBatched (cublasHandle_t handle,

2321~ cublasOperation_t transa,

2322- cublasOperation_t transb,

2323- int m,

2324~ int n,

2325- int k,

2326- const float *alpha, // host or device pointer
2327- const float *A,

2328- int lda,

2329- long long int strideA, // purposely signed
2330- const float *B,

2331- int 1db,

2332- long long int strideB,

2333- const float #*beta, // host or device pointer
2334- float *C,

2335- int ldc,

2336- long long int strideC,

2337- int batchCount);
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StridedBatched GEMM

cublas<T>gemmStridedBatched(cublasHandle_t handle,
cublasOperation_t transA, cublasOperation_t transB,
int M, int N, int K,
const T* alpha,
const T* A, int 1dAl, int strideA,
const T* B, int 1dB1, int strideB,
const T* beta,
T*x C, int 1dC1, int strideC,
int batchCount)

@ Common use case for Pointer-to-pointer BatchedGEMM.
@ No Pointer-to-pointer data structure or overhead.
@ Performance on par with pure GEMM (P100 and beyond).
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Connp = C[m + n - 1dCL + p

Cmnp — A** X B***

-1dC2)]

Tensor Contraction with Extended BLAS Primitives

Case | Contraction Kernell Kernel2 Case | Contraction Kernell Kernel2

11| AnkBinp | Congup) = AmkBiap) | Connlp) = AmkBralp] | 41 | AkaBimp | Connlp] = Bionppy b

12 | AmkBipn | Crnfp) = AmkBigpln | Ciminlp = AmkBipfn] || 42 | AknBrom Connlp] = Bk![p]mAk"

13 | AmkBukp | Conlp) = AmkB i 43 | AwBukp | Conlp] = Bkip)Abn

14 | AmBpin | Confelp = A'”kB;([n] 44 | AwBokm

15 | AmkBrpk | Cin(np) = Amk B(Tnp)k Connlp] = Amk BnT[p]k 45 | AknBumpk Connlp] = BrmfplkAkn

16 | AmiBonk | Cofolp = AmkBJ1x 46 | AcnBomk

2.1 | AunBinp | Contop) = AbnBitop) | o) = AbmBiatp) || 51 | ApkBrann | Cimmip = B Ak

22 | AunBin | Connlp) = AbmButpln | Cntelo = AbmBigto] || 52 | ApkBram | Contalp = BllagmAne

23 | AmBuip | Connle) = A B 53 | ApkBrkn | Colrlp = Bkt Ape

24 | AunBoin | Cotolp = AtmBlkga 54 | ABom

25 | AtnBupk | Contop) = AbnBlroyic | Connlol = AmBrlope | 55 | AkBrmk | Cmmp = BlmmyiApy | Contlp = Binfoic A
2.6 | AmBonk | Confnlp = A[mB;[n] " 5.6 | ApkBrmk

3.1 | AnBimp Connlp) = Bl:rm[p]AIk 6.1 | AwpBimn | Cimnyp = BkT(mn)Akp Conlnlp = BkTm[n]Akp
32 | AwBiom | Conlol = BllpmAik 62 | AuBim | Cofrlp = Bilamho

33 | AwBumkp | Conlp] = Brokipl Ak 6.3 | AwBmkn | Confrlp = Bokir Ak

3.4 | AwBokm 6.4 | AkpBokm

35 | AmBumpk | Comfpl = BrmfplkAn 65 | ApBmk | Cmnjp = BlmmkAkp | Clnlp = BrinlcAkp
36 | AwBomk 6.6 | ApBamk
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Tensor Contraction with Extended BLAS Primitives

Case | Contraction Kernell Kernel2 Kernel3

L1 | AmkBinp | Ci(ap) = AmkBi(np) | Cmnlp] = AmkBralp] | Crmilp = Amk Bi[nlp

6.1 | ApBimn | Clmnp = Bi(mmP k0 | Cimlinlp = Bk

Example: Mappings to Level 3 BLAS routines

o Case 1.1, Kernel2: Cpnip) = Amk Bin[p]

cublasDgemmStridedBatched (handle,
CUBLAS_OP_N, CUBLAS_OP_N,
M, N, K,
1.0,
A, 1dA1, O,
B, 1dB1, 1dB2,
0.0,
C, 1ldC1, 1dcC2,
P)
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Tensor Contraction with Extended BLAS Primitives

Case | Contraction Kernell Kernel2 Kernel3

11 ArnkBknp Cm(np) = ArnkBk(np) Cmn[p] = Amk Bkn[p] Cm[n]p = Akak[n]p
6.1 | AwpBimn | Clmnyp = B[(mn)Akp Colrlp = B[m[n]Akp

Example: Mappings to Level 3 BLAS routines

o Case 6.1, Kernel2: Cpp = B/j—m[n]AkP
cublasDgemmStridedBatched (handle,
CUBLAS_OP_T, CUBLAS_OP_N,
M, P, K,
1.0,
B, 1dB1, 1dB2,
A, 1dA1, O,
0.0,
C, 1dcC2, 1dcC1,
)
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P rmance

Flatten V.S. SBGEMM

I - | I I
+ Case 1.1 [n]
x Case 1.1 [p]
O Case 1.5 [p]
N A Case 6.1 [n]

[N
T

[\
B
s
>

Flattening Speedup
(Batch / Flat)
U

e \ \ \ \
0 100 200 300 400 500 O 100 200 300 400 500

n n

Prefer flattening to “pure” GEMM.
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P rmance

Batching in last mode versus middle mode

+Case 1.1 ]

Last Mode Speedup

| + ) | | | | | | |
0 100 200 300 400 500 0 100 200 300 400 500
n n

On CPU: Prefer batching in the last mode.
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Performance

Mixed mode batching

| | |
0 100 200 300 400 500 O 100 200 300 400 500
n n

o

< 1.2 H
3

)

0~ 1.1te *
'é&.

5 E 1W
% ® +Case 1.2
9 0.9 |- oCase 2.2 |
]

—

On CPU: mode of the output tensor is more important than the batching
mode of the input tensor.
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Exceptional Cases:
Cannot be computed by StridedBatchedGEMM.

Case Contraction

3.4 | Crmnp = AnkBpkm
6.4 | Cronp = AkpBrikm
Crnnp = AmikpBmikn

Cmnp = Apkm Bnkp

Example of exceptional cases.

@ These cases are precisely the interleaved GEMMs.
@ When batching index is the major index in an argument:

e That argument is interpreted as interleaved matrices.
e May be one or both inputs and/or output.
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3D Tiled GEMM

Implement GEMM with a 3D tile:
@ Transpositions performed on the way to smem/reg.

@ Keep canonical GEMM core.
@ Considers three modes rather than two:

o Major mode: Amnkpgr
o Reduction mode: Amnkpgr
o Aux (batch,row,col) mode: Apmnkpgr (Optional)

@ Third tile dimension interpolates between pure GEMM and
interleaved GEMM.

@ Nested loop over remaining modes performs full contraction.
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3D Tiled GEMM

Tilesize tuning with PPCG for exceptional cases:

6.5

Blocking (p. k)

£
o
£
= PPCG
BATCHEDGEMV
BATCHEDGEMM
 — GEAM
0 50 100 150 200 250
n
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3D Tiled GEMM

Performance of 3D-tiled GEMM

800

~0— Cranp = Amip Brkp V1

—6— Chinp = Amkp Bnkp V2

=== Counp = Aunip Bury CUBLAS
600 Cpmn = Aptem Bpkn V1

—o— Cpn = Apiers Bpion v2

400 ‘ .

GFlop/s

200

2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32
BLK_P

@ Crmnp = Amkp Bnkp: Increasing BLK_P decreases effective tile size.

@ Cpmn = Apmk Bpnk: Increasing BLK_P increases cache line utilization.
e eg. BLK P=1,2,48
o BLK_P =1 equivalent to BLIS (strides in row and column)

23 / 30
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3D Tiled GEMM - Interface?

Extend the StridedBatchedGEMM transpose parameters?

v o Ganp Apmk Bpkn EXN EXN
V' Chpn = Apmk Bpnk EXN EXT
X Comn Apkm Bpkn EX.T EXN

Apkm Bpnk EXT EXT
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contract

contract(cublas: :par,
alpha,
A, {M,P,K}, _<’m’,’p’,’k’>,
B, {K,N,P}, _<’k’,’n’,’p’>,
beta,
C, _()m),;n;’)p;>);

ROWIDX COLIDX BATIDX REDIDX Kernel
0 *

dot
XXX (cp = ap bp)
XXX (¢p = apk bpk)
scal
gemv
dgmm
batch_gemm (XXX: exceptional)
ger
gemm
XXX (batch-gemm[K = 1]? batch_ger?)
batch_gemm (XXX: exceptional)

HHHRHOOOOOOOO

HHOORHOOHKKHOO

HORORORORORO

HHEHRHRHRHEROOO
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Applications: Tucker Decomposition

Tmnp = GijjkAmiBnj Cok

ﬂCpk
'ﬁ' ~ ‘r

Tmnp GI]k {’
Ami
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Applications: Tucker Decomposition

Tmnp = GijkAmi an Cpk

ﬂcpk Main steps in the algorithm
o Yk = Tm,,pB C
'ﬁ' ~ ‘i

° Yink = mnpAt+1Ct
Tmnp GI]k {’
Ami

t+1 t+1
] Yijp = Tman A
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Applications: Tucker Decomposition

Performance on Tucker decomposition:

108 — T

—+— TensorToolbox
—o— BTAS
104 [ | —e—  Cyclops ]

i) —g— CPU Batched
\% 9 —&— GPU Batched
o 107 [ I
E
s
10° | 1
10-2 L M |
20 40 60 80 100 120
n
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Applications: FFT

Low-Communication FFT for multiple GPUs.

o StridedBatchedGEMM composes 75%-+ of the runtime.

o Essential to the performance.
e Two custom kernels are precisely interleaved GEMMs.

@ 2 P100 GPUs: 1.3x over cuFFTXT.
@ 8 P100 GPUs: 2.1x over cuFFTXT.

Cris Cecka (NVIDIA) Tensor Contractions cuBLAS February 25, 2017 28 / 30



Conclusion

StridedBatchedGEMM in cuBLAS for generalized tensor contractions.
Avoid explicit transpositions or permutations.

10x(GPU) and 2x(CPU) speedup on small/moderate sized tensors.
Available in cuBLAS 8.0
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Conclusion

StridedBatchedGEMM in cuBLAS for generalized tensor contractions.
Avoid explicit transpositions or permutations.
10x(GPU) and 2x(CPU) speedup on small/moderate sized tensors.

Available in cuBLAS 8.0
Future work:

o Exceptional case kernels/performance/interface??
e Library Optimizations
@ Matrix stride zero — Persistent Matrix Strided Batched GEMM
o Staged — RNNs: Staged Persistent Matrix Strided Batched GEMM
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Thank you!
Questions?
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